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ABSTRACT. Theresult of thework consists mainly in obtaining the limit distribution of an integral quadratic
deviation of theWolverton-Wagner nonparametric estimate of amultidimensional distribution density. © 2007 Bull.
Georg. Natl. Acad. Sci.

Key words: nonparametric estimate, recursive estimate, convergence in distribution.

1 Let Xy, X,,...,X, be a sequence of independent, equally distributed random variables with values in a
Euclidean p-dimensional space R, , p >1, whosedistribution density is £(x), x = (xy,....x, ). Asisknown, Rosenblatt
[1] and Parzen [2] gave the following definition of an empirical kernel density fn(RP )(x), which is based on the
sampling X, X,,..., X, :

F) =23 Kla, (v x,),
g
where K(x) is agiven kernel and {a,} is a sequence of positive integers converging monotonically to infinity.
Wolverton and Wagner [3] introduce the following definition of an empirical density fn(W)(x) that differs little

from £(®")(x) but is recurrent:

P

£ =23 a K e x,)) = "2 £ ()4 A K (0, (2 - X, ).
nia n n

The recurrent definition of probability density estimates fn(W)(x) has two obvious advantages. 1) there is no
need to memorize data, i.e. if the estimate ")(x) is known, then 7")(x) can be calculated by means of the last
observation X, only, without using the sampling X;,X,,...,X,_1; 2) the asymptotic dispersion of the estimate

£")(x) does not exceed the dispersion of the estimate £*”)(x).
The aim of thiswork is to study the asymptotics of a mean value of the integral of the squared error
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E[[196)- £ ()] rle) e
and the limit distribution of the functional
[U6)- 7 ().

Theorem 1. Let the kernel

and each of the kernels K (x) possess the following properties:
0<K,(x)sc<o, K,(-u)=K,[), u’K;(u)e L(~o,0)
and
J-K du=1,
Assume that the density f (x) and its partial derivatives up to second order are bounded and belong to

L2(Rp)' If

a? y >
-2 50, “2>5y>0 and Za;2=w»
n af

n k=1

then we have

2
v 1 L)1 g 9%7(k)
Eﬂf,, (x)dx—- _[f deKz(x)du+(;k=a,%JZJ1:;aj P~ )dx +
2 L
In | L -2 . p _ f,2
+o[n+[nkzzl kJ J, Vu nk:lak, a; Iijj(xj)dxj,

where r(x) is a bounded and piecewise-continuous function.

2. Let us formulate the assumptions with regard to K(x) and f (x), x= (xl,...,x p), used in studying the limit
distribution of an integral standard deviation fn(W)(x) from f(x).
1°. The kernel K (x) satisfies the conditions of Theorem 1 and, moreover, K? (ux) > K? (x) forall ue [0,1] and for

all xe R, where K ? = K», * K ;» ¥ being the convolution operator.

2°. The density f (x) is bounded and has bounded partial derivatives up to second order.
Notation.

L,=n j(AW)(x)—Ef,fW)(x))z rlx) e,
2 @) 1@ rw)as,
K(a(x- )~ BK(a, (e~ ;)]

n -1

()[

ot 2
”—7

E(Ia, -(x, X; )r(x)dx) ,

i=2 j=1
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”f (x[ af Ko(a, (x~ Y))J r(x)r(y) dxdy,

n

Ky=K*K, }/S(n)=%2a["", s=12,...,
i=1

o) =nay” (B ))- r()f re)ete, I, =a"L,,

0¥ =pn 'a, "y atf ”.K (=) ()r(x) du dx.

Lemma 1. Let conditions 1° be Sulfilled, f (x) and r(x)z 0 be piecewise-continuous and bounded functions. If

P
a, > o, N and }/ST(?)—»;/S, s=12 (O<;/2 <n sl) as n— o, then

n n

b7 = 2+ (n)ol1)+ 001)+ o(lﬁj
n
and also
d2
207 < [0 () [KG(u du<r}ga—;<m—p<zm [ 72y () [K3 )t

Theorem 2. Let all conditions of Lemma 1 be fulfilled. Then
b, (L, - EL,)—“>N(0,1),

where d denotes convergence in distribution, N (O,l) is a random value having normal distribution with mean 0
and dispersion 1.

Corollary. d,'(L, - EL,)—%>N(0,1) as n— .
Lemma 2. Let K(x) and f (x) satisfy conditions 1° and 2°, respectively, r(x)>0 be bounded and piecewise-

continuous. If

k=1

2
n
n_la;p(Zang -0 as n—o o,

then

Lemma3. EL = ®£,2) +O(a,;” )
Theorem 3. a) Ler K(x), f(x) and r(x) satisfy the conditions of Lemma 2. If

- >0, 7S(p)—>y3, s=12,

then
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a0 U, -0W -0} N(0g).

n

where o2 a;Pdf .

n =

b) To the conditions with regard to f (x) we add the assumption: all partial derivatives of second order of the

function f(x) belong to L, (Rp). If

p
a, T, 0, ”‘—(”)—>ys, s=12,
n azp

2
L (Za-2] —0 as n— o,
J

J
[4P
nya

then
267U, 0@ ) N(03).

c) Let K (x) f (x) and r(x) satisfy the conditions of Lemma 2 and, in addition to this, the partial derivatives

of second order of the function f(x) belong to Ll(Rp). If

af O, 7s£:)_)7g, s:1,2
n a‘n
and also
—}/;(:) =7 +0(a p/2) (naf/z)_lzn:apfz -0
n j=1
and
, 2
(naf/z)l{Zajz] —0 as n—>o
j=1
then

a,’l’/za;l(Un —@)L)N(O,l), 0= 71J.f(x)r(x)dxj‘K2(u)du.
Corollary. If a, =a,, k=12,..., then from Theorem 3 we obtain the well-known result on the limit distribution

of a standard deviation of the estimate f,SRP )(x) ([4, 5]).

Remark. Theorems 2 and 3 generalize and refine the results obtained by one of the authorsin [6]. The refinement
of these results is done by a method differing from the method used in [6] and consists in the following: in this paper

there is no integrability of the weight function r(x); the conditionson a; , k=1,2,... usedin [6] are replaced by less
restrictive requirements.

Bull. Georg. Natl. Acad. Sci. Vol. 175, Nol, 2007



44 Elizbar Nadaraya, Petre Babilua

3.)0)33.)(50 39

3.)5.)90;!235015 1503 63693015 3”5:':’336&”5_3‘)36360]5
.)5).)3.)&).)33&6'39{)0 '331301336015 'aa'lsbbab

J- Ebgbﬁbbob*, 3. 25.)60@“3.)**

* odo;y(r]f]ools [}:7360, 0. Xogaboagogmb m&ogmlsob Bobggxaﬁogm 27503351110(53@0
** 0. Xogaboa[]ogmb m&og)olmls Zxobgg)gﬁ’otgm :750335)1)0(53(50

65963 3Jo Q-‘Q&{]SOQOb aﬁoaogaas%maogaboal;o 3060%’0(236015 Bnaéaﬁoaols 3mQ33ﬁ)émE—3¢353601}
6603.36)633(56'3;:30 '3313)153301) osé%ﬁbggﬂﬂm 63.);2606'3&0 abgébﬂmls %Q;})ﬁomo 806.)609’23501& Bo'b;].

REFERENCES

1. M. Rosenblatt. Ann. Stat., 27, 3, 832-835, 1956.

2. E. Parzen. Ann. Stat., 3, 33, 1065-1076, 1962.

3. C. Wolverton, T. Wagner. |EEE Trans. Systems Sci. Cybernet. 5, 307, 1967.

4. E. Nadaraya. Nonparametric estimation of probability densities and regression curves. Netherlands, Kluwer Acad. Publishers,
1989.

5. M. Rosenblatt. Ann. Stat., 3, 1, 1-14, 1975.

6. E. Nadaraya. Teoriya. Veroyatnosti i ee Primeneniya, 37, 413-421, 1992.

Received January, 2007

Bull. Georg. Natl. Acad. Sci. Vol. 175, Nol, 2007



	82-103-n.pdf
	82-84.pdf
	85-90.pdf
	91-97.pdf
	97-103.pdf

	150-160-n.pdf
	150-152.pdf
	153-155.pdf
	156-160.pdf

	168-172.pdf
	168-170.pdf
	171.pdf
	172.pdf

	175-dan.pdf
	175-178.pdf
	175.pdf
	176-179.pdf

	179.pdf
	180-209-n.pdf
	180-185.pdf
	186-194.pdf
	195-198.pdf
	203.pdf
	204-209.pdf





