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We introduce the following notations: J = ]tl , tz[ c ]—oo,+oo L x=dx/dt,x® =d*x/di* k=2,n.
Lemma 1. Let us consider the equation
x™ —xx ) _g()x? =0, tel, (1)
where a =a(t), t €1 is an arbitrary continuous function. If the following condition holds
"D —(cy + jadt)(p =0, tel, )
where ¢, — Vconst.,p = @(t),t € I is an arbitrary admissible function, i.e. a function for which the presented
operations hold, then the function @ = @(t),t € I is a solution of equation (1).
Proof. From formula (2) it follows
o™ —(c, +jadt)¢—a(t)(p =0,tel= pp" —p(c, +jadt)¢— alt)p® =0,te =

W(") —<p("‘”¢— at)p® =0,tel.

Lemma 1 is proved. o

Lemma 1 implies the following assertion.
Theorem 1. The general solution of the equation

x@ —x? —a()x* =0, tel, 3)
where a=a(t), t €l is an arbitrary continuous function, has the form
adt)d
x:cleI(COJrI " t,co,c1 —Veconst.,te . “4)

(See [1]).
Proof. Let n=2. In this case, equation (1) has the form (3) and condition (2) has the form:

¢ —(co + jadz)(p =0,3p?, tel.
Consequently, ¢ = c,eI(C“I wandt e,
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where ¢,,c; — Vconst., is a solution of equation (3).

Let ¢, be an arbitrary fixed point of the interval /and x,, x, be arbitrary fixed constants. Let the following
conditions hold: ¢(zy) = x;, p(ty) = x; -

Then

— ¢ ej<cu+ [adr)dr

Xo = li=ry »X1 = (Co +Jadt) li=ty Xo = o =% /X = Iadt =iy €1 = X0 /€,

adr)dt

where ¢= eI (o li=t, -

Theorem 1 is proved. o
Theorem 2. The equation

xx® —xx@ [b2 )+ b(z)]' xr=0,tel, )
where b=b(t),t € I is an arbitrary admissible function, has the following subgeneral solution
x= ejhdt(c] +02J.efzjbdtdt), tel, 6)
where c,,c, —Vconst.
Proof. Let n=3. In this case equation (1) has the form (5), where (b2 +b)' = a,t e [ and condition (2) has the
form:
PP —(co +c+b> +h)p=0, ¥, tel ™
where c¢—Vconst. Let ¢ =—c,. Then condition (7) has the form
o — (b +h)p=0, 3P, rel

Consequently (see [2], Theorem 6),
(ozejbdt(cl +02J-e_2j‘bdtdtj, tel ®)

where ¢,,c, —Vconst.

From Lemma 1 it follows that formula (8) gives a solution of equation (5).

Let ¢, be an arbitrary fixed point of the interval I and x,, x; be arbitrary fixed constants. Let the following
conditions hold: ¢(#,) = x,, 9(ty) = x;.

Then

bdt —2|bdt
Xo = ej |t:t0 (¢ +Czje I dt |t:zo)n

— | bdt bdt
51 = bl X +ere M |y es = (1 —bly)xg)el ™ |,

—|bdt =2 |bdt
€ =Xp€ '[ |t:t0 —CQJ.e I dtl,

Consequently, formula (6) gives the subgeneral solution of equation (5).
Theorem 2 is proved. o
Theorem 3. Let the following conditions hold:
a +at +aya, +2a, +a3 =0, tel, )
where a; = a,(t), a, =a,(t), t € I are arbitrary admissible functions. Then the subgeneral solution of the equation
x® —xx® 4 {(alaz - ézz)(z) +[(a1 + az)(alaz - dz)]° }x2 =0,tel (10)
has the form

x=eys(cy+ J.ez*lsledt), tel,

where
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Y =¢s (g +czje1_2eglsdt), e; :ejaidt, i=12,s :J.el ey'dt, ¢y, ¢, ¢y —Veonst; te I
Proof. Let n=4. In this case, equation (1) has the form (10), where
—a(t) = (ayay —ay)® +[(a +ay)(@a, — )] tel
and condition (2) has the form
(pm + [co +c+ (alaz —a'z)' + (al +a2)(a1a2 —a, )](p = O,El(p(4),t el, (11)

where ¢ —Vconst.
Let ¢ = —¢,. Then condition (11) has the form

9 +(aa, —dy)" +(a) +a,Naa, —dy))p=0,3pW, 1el.
Consequently (see [2], Theorem 10),
@ =e,5(cy +Iez_ls_let),
where
Y=e;57"(c +czjel_262_1sdt), (12)

Ja,dt

e, =e ,i=1,2, s=Iele§1dt, €y,C,Cy —Veonst; tel.

From Lemma 1 it follows that formula (12) gives a solution of equation (10).
Let # be an arbitrary fixed point of the interval I and x,,x,, x, be arbitrary fixed constants. Let the following
conditions hold:
Pty) = X0, 9ltg) = 1,07 (1g) = x5
We have
p=a,p+ee,'s ' p+celey +Y,tel,
(p(z) = <a2 +elez_1s_1 ). (p+(a2 -i-elez_ls_l )(p+ ¢y (el_lez_l ). +Y =
0@ =(d+ A2 )p+c,(4B+B)+a Yy —SY +c,B, tel,
s

where A=a, +ee;'s ', B=¢'e;', tel.

Hence,
Y=¢p-Ap-c,B,tel, (13)

(0(2) :(A+A2)(0+02(AB+ B+ B)+(q, —elez_ls_l)Y,te 1=
0P =(A+ A1) p+c,(AB—a,B—a,B+B)+(a, +a, — A)(¢p— Ap—c,B),te ] =
¢, (2AB-2(a, +a,)B+B)=p® —(A+ A*)p—(a, +a, - A(¢-Ap),t e =
¢, 24-2a; +ay)+DB|,, =x, —(.»6.1+Az)|t=,0 xo—(ay +ay —A)x; —Axy) |0, = ;K =M,
where K = (24-2(a) +ay)+Dej'e;' |, »
M =x, —(A+ A7), Xy — (@) +ay — A)(x; — Ax)) |, -

Now let us prove that K=0.
Let

-1
(24-2(a,+a,)+ e ey |, = 0= {M (e ( | oJama dtj 24, +1} —0=

t=t9

eI(al—az)dt _(al _%]J‘ef(al—az)dfdt:(), ift=t,= Z‘_(al _%jz =0, ift=1t,,
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—a,)d
where Z:J.eI(al @ =

1 1
(@——)dt —adi ) 1 (G-a)dt 1 .
ceI 2 :J.ef(a1 DU g, ift=1t,=> c(al—zj:ejz T ifr=1, :alig,lft:to.

Consequently, we have

%ej(“l’“””” —J'ef‘“"””‘”dtzo,iftzto N % +(a, —az);l—lzo,ift:to.
a, Y a, Y a, Y
Denote y = ! T Then we have:
a, )
y= o (c+ J.ej(a'faZ)dtdt), ift=t¢,,
where ¢ — Vconst., that is impossible.
Hence, K #0 and ¢, =M /K.
From formula (13) it follows
Y(ty) =x —A|t:t0 Xo —%BL:% =D.
From formulae (12) it follows
c = Y(to)el_lsL:tO —%jefzez_l sdt|t:to =F
and
Y= els_l(E+MJ‘el_2€2_1sdt} tel.
K
Finally, from formulae (12) it follows
co = xoez_ls_l‘t:to —Iez_ls_le/Lto =F.
Here D, E, F are known constants.
Theorem 3 is proved. o
Let x=yx,tel=>x= cejydt, )'c:cyejydt, x@ = c(j/+y2)ejydt, x® = c[(j/+y2)' +y(j/+y2)]ejydt,
w4y G MG Gl el
From formula (10) it follows
yP 435457 = (4, —a1a,)" +(a, +ay)a; —aya,), 1€l (14)

From Theorem 3 it follows

x=e,s(cy +J.ez_ls_1Ydt), Y:els_l(c1+czj.el_2ez_lsdt), tel=

$ c1+czjefzeglsdt

x=a2x+—x+Y,tel,:y=a2+—+—2~ ,tel.
S

s s o
S, +I—2(cl+czjelzezlsdt)
s

Consequently, the function
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i s El+'|.ef2e£1sdt
y=a,+—+—: - tel, (15)

~ S o~ o ’
58 00+J—2(c1+jelzezlsdt)dt
s

where ¢, c; — Vconst. is a solution of equation (14).
Let t,be an arbitrary fixed point of the interval / and y,,y, arbitrary fixed constants. Let the following
conditions hold: y(t,) = y,, ¥(ty) = ;.

thn p—{erv] kAt
Sy 87 g+ (2 Adt
0 .[Sz

t=t,

where 4=7¢, +Jef2ez_1sdt and

, _(a +$j. +(sj A LS A
. A =P . D . _
s S g+ [ adr ST Gy [ ade
S S

t=t, t=t,

S
o2 § A §
— > =y0—[a2+—j =B,
~ N ~ S
G+ [ 4at S G+ [ Adr =ty
N § 1=t

§ A -y (a +Sj' §Y s?

_27 T T 2T T =y T Ty T

S G+ [ Adt S s°/08
s t=t,

where B, D are known constants.

Hence,

g, + jsizAdt

1{s - 1( s
=—(%Aj :—(%elzezlj =E,
t=t, D\s 1=t D\s 1=t

where E is a known constant.

. 1 .
(et 2]
S/ 1=1, E\s t=t,

. 2
~ s s .
¢ =Ely, —[az +—2J — —Iel 2e)tdr .
S" =ty | S 1=t

Consequently,

We have

- §
cO=E—jS—2Adt

. -
i = E—J.S—z(cl +J.el 2ezla’t)dt

t=t,

t=t,

Consequently, the following theorem is valid.
Theorem 4. If condition (9) holds, where a; = a,;(t),i =1,2,t € I are arbitrary admissible functions, then the

general solution of equation (14) has the form (15).

See, also [3].

Bull. Georg. Natl. Acad. Sci., vol. 3, no. 1, 2009



18 Guram L. Kharatishvili

Let z = yz,t € I .Then equation (14) has the form

z® _[(ay —a,a,)" +(a, +a,)(a, —a,a,)]z=0, tel. (16)

and z= ceI yat ,tel, where c¢— Vconst.

From Theorem 4 it follows
Theorem 5. If condition (9) holds, where a; = a,(t),i =1,2,t € I are arbitrary admissible functions, then the

general solution of equation (16) has the form:

~ S~ 2 -
z :cezs(co +J.—2(cl -i—J‘el %e; 1sdt)j, tel,
s

—a,)d
e_[(al ay)dt

(feoa)

ie 2 :Ce.[azdtj‘e,[(ﬂlfdz)dl‘dt EO +J‘ . (El +J‘ei,"(2a1+az)dt(J‘ e!(d]*ﬂz)dtdt)dt)dt ’ tel (17)

where ¢,¢,,¢, — Vconst.

Remar k. It is easy to see that
(ay —ayay)" +(a, +a, @y —aa,) = dy +3aya, +a3, tel.
See, also [4].
Example. Let @, = aa,a, = a,t € I, where a = a(t), t € I be an arbitrary admissible function, & —Vconst.
From condition (9) it follows
1 l+a+a’

aa+a’at +aat +2d+a’ =0el = —=—————1t+p, tel,
a 2+«

l+a+a’
=
2+a

a; =a(x+p)", a, =(u+p7", tel.

In this case equation (16) has the form
¥ +(0:2 +(x—a7+7—272)(7t+,6’)_3z:0,teI.

where ff—Vconst. = a= (% +f)"', tel, where y=

ie.
3) 2 3
27 =2y 3y+)(#+p) z=0, tel (18)
From Theorem 5 it follows that the general solution of equation (18) has the form (17), i.e.

e(a—l)'[adt

z= cejadt U e(OH)I adtdtj Co +I 3 (51 + .“67(2%1)I o (I e(ml)jadt dt)dt)dt , tel.

("'e(a—l)Iadtdtj
L Sty
As Iadt:lln(ﬂ+ﬂ) and J‘(ﬂ+,5')7df=;(7t+ﬂ) 7.
V4 5+}/
We have

a+y

z :;(74+ﬁ)7{50 +(a+7_1)zj.(ﬂ+ﬂ)l_ay_2y (a +;I(%+ﬂ)y_:_2dtjdt}, tel, ie.

a+y-1 a+y-1
a+y 1 2y —a-1
z=(t+p) 7 He(n+ P +os(r+p T,

where ¢, ¢,c;3 — Veonst.

Bull. Georg. Natl. Acad. Sci., vol. 3, no. 1, 2009



On General Solutions of Particular Classes of Ordinary Nonlinear Differential Equations 19

If y =-1, equation (18) has the form
P —6(p-1)"z=0, tel, (19)
a=-1%i/2 and the general solution of equation (19) has the form
2=, (B-0TV 1o (B-0) res (B0, el (20)
If 3n(p 1), Vt €1, we have
(B -1V = (p—1)? {cos[ﬁln(ﬁ— o) isin[/Z (s —t)]},
(B-022 (g1 {cos[ﬁln(ﬂ - t)]iisin[«/im(ﬂ - t)]},t el
and from formula (20) it follows that the real general solution of equation (19) has the form
z=(B-1)° {A cos[ﬁln(ﬂ—t)]+gsin[ﬁ1n(ﬂ —t)]}+ c(p-0""tel,
where A, B,C —Vconst.
See also [5,6].
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