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We introduce the following notations: ] [ ] [ .,2,/,/,,, )(
21 nkdtxdxdtdxxttI kkk ===+∞∞−⊂= &  

Lemma 1. Let us consider the equation 

 ,,0)( 2)1()( Itxtaxxxx nn ∈=−− −&  (1)

where Ittaa ∈= ),( is an arbitrary continuous function. If the following condition holds 

 ∫ ∈=+−− ,,0)( 0
)1( Itadtcn ϕϕ      (2)

where  Ittc ∈=∀−  ),(const.,0 ϕϕ  is an arbitrary admissible function, i.e. a function for which the presented 
operations hold, then the function Itt ∈= ),(ϕϕ  is a solution of equation (1). 

Proof. From formula (2) it follows 
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 Lemma 1 is proved.  � 
Lemma 1 implies the following assertion. 
Theorem 1. The general solution of the equation 

 ,,0)( 22)2( Itxtaxxx ∈=−− &  (3)

where Ittaa ∈= ),(   is an arbitrary continuous function, has the form 

 .const.,,, 10
)(

1
0 Itccecx dtadtc

∈∀−∫ ∫=
+  (4)

(See [1]). 
Proof. Let n=2. In this case, equation (1) has the form (3) and condition (2) has the form: 

 ∫ ∈∃=+− .,,0)( )2(
0 Itadtc ϕϕϕ&  

Consequently, .,)(
1

0 Itec dtadtc ∈∫ ∫= +ϕ  



14 Guram L. Kharatishvili

Bull. Georg. Natl. Acad. Sci., vol. 3, no. 1, 2009

where const.,, 10 ∀−cc  is a solution of equation (3). 
Let 0t   be an arbitrary fixed point of the interval I and 10 , xx be arbitrary fixed constants. Let the following 

conditions hold: 1000 )(,)( xtxt == ϕϕ & .      

Then 

 ,/,|/|)(,| 01010001
)(

10 000

0 ∫∫ =−=⇒+=∫ ∫= ===
+ cxcadtxxcxadtcxecx tttttt

dtadtc  

where .|
0

0 )(
tt

dtadtcec =
+∫ ∫=  

Theorem 1 is proved.  � 
Theorem 2. The equation 

 [ ] ,,0)()( 22)2()3( Itxtbtbxxxx ∈=+−−
•&&  (5)

where Ittbb ∈= ),(  is an arbitrary admissible function, has the following subgeneral solution 

 ,),( 2
21 Itdteccex bdtbdt ∈∫+∫= ∫

−   (6)

where const., 21 ∀−cc  

Proof. Let n=3. In this case equation (1) has the form (5), where ( ) Itabb ∈=+
•

,2 & and condition (2) has the 

form:` 

 Itbbcc ∈∃=+++− ,,0)( )3(2
0

)2( ϕϕϕ &  (7)

where .const∀−c Let .0cc −=  Then condition (7) has the form 

 Itbb ∈∃=+− ,,0)( )3(2)2( ϕϕϕ &  

Consequently (see [2], Theorem 6), 
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where const., 21 ∀−cc  

From Lemma 1 it follows that formula (8) gives a solution of equation (5). 
Let t 0  be an arbitrary fixed point of the interval I and x0, x1 be arbitrary fixed constants. Let the following 

conditions hold: .)(,)( 1000 xtxt == ϕϕ &  

Then 
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Consequently, formula (6) gives the subgeneral solution of equation (5). 
Theorem 2 is proved.  � 
Theorem 3. Let the following conditions hold: 

 ,,02 2
2221

2
11 Itaaaaaa ∈=++++ &&  (9)

where Ittaataa ∈== ),(),( 2211  are arbitrary admissible functions. Then the subgeneral solution of the equation 

 ( ) ( )( )[ ]{ } Itxaaaaaaaaxxxx ∈=−++−+− • ,02
22121

)2(
221

)3()4( &&&  (10)

has the form 

 ,),( 11
202 ItYdtsecsex ∈+= −−∫  

where 
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),( 1
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1 sdteeccseY −−− ∫+=   Itcccdteesiee dta

i
i ∈∀−==∫= −∫ const;,,,,2,1, 210

1
21 . 

Proof. Let n=4. In this case, equation (1) has the form (10), where 

 [ ] Itaaaaaaaata ∈−++−=− • ,))(()()( 22121
)2(

221 &&  

and condition (2) has the form 

 ( ) ( )( )[ ] ,,,0 )4(
221212210

)3( Itaaaaaaaacc ∈∃=−++−+++ • ϕϕϕ &&  (11)

where const.∀−c  
Let .0cc −=  Then condition (11) has the form  

 .,,0)])(()[( )4(
22121221

)3( Itaaaaaaaa ∈∃=−++−+ • ϕϕϕ &&  

Consequently (see [2], Theorem 10), 
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From Lemma 1 it follows that formula (12) gives a solution of equation (10). 
Let t0 be an arbitrary fixed point of the interval I and 210 ,, xxx be arbitrary fixed constants. Let the following 

conditions hold: 
 .)(,)(,)( 20

)2(
1000 xtxtxt === ϕϕϕ &  

We have 
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where IteeBseeaA ∈=+= −−−− ,, 1
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1
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212 . 

Hence, 
 ,,2 ItBcAY ∈−−= ϕϕ&  (13)
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Now let us prove that K≠ 0. 
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where ⇒∫= ∫
− dtez dtaa )( 21
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Consequently, we have 
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where const.,~ ∀−c  that is impossible. 
Hence, 0≠K and  ./2 KMc =  

From formula (13) it follows 
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From formulae (12) it follows 
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Finally, from formulae (12) it follows 
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Here D, E, F are known constants. 
Theorem 3 is proved.  � 
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From formula (10) it follows 
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From Theorem 3 it follows 
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Consequently, the function 



On General Solutions of Particular Classes of Ordinary Nonlinear Differential Equations 17

Bull. Georg. Natl. Acad. Sci., vol. 3, no. 1, 2009

 ,,
)~(~

~

1
2

2
1120

1
2

2
11

22 It
dtsdteec

s
sc

sdteec

s
s

s
say ∈

++

+
⋅++=

∫ ∫
∫

−−

−−

&

&&
 (15)

where .const~,~
10 ∀−cc  is a solution of equation (14). 

Let 0t be an arbitrary fixed point of the interval I and 10 ,yy   arbitrary fixed constants. Let the following 
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where B, D are known constants. 
Hence, 
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where E is a known constant. 
Consequently, 
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Consequently, the following theorem is valid. 
Theorem 4. If condition (9) holds, where Ititaa ii ∈== ,2,1),( are arbitrary admissible functions, then the 

general solution of equation (14) has the form (15).  
See, also [3]. 



18 Guram L. Kharatishvili

Bull. Georg. Natl. Acad. Sci., vol. 3, no. 1, 2009

Let Ityzz ∈= ,& .Then equation (14) has the form 

 .,0)])(()[( 21221212
)3( Itzaaaaaaaaz ∈=−++−− • &&  (16)

and ,, Itcez ydt
∈∫= where const.∀−c  

From Theorem 4 it follows 
Theorem 5. If condition (9) holds, where Ititaa ii ∈== ,2,1),(  are arbitrary admissible functions, then the 

general solution of equation (16) has the form: 
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where const.~,~, 10 ∀−ccc  

Remark. It is easy to see that 
 .,3))(()( 3
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See, also [4]. 
Example. Let ,,, 21 Itaaaa ∈== α where Ittaa ∈= ),( be an arbitrary admissible function, const.∀−α  

From condition (9) it follows 
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In this case equation (16) has the form 
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i.e.  
 .,0))(132( 32)3( Itztz ∈=++−− −βγγγ  (18)

From Theorem 5 it follows that the general solution of equation (18) has the form (17), i.e. 
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where const., 321 ∀−ccc  
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If  ,1−=γ  equation (18) has the form 

 Itztz ∈=−− − ,0)(6 3)3( β , (19)

21 i±−=α  and the general solution of equation (19)  has the form 

 .,)()()( 22
3

1
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22
1 Ittctctcz ii ∈−+−+−= ±− βββ m  (20)

If ,),ln( Itt ∈∀−∃ β  we have 

 [ ] [ ]{ },)ln(2sin)ln(2cos)()( 222 tittt i −−−=− ββββ mm  

 [ ] [ ]{ } Ittittt i ∈−±−−=− ± ,)ln(2sin)ln(2cos)()( 222 ββββ  

and from formula (20) it follows that the real general solution of equation (19) has the form 

 [ ] [ ]{ } ,,)()ln(2sin)ln(2cos)( 12 IttCtBtAtz ∈−+−+−−= −ββββ  

where const.,, ∀−CBA  
See also [5,6]. 
 




