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1. Let the sum of independent random processes &, =7, + w,, where W, is a standard Wiener process, be under

observation. Using the observed values (trajectories) f,l,ftz,..., /' we are to construct an estimate of the unknown

logarithmic derivative of the distribution of the process 7, . For random values (when 7, and w, do not depend on f)

this problem is considered in [1] in the one-dimensional case. To solve the problem we apply the technique of
nonparametric estimation for Wiener integrals.

In the first part of this work we give one inversion theorem for the Wiener integral. This theorem generalizes the
well-known result of Rooney [2] for the one-dimensional case. In the Wiener integral theory this result is of
independent interest and enables us to construct in the second part of the work finite-dimensional approximations for
estimation of the unknown logarithmic derivative in infinite-dimensional space.

We will consider the space of continuous functions C = C]| [0,1] on [0,1], the o -algebra of Borel subsets and the
Wiener measure z,, on it. Let further x = x(¢)e C and ¢,,t,,...,¢, be points from [0,1]. We will denote by x") the
broken line with vertices at the points (t ; ,x(tj )) ( j= 1,...,n). Let F (x) be some functional on C. It is assumed that

>rn

F(x(”))=Fn(x1,... x,). It is understood that for n— o we have F(x(”))—> F(x) in the sense of strong

convergence.
It is well known ([3]) that for a continuous bounded functional F (x) Lebesgue integral with respect to a Wiener

measure (it is this integral that is called the Wiener integral) can be defined by the equality

IF yw dx = hm ! X

C \/”ntl _tl (tn _tn—l)
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n-1

2 . P
X JEI(xl,...,x,1)exp[—x—l—ZM]dxl cedx, )]

E hoE LwaTl

where E, is an n-dimensional Euclidean space. An analogous formula also holds for multiple Wiener integrals.

For a continuous bounded functional f(x) on C [0,1] let us consider the transform which we call the Wiener

transform

gy)= [[ S = x)u, (d) )

clo.]

(meaning, in the end, the consideration of the sum of independent random elements, we make at once the following
remark. Let E be a separable linear topological space with a Borel o -algebra of its subsets B(E ) Let further the
independent random elements £ and 7 with values in £ and with probability distributions ,u(A): P{w: e A} and
v(4)= P{w:n e 4}, respectively, on B(E) be defined on the probability space {Q, T, P}. For the sum ¢ =&+7 we
can find a distribution /1(/1) = P{a) G e A} in the convolution form

Aa)= [ ula=e)vldr), 4 <B(E), *)

where y(A - t) denotes the shift of x onto the vector ¢ € E . Indeed, by the generalized formula of total probability

we obtain

P{§+neA}zIP{feA—tht}P{nedt}:IP{feA—t}V(dt).

Which is equivalent to (*).
If ﬂ(A) is a measure such that simultaneously both 4 and u are absolutely continuous with respect to z (for

example, if 7 = 0,5(/1 + ,u)), then (*) can be rewritten in the form

pl(x):jp#(x—t)v(dt), where pl(x):%(x) and p#(x):;l—i(x),

which is usually applied in the finite-dimensional case for distribution densities with respect to a Lebesgue measure).
The role which this expression plays in various problems of analysis and in particular in the theory of parabolic
differential equations is well-known (see, for example, [4]). We are interested in the question of inversion of

transform (2).
For the sake of simplicity we give the result from [2] which has been mentioned above. Let £ be a standard,

normally distributed random value with parameters (0,0'2 ) Let further f (x), x € R, be a function such that the

convolution

o oo 2

is defined.
Theorem 1 (Rooney [2]). Under the above assumptions

26p

We remark immediately that if the function g(x) and all its derivatives g(’”)(x), m=1,2,..., are bounded when

-t S0 el

taken as a whole, then, passing in this sum to the limit, we can write

) 2k
(+) = ¥ (2k) G_
f(x) ;0< ) g (x)z"k!

Such simple variant of Rooney’s theorem admits generalization.
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Theorem 2. Let the function g(xl,xz, . n) have derivatives of all orders and, when taken together with its

derivatives as a whole, be bounded. Then the integral equation

1% 2
g(xl,xz,...,xn):mo_ If(xl —1,x, —t,...,xn—t)exp{— ;O_z}dt 3)

-0
has a solution in the class of bounded functions. A solution of (3) can be represented as

F6)=3 1 a el

k
par 2k k1

0* . L .
where x = (xl,xz,...,xn) and d’¢p= z + is a total derivative of s-th order for the function
i1+"'+i,1:S a lxl ...a SX
20, k=l,....,n

@ =@lx,,...,x, ), where s is a non-negative integer number.

Proof. The unknown function will be sought formally from under the integral as a Maclaurin series at the point
t=0:

© dk—l ~
f(xl —1,Xy —1,..., X, _t):ZTftk .
k=1 dt

Substituting this expression in (3) and taking into account that for m >0

1% £2 0 for m=2k-1
J-t eXpy\— (4 =9 5
V2zo °, 20 o 1-3---(2k 1) for m =2k

we obtain

2k
LIS ok e k= e
+(2k)!(§axj o2 13 2k =1) 4+,

After elementary transformations we can write

4 2k
4 2k
g=f+ d’f+ d"f+-+ A= f+-- “
22 2! 2" k!
2
We differentiate this equality two times and multiply both parts of the resulting equality by the constant S
4
After that we differentiate (4) four times and multiply both parts of the resulting equality by the constant 2 and
so on. In the general case we differentiate equality (4) 2k times and multiply both parts of the resulting equality by
2k
i and so on. In addition to (4), we obtain a number of equalities:
2% k!
2 2 4 6 2k+2
T dlg= A+ d T A f et =T dP 5)
2h1 2h1 21121 2221201 2k g2t
4 4 6 8 2e+4
o 4 o 4 o 6 o 8 o 2k+4
g= +———dft—d f+r——d" [+ (6)
2%.21 2%2.21 2-112% .21 2%.212% .2 2k k1222
2k 2% 2hk+2 2e+4 4k
i—degzok-—def’Lo-—k 2k+2f 20' - oo o - 4kf+
2% k! 2% k! 2-12% - k! 272125 - k! 2% k2% -k
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Now from (4) we subtract (5), add (6), subtract the next equality, add the next equality and so on. We do so,
taking into account the combinatorial identity

2. (-1 (m - k)'k'

k=0

Then we finally obtain

) 4
Z” og | o’ Z" ag| o
e = e - o 7
f(x1’x2’ ,x,,) g(xl,xza ’xn) (;:1 ax,) +([=1 6xiJ v

2h. 22.21

which coincides with the equality we wanted to prove. All these formal transformations are justified because, as can

be easily verified, by the condition of the theorem the absolute value of the general term of the formal series (7)
2%k

a* gi— vanishes at a sufficiently quick rate and there (7) converges absolutely and uniformly. The theorem is
2% k!

proved.

Corollary 1. In the conditions of Theorem 2 we consider the equality

1 t?
g(xl,xz,...,xn)z Toro If(xl — Yt Xy = Aoty X, — A t)exp{—g}dt. )

Then

k=0

© 5 2k o
Flrxg,nx,)= > (-1 (Z af] a' , )

Indeed, if we introduce the notation
(p(xl’XZ""’xn): g(ﬂ'lxl’ﬂQxZ"“’lnxn ), l//(xl’XZ""’xn): f(ﬂ'lxl’/lzxzv"’ﬂ’nxn)’

then (8) takes the form

0

1 r
(/’(J’b)’z,--wyn): ﬂa j ‘/’(Jﬁ Ly, — Loy, —t)exp{—g}dt,

—00

to which Theorem 2 is applicable. After substitution and transformation we obtain (9).

Let us now turn to (2). Instead of (2) we consider the equality

0

1 r
gn(yl’y2>---’yn):\/2_— I l//(yl _t>y2 _t’---ayn —t)exp{—g}dtx

no

2 -y, _x. P
jfn X Yy —)Cn)CXp _x_l_nZ:M dxn"'dxl . (10)

Introducing the notation

we write (10) in the form
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1

&n (yI’ 2 Vn ):J—y
T t { t {t, —t,
><_J;O ‘[of,{ ‘/7u1,y2 JT n—‘/;ul ———— %M"JX
X exp ui du, --du (11)
2 2 n 1
Let us apply Theorem 2 to equality (11) for o = 1. For this we rewrite this equality as

B 7 S o o =

2

2 Uy

t,_—t t t, —t u u -
N T N L R nT"—lunJexp{_Tl ..... nT—l}dunl dul}e 2 du,.

X

Using Corollary 1, we obtain

Ifn[yl ) P VTN TV ]

’y )(tn _tn 1)

un = aZk (y 7y 9
xexp{——l ..... 1}1”’1_1...(1”1:2( 1)* éynz PETTI (12)

2 2 k=0

For further use of Corollary 1, we rewrite (12) in the form

2 22k k1

1 K i / f Lio — L3
—u yeres Ve Uy e [, ,,
2” _[O{ _[Ofn{yl 1 Yn-2— 2 5 2

—\Fu B (T
Y- 2 1 Up1>Vn

i(_l)k,, 62k11g17(y1>y2: ":yn)( n _tn_l)kn _
k,=0

8'—-8

ﬁ
|
|
‘N
7
o
‘N
b
S
N
N
X

By formula (9) we obtain

I Iﬂ[% \/: 15009 Vp2 — \/7 \f 2l UposVn1— ( ‘f foz s Up_25YVn —

—00 —00

2
\/Eul t u exp|: 7 e — ”22:|dun_2...dul:

LR aknil aknil ’ ak” ’ (tn - ZLn—l )k" (tn—l - tn—Z )k%l
;0/;) [ay:nll +ayrllcn,l J ay’/: gn(y1,...,yn—1>yn) 22(kn71+kn)kn71!k,,! .

Proceeding so step by step, n-times altogether, we finally obtain

<
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fn(yl’yz"'-’yn):

& &L o 0 o o )" o o o )"
:ZZ Z Z kl+k2+ +k,_ +k, (_+_+'”+ +_J Y oy +_\J «
k=0ky=0  k,_,=0k,=0 &y Wyt Wy », Wp1 Wy,
2k 2k, k k k
0 0 0 \tll(’z _fl)z"'(tn_fn—l)"
X X(aynl + ayn] (ayn] gn(ylayZ""’yn—laynl Zz(k‘+k2+“'+k")k1!k2!---kn! : (13)

Thus we have shown that (10) can be inverted and the inverse is written in form (13). Note that in formula (13)
we assume a step-by-step application of differential equations to the functions gn(yl,..., yn). The power of the

gradient and the partial gradient is calculated as usual by the Newton formula for higher derivatives.
Let us assume that g(x) is taken from the class of bounded functionals together with their derivatives. Then we

can assert that the series in (13) converge uniformly and absolutely.

b b, 1),

axlzkl .. ,ax’?km

Indeed, as seen from equality (10), there exist all derivatives and they are bounded.

Then for the general term in (13) we obtain an estimate

2k, 2, .
0 0 0 t t =t )"
(_4_'“4_—} (_] gn(yla ,yn/ (n - l)

o o (kl+ +kn) | | <
8yl yn yn 2 klkn
Mot (n=1)" 2kt (e, b, < ¢
22(k+ +k)k| g e\ =l _2kl+—+k
n

(In the expression on the left # is assumed to be the current constant, while %,...,k, are the variables of the general

term of the series).
This estimate in (13) gives the desired proof.
Since the series in (13) converge absolutely and uniformly, we can pass to the limit under the summation sign.

Then we obtain in the limit the inverse of the Wiener transform (2):

24
2 & 2 & 0 0 0 0
y)=lim — )t [—+ +oet + ] x

= klz()kzz() kgo kZ_:o( ) oy, Oy, W, o,

2k, 2ky 2k,
0 o o J ( o o j ( o )
— ettt - + X
(9.]/2 a.))}1—] a))n a.))}1—] a))n ayn

\t (t2 _tl )k2 (tn _tn—l)k"
Xgn(ylayZ’ Va1 V) 22(k1+k2+m+k”)kl!k2!-..kn! .

(14)

Therefore the following statement is true.
Theorem 3. The inverse transform for the Wiener transform (2) exists in the class of functionals g(x) together

with their derivatives of all orders which are bounded if taken as a whole and the inverse transform can be
calculated by formula (14) where g, (xl yeesX), ) is the orthogonal projection of the functional g(x).

Remar k 1. Frequently, instead of (1) the following definition of a cylindrical Wiener measure is used:
[ F &), (dx) =
c

= lim ! JF (x X, )ex _x12 —nz_i(xjﬂ_xj)z dx; ---dx
= XX p j:_(—ty 1 n

n—0 Jﬂ' [1 t2 _tl) (f _tnfl) E, 21‘1 " 2tj+1 —t;

In that case formula (13) has the form
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k,_,=0 ayl 6)/2 ayn—l ayn

n—

2k, 2k, 2k,
( 0 0 ) J ( 0 d ] [ 0 ]

X[ ——++ +— +— — x
5)’2 ayn—l ayn ayn—l 6)/" ayn

tlk1 (t2 B tl )k2 '”(tn B tn—l )k”

2k
0 © 0 0 P P 5 B
f (y .V ,.,,’y’): (_1)k1+k2+ +k,,l+k,,[_+_+“,+ + ] x
n\J1 2 n klZ:OkzZ:O Z knz::o

Xgn(ylayza"'aynfloyn)

15
A XY AR 4>
while (14) is written as
2k
R R >~ 0 0 0 0
1)t 3 S 3 et LoD Ly 2]
"m0 =0k =0 ky, =0k, =0 v Oy, Vuat Wy
5 o oY (o o Y"™(aY"
X(_+.‘.+ +_J "'( +_] [_] ><
5)’2 ayn—l ayn ayn—l 6)/" ayn
k k k
tl(t _t)z“'(tn_tn—)"
Xgn(yl’yZ""’yn—layn) 1 2 ! ! . (16)

ky+ko+- -k,
2 keylks ek, !

Remark 2. It is interesting to note that (16) (like (14)) can be used to calculate some Wiener integrals. We
illustrate this by several examples:
1. Let g, (x1 yeens Xy ) = x, . Then from (16) we obtain f(x) =x, = x(tl) . Therefore

(” At)=x(t)] g, dx = 3(e)).
Clo,1]
Hence we have
[0 i) = v, =0
Clo,1]
2. Let g, (x1 yeees xn) =x, . Then from (16) we obtain flx)=x? (tl )—tl . Therefore
meawmmmww#mmfm.
clo,1]
Hence, taking into account the preceding example, we have
[[xZ(tl ) W(dx): Ewtz1 =1,
clo.1]
3. By analogous calculations, for g, (x,,...,x, ) = (x2 —xl)xl (tl <t,)we show that

Ix(tl)x(tz)yw(dx): Ew,w,, =t; =min{, 1, .
Clo,1]

4. If we take g,(x(,...,x, )=e®™, then f(x)=expsoxls —lazt and, after carrying out some calculations,
n\"*1 n 1 2 1

we obtain
1 2
J‘e*ax(ﬁ)ﬂw(dx): Ee*‘m(tl) — e?’ .
cloi]
1 n
5. Let us calculate [[ exp{— af x(t)dt},uw (dx). For this we take g(xl,...,xn) = exp{—ﬁzxk} , where
clo] 0 =]

k ‘ .
X, = x(—} .For n - o we have g(x,,...,x,)— exp{— ajx(t)dt} It is easy to calculate that
n

0
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2k 2k 2 2k 2k
0 0 o a< (na)™ - (2a)* 1 (1o )™ avx
(a*"‘*a} '“WCXP{‘;Z’%}: ey

k=1 k=1
Therefore
0 0 2(ky 4k, ) 2k1( _ )2k2 2k, n
a n-in-1 -1 a
f(x):lim (—l)k'+"'+k” expi—— Y X, r=
n~>ooklz:0 1;::0 n3(k1+~~+kn)2k1+~~+knklg...kng nkz:; k
2 2 2( _ )2 1 n
an a“(n-1 a -1 a
= lim exp<— exps— e ex exXpi—— ) X, o=
n(n+2j(n+1) n ) 1
= limex —052——Z X, ¢ =€x —a——a x\t)dtu .
mesp{ -2 ool -t
Thus

exp{_aljx(t)dt} _ J ]exp{_“_; ~af st y(z)dt}ﬂw ().

This implies that
2

| exp{— aiX(f)dt}ﬂw(dXF eXp%-

clo,1]
2. Let us proceed to the application of the results obtained. Assume that in C[O,l] we have the sum of random
elements X, =Y, +W,, where W, is a standard Wiener process and ¥, does not depend on W, . Let X,,X7,..., X"
be independent observations (trajectories) of an element X, . We are to estimate the logarithmic derivative / (x, h) of

the distribution g, of the random process Y, along A.

We consider the points #, <t, <:--<t, € [0,1]. Let A= max (th —tj)—>0 as n—>oo. We introduce the
j=l,...,n—1

notation X" :<X,1,Xt2,...,th ), Y” :<YtI,Y,2,...,Yt”), w" :<W,1,W,2,...,th) and consider the equality
X" =Y"+W". This is the equality in the finite-dimensional space R" and if we assume the existence of

distribution densities, we can write
Dy (xl,...,x,,):

1 n—1 . —yAz
= [ Prln = ysesx, = 3, )exp —&—Z—(y’” )
V'l =), -00) 7, =

By formula (15) we have
2k
s Vreens — _1k1+k2+---+k,,,1+k,, v Y o
ERMSEAES 3 38 WP A& et I

k1=0ky=0  ky_1=0 k=0 OVt

2k 2%, 2,
X - +et +— e +— _— X
ay ayn—l ayn ayn—l 8yn ayn
Zle1 (t2 -4 )k2 o (tn — L )kﬂ (17)
22tk otk 1

}dyn dyl

XPx (yloyza"'aynflayn)

For brevity, we introduce the notation
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(1) l1k1 (fn —1, )k" _ (ﬂ(?,/;), i...i~: Z~ ,

PR NN R
[i+ +iJ2kl (iJZk - D* (v )=
v o) e IR
Then (17) takes the form
PY(J7)=kZDI;PX(J7)(P(;:E)~ (18)

In the finite-dimensional case the logarithmic derivative for a distribution with density p(x), xeR" is

calculated by the formula
gradp(x), i,
1 (s, = (Edpleb ) (19)
plx)
where (-,-) denotes the scalar product of the vectors in R", and 4, is the orthogonal projection of the vector /4 in R".
On finding the values of the observed functions at the selected points, we compose the matrix of observations
X)X X

DEID G, ¢
: (20)

Matrix (20) consists of independent and equally distributed random values. Using this matrix we construct the
estimate for the density (actually unknown) p, ()7) and then estimate py(jz) by formula (18), and the sought

logarithmic derivative by formula (19).
For estimating the unknown density p ()7) we use the statistic

()= (2, (7= x,)),
where K(}) = HKj (yj ), y=01.2,.0sy, ) and K;, j=12,...,m are even positive bounded functions with
j=1
JKj (ox)dx =
R

For a further discussion we take equal K (x) = K(x) , j=L2,...,m.In our case

-2 Tkl b))

i=l j=1
Then

gradp y (¥ Z gradH KA ( ( ))

From (18) we obtain
- A P - .
gradpy (F)h, == D" gradp x (h,0le . %)
k

Now for the logarithmic derivative 7, (¥,4,) we can write an estimate in the form

>3 D grad] [ k{2, [, - 7 il )

, (gradpy (7).1,) _ TiT i
ZY( ahn): = = " "
py (%) ZE:;DEH ( n(yz ))(p(t k)

Bull. Georg. Natl. Acad. Sci., vol. 3, no. 1, 2009



On One Property of the Wiener Integral and its Statistical Application 39

So, the following statement is true.
Theorem 4. If in the space C[O,l] we have the observation X, X?,...,X!" of the realization of the sum of
independent random processes X, =Y, +W,, where W, is a standard Wiener process, then the estimate of the

logarithmic derivative of the distribution of the random process Y, is given by the formula

lim > 3 0F grad [ [kl v, - x/ il 7)
= j=1 '

Iy ($,h)= lim

m—o n - m . ~
T tm IS D kb b -x ke )
n—0 k— i-1 j:l i
2
where K(x) is an even positive smooth density function, A, >, —+—>0 as n— oo, the points

n

t, <ty <--<t, €|0]l] are chosen so that 2= max (tf+1 _tj)_>0 as n— .
Jj=l..,n—=1"

3.)07(73.)@0‘,'.)

3053(4)015 oﬁé%ﬁmgol& 35)0’)0 mao'lsabo'ls.) ;l\)-) dolbo
15(5.)(5015(50 d'aﬁ)o 6030')33536015 '3315.51536

39t dsdogms™, 9mobds™ bisMmsos* ™, dbggzobst ‘3'5(3"‘(3""&’
atogmm beobsdg

0. 390 6003000 J0. moocmobo J 0 0 O, 12
* 0. gapbodzoemol bob. mdocrolol bobyerdfioger gboggibodiach

** 5 9@9d00l 93650, 0. xapbodiocol bsb. mdocrolol bsbycordfoge mboggcibodgdo
& bobgdol mbaggorbodgho

# 5. fgemomol b byendfoger mbaggbodgbo, Jaomsobo

6536»ddo Qogaal‘;omoo 30535)01) oséméogoh '33256‘3532501& 36070 m3015330, 6m33moe 3.)3070335360 'UGEmBO
ng&ﬁomaﬂgo Vbéamaba;gols 666366633@)63;30 1&@)6@)01&&0&360 '331501)3601& ohoaabog olsamo '3330)1')33300)0
35)(0(3315015 605-)6’0;:1)33015&0)301&, 60733;3%30 Qod3063360 bgabo 3053601& '33'393(0073601& 30607636'30.
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