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Mathematics
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ABSTRACT. Some approximate properties of the Cezaro means of trigonometric Fourier series and its
conjugate are established. © 2009 Bull. Georg. Natl. Acad. Sci.
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1. Assume that 7 =[-x,7] and f:R — R are functions with period 27, where R :]— oo,+oo[. If a function

fe L(T ) , then o-[ f ] and E[f] denote respectively a trigonometric Fourier series and its conjugate of £ i.e.,

U[f](x):%+i a; cos kx+b, sinkx,
k=1

O'[f] Z b, coskx+a, sinkx,
k=1

where
a, = ak(f)zljf(t) cosktdt,
T
T
b, Ebk(f):ljf(t) sin kt dt.
T
We denote by f the conjugate function of f,i.e.

j_‘(x): —— lim .ﬂf X +t (x - t)]ctgé dt.

27 e—0+

Introduce the following designations:

o) = flert)+ fle=1)-2/(x).
wlnt)= fla+1)= f(x 1),
fn (x): —i“-t//(x,t)ctgé dt, neN.

Denote by @ (see [1]) the class of all functions @ : [0,71'] — R with the properties:
1. @ is continuous on [0, 7[];
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2. o is non-decreasing;

3. w(0)=0;

4. olt)>0,0<t<x.

The symbols o (x, f ) and t (x, f ) denote respectively the Ceziro means of the series o[f] and &[f]

of order o , namely:

s

o (e )=~ [Ufles )+ sl —0)K ) e

0

o)==l )rs )
0

where
K (0)=—=3 4 D)
n k=0
1
e (1)= O,ZA“_EDk()
An k=0
(t):%+zli:coskt, D, () ZSlnkt | <lo.z],
and
A% =1, AY =M keN, a>-1.

Remar k. Below the symbols A(f ,x) and A(f ,x,a,ﬂ) are positive finite constants depending on the

corresponding parameters.

2. In this paper we establish some local approximation properties of Cezaro means o (x, f ) and ¢ (x, f ) of
order a € ]0,1[ . The obtained results generalize Obreshkoff’s [2] results.

The following statements are true.
Theorem 1. Let feL(T), wed , ae]O,l[ and xeT.If
t
ﬂ(p(x,s)'ds < A(f,x)ta)(t), O<t<p<mrm,
0
then

O',f‘(x,f)—f( x (fxaq)%}tlfi)dt.

Proof. It is known that A7 —z A o AL = 4% — 47, and therefore, taking into account the definitions
j=0

of D,(f) and K (t), we conclude that
2 T
=& @de=1.
7
Then we can write

of (x.f)-flx)=

L

n n 1 3
=L [ 0K e+ [ ple, 0K @i+ [ o, 0K £ (0t =3 T (f, xt) 1)
7y T T " i=l

a|~
S N

[f+n+ fr-n-27 K (@ )dt——] P, DK (0)dt =

n
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Since K| < A(a)n, by the conditions of the theorem, equality (1) implies
1
I (f.x,a,n)< A(a)nﬂ(p(x,z)
0
A(fxa)o [qu (f. %) if )
n n“yt
It is known that( see [3]), A(a) <k “Af <A (), (AF ~k%).
K (0) = o () +1,7 (D),
where
. ( 1 aj ar
sin| | n4+—+— [t——
« { 2 2 2
(071 ([) = 1+a )
A7 (2 sin t]
2
(t)‘ A(a) 1 <t<m,
n
Therefore from inequality (1) we can write
Ala) ol
IGEYAE (j‘) j' (M” dr. 3)
n 1 t
Applying the formula of partial integration we obtain
n ol
plx l+a dt
I' l+a [“(pxs ds } +( - )J.{“;o(x slds} o =
oo alo
il
1|7 1 f 1+a)t| | dt
— I|¢(x’ S]ds 771+a —I’ll+aj|¢(x,s]ds + ( n )Il:“?(X,S]dS] t2+a ’
0 0 100
n
Hence, by the conditions of the theorem, we can conclude that
L tlelr) () (fxa n) Af,xan)'t olr)
n—a.!.tletﬁA(f, )77 + A(f, %) (nj ! ) i < = !z““ dt.
Then, by virtue of estimate (3), we can write
n
t
|F2fxa77S fxan-..tal)a) (4)
1
It can be easily noted that for the expression I’ (f , x,a,ry)contamed in (1) the following estimation is valid:
A
|F3(f,x,a,771S(f+a’n) . 5)
n

Thus, by relations (1), (2), (4) and (5) we have that
a ) 1 n ¢
o, (x,f)—f(xX < A(f’x’a’ﬂ)n_aj a)( )dt.
1
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The Theorem is proved.
From the proved theorem it follows that if a)(t) =t%,0<a <1, then

o (x.1) = s] < s waran) =

This estimation was proved by Obreshkoff [2].
Theorem 2. Assume that f e L(T), we®, a e]()l[ and xeT.If

I|wxs fx)ta)(t), O<t<p<r,

then

t (x. f)- f(X (fxan)lajlci(i)dt.

Proof. It is known that

e )=l O,

s
where

22(1) = éctg} pEO+re@, feloxl ©)

We have that
1
n

£ 1) T20) =~ s e Lt o

n

+—J'1//xt7n( dt+—fth[1,yn +7n ] Einfxan. @)
i=1

n

Using the inequality Hr,f’ “ < A(a)n , by the conditions of the theorem we conclude that

|Y1(f,x,a,77)|SA(f,x,a)a)(%j, ®)

For the expressions v (f) and y (¢) in equality (6) we know that (see [3] )

l «a ar
cos| | n+—+— |t —
K 2 2] 2}

Y (t) == ; l+a
A7 (2 sin j
2
and
Vn (t)‘ A(a) 1 <t
n

Therefore, by virtue of these relations and taking into account that
Aa) <k "4 <4(a), (A ~k9),
equality (7) implies

n
|Y2(f,x,a,77]+|Y3 (f,x,a’,]l < A(a)‘“(//(x,tl "
1
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Hence, applying the formula of partial integration, from the conditions of the Theorem (see [4]) we obtain

[V (f @) + 45 (f, % aum) < (fx &0 jm(’ dt . )

l+a

n

Analogously, for the expression ¥, ( f,xa, 77) contained in (7), the following inequality is valid:

|Yh(f}x,a,n)|siﬁ&fzfﬁilﬂ). o)

an
According to (7), (8), (9) and (10) we obtain:
(e AT () < ALxan) T ol)
t b 1)1 s == [
1

The Theorem is proved.

3.)07(73.)@0‘,'.)

cgaﬂ)oa'ls éﬁoamﬁmaaééoggo Q) dobo aaﬁmga&agmo
39‘56)0336015 ae ]0,1[ F)oaols Ba%.)ﬂ)mls lso'a'a.)ggmaaols

‘bmaoaﬁ)ma .)360);]1503&(30-3;'20 0)3015366
. dobatsdy

I Gborsggemol bsbgendfogem mbaggrbodgibo, dsozdo

(%’oé)amc\)aaﬁogoo odogx\)aaodmls 3 bo&»o@oﬁgoggoh 3036))

bgoBosdo mimagbogmos ggtogl Hogmbmdgdtonmo 3( 36030l s dobo Jggmemgdnemol o ]0,1[ Gogols
Bgbotrmls Lodgogmmgdols Brmgoghmo mmm oo s3GmJlodsgoygmo mgaligds.
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