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ABSTRACT. An initial boundary value problem is posed for the Kirchhoff integro-differential equation, which
describes the dynamic state of a beam. The solution is approximated with respect to spatial and time variables by the
Galerkin method and a difference scheme. For solving the system of nonlinear equations obtained by discretization
the Jacobi nonlinear iteration process is used. The error of the Galerkin method is estimated. © 2009 Bull. Georg.
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Let us consider the nonlinear differential equation  
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with the initial boundary conditions 
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where , , Lα β  and T are some positive constants, u0(x) and u1(x)  are the given functions, and ( , )u x t  is the function 

we want to define. Equation (1) describes the oscillation of a beam in the light of the Kirchhoff theory [1, 2]. Several
authors dedicated their works to the study  of this equation. Among them are Ball [3, 4], Biler [5], Brito [6, 7],
Pereira [8] and Medeiros [9]. Here we consider one of the questions of construction and investigation of approximate
algorithms for equation (1). It should be noted that in this direction there are many unsolved problems interesting for
investigation. We have used the approach  realized by us in [10, 11] for the Kirchhoff string equation. 

Assume that the initial functions are represented in the form  
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and   
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where  p, 
0 1,ω ω   are some positive numbers and also 1p > .  

Suppose that there exists a solution of problem (1), (2) which is represented in the form  
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where the coefficients ( )iu t  satisfy the following infinite system of differential equations 
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Assume also that 
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Let us perform  approximation of  the solution with respect to the variable x. For this we use the Galerkin 
method. A solution will be sought in the form of a finite series  
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where the coefficients ( )niu t  are  a solution of  the system of differential equations 
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To solve the Cauchy problem (10), (11), let us introduce on the time segment ],0[ T  a grid with pitch MT /=τ

and nodes τmtm = , Mm ,,1,0 K= . An approximate value of )( mni tu  denoted by m
niu  is determined by a Crank-

Nicolson type scheme                                                                                                                                                      
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The last part of the algorithm aims at solving the system of nonlinear equations  (12), (13). If the counting is
performed from layer to layer, then, knowing the results for the preceding layers, at the mth time layer, 
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Mm ,,3,2 K= , i.e. for mtt = , we have to solve a system  of nonlinear  equations with respect to , 1,2, ,m
niu i n= K , 

which has the form 
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System (14) is solved by the iteration method consisting in calculating successive approximations by Jacobi’s  
rule 
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where m
lniu ,  is the l th iteration approximation of m

niu , K,1,0=l . For simplicity we do not take into account the 

errors in lm
niu − , 2,1=l , ni ,,2,1 K= . 

For fixed i (15) is a cubic equation with respect to m
kniu 1, + . The Cardano formula [12]  allows  us to determine 

m
kniu 1, +  in an explicit form. We get 
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where 
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Thus the proposed algorithm is reduced to the calculation by formula (16).      

Now our aim is to estimate the error of the Galerkin method. To achieve this aim it is necessary to introduce 
several notions and to prove some auxiliary statements. Let λ and μ  be n-dimensional vectors, ( ) 1
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Next, using the functions ( )niu t  and the coefficients ( ) , 1,2, , , 0,1,l
ia i n l= =K  from (9) and (3) we form the 
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We also define the matrix and the energetic norm  
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Using this notation, (10), (11) can be written in the vector form 
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Now let us derive an equation for defining the error of the Galerkin method. By the error of  the method we 
understand the difference between the vectors ( )n tu  and ( )np tu  
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Subtracting (22) and (23) from (18) and (19), respectively, and taking into account (21), we write the equation
for the error 
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with the boundary conditions 
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Equation (25) and conditions (26) are the starting point of the investigation of the problem of method accuracy
estimation. 

Lemma 1. The estimate 
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Let us calculate (0).Φ   Applying (28), (7) and (3) we have                                               
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which is a result of the application of (34), (19), (17)  together with (3) and (31). 
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Comparing (32) and (36) and applying (37), we observe that  
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We need to estimate  its value for t=0. This estimate is obtained by using (7), (4), (3) and the integral test for the
convergence of series. As a result we have  
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By (28) and (29) we have  
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Let us formulate the main result.  
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Theorem. The inequality     
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where ( )c t  is defined below, is fulfilled for the error of the Galerkin method.  

 Proof. By a scalar multiplication of (25) by ( )2 ( )n t ′Δu  we obtain  
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where  
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Let us estimate some terms from the right-hand part of relation (48). For this we will have to make use of (17).  

By  (34) and (35) we get  

 ( )2 4
2 2 2|| ( ) || || ( ) || || ( ) || ( ) (0).

n n
n n n n n nQ Q

t t t t′ ′≤ + ≤ Φ = Φu u u  (50)

Further by virtue of (20), (21), (27) and (33) we see that   
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Finally, again using  (27) we find                  

   ( )( ) ( ) ( )4
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Relations (48) – (52) together with (17), (26) and (39) allow us to conclude that  
2
3

4 52( 1)
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  (53) 

Applying the Gronwall inequality and definition (49), we obtain the proven inequality (47) together with the
formula for the coefficient ( )c t   

4 5max(c , )
3( ) .c tc t c Te=  

� 
To conclude, note that if we weaken the accuracy requirement, relations (53) can be simplified. By virtue of (37)

and (38),  (0)nΦ  and 2c  in (53) can be replaced by (0)Φ  and 0 .c  
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maTematika

miaxloebiTi algoriTmi Zelis erTi arawrfivi
gantolebisaTvis

j. feraZe

i. javaxiSvilis sax. Tbilisis saxelmwifo universiteti

(warmodgenilia akademiis wevris r. bancuris mier)

naSromSi dasmulia sawyis-sasazRvro amocana kirxhofis integro-diferencialuri ganto-
lebisaTvis, romelic aRwers Zelis dinamikur mdgomareobas. sivrculi da drois cvladebis
mimarT amonaxsnis miaxloebisaTvis gamoyenebulia galiorkinis meTodi da sxvaobiani sqema.
diskretizebis Sedegad miRebuli arawrfiv gantolebaTa sistema amoixsneba iakobis  iteraciuli
meTodis saSualebiT. Sefasebulia galiorkinis meTodis cdomileba.
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