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An Approximate Algorithm for One Nonlinear Beam
Equation
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ABSTRACT. Aninitial boundary value problem isposed for the Kirchhoff integro-differential equation, which
describesthe dynamic state of abeam. The solution isapproximated with respect to spatial and timevariablesby the
Galerkin method and a difference scheme. For solvingthe sysem of nonlinear equationsobtained by discr etization
the Jacobi nonlinear iteration processisused. Theerror of the Galerkin method isestimated. © 2009 Bull. Georg.
Natl. Acad. <ci.
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L et us consi der the nonlinear differential equation

t(ou 2 )étu
- (a + B { (&(x, t)j dxj ~ @
O<x<L, O<t<T,
with theinitial boundary conditions
u(x,0) = U°(X), 6—“(x, 0) = ' (),
@

u(0,t) = u(L,t) = 0, (or)— (L t)=0,

0<x<L, OLt<T,
where ¢, 8, L and T are some positive constants, u’(x) and u'(x) arethe given functions, and u(x,t) isthe function
we want to define. Equation (1) describes the oscillation of abeam in the light of the Kirchhoff theory [1, 2]. Several
authors dedicated their works to the study of this equation. Among them are Ball [3, 4], Biler [5], Brito [6, 7],
Pereira[8] and Medeiros[9]. Here we consider one of the questions of construction and i nvesti gation of approximate
algorithmsfor equation (1). It should be noted that in this direction there are many unsol ved problemsinteresting for
investigation. We have used the approach realized by usin [10, 11] for the Kirchhoff string equation.

Assume that theinitial functionsare repr%nted intheform

u’(x) = Zafo)sn X, u'(x) = Za sm—x 0<x<L, ©)
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and

a®’ s%, a < Iw—pl i=12,..., 4)
where p, ®,, ©, Aesome positive numbersand aso p>1.
Suppose that there exists a sol ution of problem (1), (2) which is represented in the form
u(x,t) :iui (t)sini%x, ®)
i=l

where the coefficients u, (t) satisfy the followinginfinite system of differential equations

4 2 B
u’ (t)+£%lj u (t)+(%lj ((x+ ﬂ’z’—izll jou? (t)jui ) =0, ©6)
i=12,..., O<t<T,
with theinitial conditions
u@©=a, u'(0)=a®, i=12.... ()
Assume al so that

the series iu;z(t) and ii“ui2 (t) converge. ®

i=1l i=1
Let us perform approximation of the solution with respect to the variable x. For this we use the Gaerkin
method. A solution will be sought in the form of afinite series

u, (x,t) = _Zn:un, (t)sini% X, ©)

where the coefficients U, (t) are asolution of the system of differential equations

.4 2 .
u” (t)+(%‘j u_(t) {ETI) [a + /3’2’—:_; i (t)]u” ) =0, (10)
i=12,...,n, O<t<T,
with the initial conditions
u,(0)=a”, u,(0)=a®, i=12,...,n (11)
To solve the Cauchy problem (10), (11), let us introduce on the time segment [0, T] agrid with pitch z =T /M
and nodes tha=mz, m=041...,M . An approximate value of Upi (tm) denoted by urr,? is determined by a Crank-

Nicolson type scheme

N4 m m— .\ 2 n my2 m-2y2 m m—.
unt | 2] 2 +(ﬂj a+ﬂ7[—22]2 (Uy) * Uy ) )u"i Uy =0, (12)
L 2 L 2L~ 2 ) 2
i=12..,n, m=23,...,M,
with the conditions
ul =a?,

1 %\ (i ‘ i 2 T2 & (13)
u :ai(o) +Ta(l) _? (Tj +(Tj 0‘+ﬁz2125‘§°)2 31(0)_
j=1

The last part of the algorithm aims at solving the system of nonlinear equations (12), (13). If the counting is
performed from layer to layer, then, knowing the results for the preceding layers, a the mth time layer,
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m=23,...,M ,i.e for t =t,,, we have to solve a system of nonlinear equations with respectto u?, i=12,...,n,
which has the form

{h%(ﬂ?lj [H *ﬂ%if(w+<u;;-2>2>ﬂ(un”?+u:?'2)=Zux“, a9
i=12,...,n.

System (14) is solved by the iteration method consisting in calculating successive approximations by Jacobi’'s
rule

2 (7i\ 7i Y 7. m me S m e
1+E(Tj &-i—(Tj +ﬂI |2((uni,k+1)2 +(uni 2)2)+]‘ 12((unj,k)2+(unj 2)2) x

j#i

“(Ules+uD?) =207, =120, k=01..., (15)
where um | isthe | th iteration approximation of urr]?, | =0,.... For smplicity we do not take into account the
erorsin urr]?" ,1=12,i=12,...,n.

For fixed i (15) is a cubic equation with respect to uy}' .4 . The Cardano formula [12] allows us to determine
Ul 41 inan explicit form. We get

1273
me2 1 2 .3
Cm iun s, st o )
Upj k1 =~ 3 —z E+(—1) T+E , k=01..., i=12...n, (16)

where

Thus the proposed a gorithm is reduced to the calculation by formula (16).

Now our aim is to estimate the error of the Galerkin method. To achieve this aim it is necessary to introduce

several notions and to prove some auxiliary statements. Let 4 and 4 be n-dimensiona vectors, A =( A )i”:l,
U= ( i )inzl' In the first place, we define respectively the scalar product and the norm

n 1
(Aot =2 2utts 12 1h= (2, 2)2. (17.)
i=1
Next, using the functions u_ (t) and the coefficients a,i=1,2,...,n,1=0,1, from (9) and (3) we form the

vectors

Un®) = Uy )y, @ h=@") 1, 1=01

(17.2)
We also define the matrix and the energetic norm

1
Q, :%diag(LZ,...,n), 12 0= (Q2 2,42, I =1,2. (173)
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Using this notation, (10), (11) can be written in the vector form

U, (©) +Qlu, () + (a A0 I, jQﬁun ®)=0,

(18)
O<t<T,
u,(0) = e, u, (0) = e, (19)
By the coefficients of decomposition (5) we form the vector
p,u(t) = (u (t))inzl' (20)

Now let us derive an equation for defining the error of the Galerkin method. By the error of the method we
understand the difference between the vectors u,_ (t) and p u(t)

Au, (t) = u, (t) - pu(t). (21)

Using (20) and (17), the first n equations of system (6) and the first n equalities from each of the initial
conditions (7) are written in the form

(P +Qipu0+ [+ A5 I PUO I, |0+ 2,0 =0 @)
O<t<T,
pu©-al, (pWO=-al, @)

where z (t) isthe vector defined by the formula

2,(t) = ﬂ%( > i2u5<t)jQ§ p,u(t). (24)

i=n+1

Subtracting (22) and (23) from (18) and (19), respectively, and taking into account (21), we write the equation
for the error

(30,0 + Qa0+ e+ 45 Ny 91 | Qi -
L 2 2 2
=5 (I Pu® I ~ 114, O )@ p,u(t) = 2,0 -

with the boundary conditions
Au,(0)=0, (Au,)'(0)=0. (26)

Equation (25) and conditions (26) are the starting point of the investigation of the problem of method accuracy
estimation.

Lemma 1. The estimate
” pnu(t) ”Qzl <G =12, (27)

where ¢, and ¢, do not depend on nandt, isvalid.

Proof. We multiply (6) by 2ui' (t) and sum the obtained expressionover i =1,2,... . If we use (8) and denote

d)(t):gu (t)+( j2| (t)+ﬁ(a+ﬂg—i§i2ui2(t)],

29)
then the result iswritten as @'(t) = 0, which meansthat for 0<t <T, we have
D(t) = B(0). (29)
Using (17), (20) and (28) in (29) we find
(o, U’ IE + 1 p,u) IE, +ﬂ—[a+ LI PO IE, j < (0). (30)
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Let uscalculate ®(0). Applying (28), (7) and (3) we have

2

®(0) = %i[(ul(x))2 +(u°" (X))Z}dx+ﬁ[a + ﬂi(uo’(x))2 dxj : o

From (30), first taking into account that by virtue of (17) || p,u(t) ||Q4 > | p.u(t) ||Qz we obtain (27) for| =1,
h L n h

where
1

o (2 o E) C((=Y (32)
CO_Z,HL ((Lj +2a[Lj +ﬂLq)(O)] ([Lj +aj ,

and then verify the fulfillment of (27) for | = 2, where
¢, = ©(0).
O
Lemma 2. The inequality
lu, @ I < ¢, (33)

where the value ¢, does not depend on t, isfulfilled.

Proof. Multiplying (18) scalarly by 2u'(t), weobtain & '(t) = 0, where

' 2 2 1 1 2 ’
@, (0) =[luy @O Il + 11y, (©) e +E(Q+Eﬂl‘ Il u, (t) IIanj : -~

Therefore we get the equality
@, (1) =2,(0), (35)

which together with (34) and (17) imply the fulfillment of (33) where
1 7\ 7Y % 7Y
c,=2— (—] +2a(—j +BLO, (0) | - (—j +all, (36)
pL L L L
O

If itisrequired to calculate or estimate c,, we must take into account the following relation for - @ (0)

n 4 n 2 n 2
©,(0) = a®? +(Zj 3 43002 +i(a+1ﬂ”—2i2ai(°)2J < ®(0), (37)
= L) 3 AL 2" L

which isaresult of the application of (34), (19), (17) together with (3) and (31).
O
Comparing (32) and (36) and applying (37), we observe that
Lemma 3. The inequality

c,
)| <—,
12,0 1< -

where the value C, does not depend on't, istrue.

Proof. From (24) and (17) it follows that
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12,0 1=A5 O U0l - (40)

i=n+1

Using (8), let usintroduce into consideration the function

Y (t) = Zu (t)+( j Z|4u2(t)+( j (a+ﬂ2LZJzu2(t)jZ|2u2(t)
i=n+1 i=n+1 i=n+l (41)

We need to estimate its value for t=0. This estimate is obtained by using (7), (4), (3) and the integral test for the
convergence of series. Asaresult we have

o 4 » 2 2 » »
¥, (0= 3" +(%j Y ita®" +[9 [mﬂ%ija«“”zj > i <

o vl {] [ S el oo |5 22
Sﬁ{wﬁ%(%) + nz( j(p D(p+D” (a+ﬂj(u (x)) H

Further, comparing the sum i i2u%(t) from (40) with the function W _(t) from (41), we conclude that

2,2 T 27"
> W( M“(EH Falt) 43

Now let us estimate the function ' _(t). After multiplying (6) by 2u/(t) and summing the resulting equality

(42)

over i=n+1n+2,..., weobtan

’

ANGE ﬂn[{j PHRNCINOPNETIC)
= i=n+l (44)

( ] (Zu (t){’[f j"lj“uf(t)Js “

By (28) and (29) we have
z j?u; (tu;" (t)

By virtue of (43) — (45), (41) and the Gronwall inequality

WY (1) < ‘I‘n(O)exp[%ﬂLCD(O)[a +[92J t}.
(46)

Applying to (40) inequalities (43), (46), (42) and (27) successively, we come to the conclusion that (39) is
fulfilled and also that

cg—z(/”chll)( +@] {wﬁ%@ +m0n—12[%j (p-D(p+1 "
x [a + ﬁI(uO' (x))zdxﬂ eXpE,BUD(O){a + (%TJ T}-

O
Let us formulate the main result.
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Theorem. The inequality

1
AU, ) I+ 11 AU, (1) B, +a || Au, (t Zz)zsc(t),
(1A @) 16 + 40,0 I e lAu, O 1 | <52 o
where C(t) isdefined below, isfulfilled for the error of the Galerkin method.
Proof. By a scalar multiplication of (25) by 2(Aun (t))' we obtain
R/ =2 AL lau, O 1 (1O, ) +2(1l B I, -
n 2 n Qn n Q n Q (48)
a0, (@ P (s0,0) ) |+2(20.(u0))
where
, 1
Fo) =l O+ 180,y + a4 3 AL IO, Jlsu, O (49)

Let us estimate some terms from the right-hand part of relation (48). For this we will have to make use of (17).
By (34) and (35) we get

(@] ) <lu @ FF + 11, 0) < @,0) = @, ). (50)
Further by virtue of (20), (21), (27) and (33) we see that
PRI 10,01 |=(F] £ 160~ v ok o
<V2(]1 P g + 110, 1) s ) 114U, () Tl < V206, + €) 114U, () g -
Finally, again using (27) we find
‘(Qﬁ pruC).(du, ) |

<1 pu(®) llll (A, ) Tl 6 11 (Au, ©)) Il (52)

Relations (48) — (52) together with (17), (26) and (39) allow us to conclude that

t , ZT t
F.() = [ ()dr < 25 +max(c, &) F ()dr,
0 0

where
c, =1+v, CS_(OH(LJ J (v+2,b’Lch(0)), v _ch,b’(co+c2). (53)

Applying the Gronwall inequality and definition (49), we obtain the proven inequality (47) together with the
formulafor the coefficient c(t)

o(t) = ¢,/ Te™ "

To conclude, note that if we weaken the accuracy requirement, relations (53) can be simplified. By virtue of (37)
and (38), @, (0) and G, in (53) can bereplaced by ®(0) and C,.
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