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ABSTRACT. Ingabilities in a rotating cylindrical plasma with account of the finite heat conductivity are
studied. Theanalysisisrestricted tothe local axisymmetric modeswith parallel phase velocity smaller than the
sound velocity in the plasma with g >>1, where g is the ratio of the plasma pressure to the magnetic field
pressure. Two approachesin studying such modes ar e discussed: the Balbus approach following the Boussinesq
approximation and the regular one using the Frieman-Rotenber g technique. It is shown that the local disper-
sion relation obtained by the regular (rigorous) approach is more general than the Balbus dispersion relation.
It isdemonstrated that the latter misses the heat-conductivity-induced instability described here. Such insta-
bilities can be revealed in both astrophysical and laboratory plasmas. © 2009 Bull. Georg. Natl. Acad. Sci.
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1. Introduction

Recently the theory of MHD (magnetohydrody-
namic) instabilities in rotating media [1, 2] has been
advanced by allowing for the viscosity effects [3, 4]. As
a result, a family of viscosity-induced instabilities has
been revealed. The viscosity is a dissipative effect. A
dissipation can be also produced by heat conductivity,
and a natural question is whether heat-conductivity-in-
duced instabilities may develop in a rotating plasma. Its
analysis is the goal of the present paper. Finally, we
show that such instabilities are possible.

Investigations performed in [3, 4] are based on an
analytical approach going back to the Frieman-Rotenberg
(FR) technique [5-10]. This means using a pair of first-
order differential equations for the so-called FR vari-
able (the sum of the perturbed pressures of the medium

and the magnetic field) and the perturbed radial me-
dium displacement. Excluding the FR variable from these
equations one arrives at the mode equation which is a
second-order differential equation for perturbed displace-
ment. Taking the latter in the eikonal form exp(ik,r),
where r is the radial coordinate, &, is the radial wave
number, one obtains a local dispersion relation. This
can be called regular or rigorous local dispersion rela-
tion.

Meanwhile, starting from [11] (see also [12, 13]) a
different approach is often used for the local modes. In

this case one takes the eikonal form exp(ik,r) from the
very beginning in basic dynamical equations, assuming
this form to be valid for each perturbed function. The

local dispersion relation thus found can be called “heu-
ristic”, in contrast to the rigorous one.

©2009 Bull. Georg. Natl. Acad. Sci.
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As a consequence, we have to deal with two differ-
ent local dispersion relations, the heuristic and the rig-
orous. According to [4], these dispersion relations coin-
cide only if: (1) the modes are axisymmetric; (2) the
equilibrium pressure gradient is zero.

The effects of finite heat conductivity have been
studied in [14] for the local axisymmetric modes in the
scope of the heuristic local dispersion relation derived
in the Boussinesq approximation. However, in this prob-
lem we have a nonvanishing equilibrium pressure gra-
dient. Then a question arises: whether the results of
[14] are adequate? This is discussed in the present pa-
per. The answer is that the heuristic approach misses
the heat-conductivity-induced instabilities.

2. Basic equations

We start with the standard MHD plasma motion
equation

av 1 B?
- Vp+pg-—IVv——(B-VvB!. (1)
L

Here V is the plasma velocity, B is the magnetic field, p
is the plasma pressure, p is the plasma mass density, g

is the gravitation force, d/dt=0/0t+(V-V). We use

the Ohm law in the form E + [V X B]/c =0, where E is

the electric field and c is the speed of light. This equa-
tion leads to the standard frozen-in condition

oB/ot—Vx [V X B] =0. In addition, we use the Max-

well equation V.B =0, the plasma continuity equation

dp/dt+ pV-V =0 and the heat conductivity equation
ndT/dt+(T-1)pV-V =T -1)V-q. 2)

Here I' =5/3 is the adiabatic exponent, n=p/M is

the plasma number density, M is the ion mass, T is the
plasma temperature related to the pressure and density

by p=nT, q=—k;b(b-VT) is the heat flux, where
b=B/B and k; is the heat conductivity coefficient.
We consider a cylindrical plasma rotating in azi-
muthal direction #with the angular frequency Q = Q(r),
where 7 is the radial coordinate. The equilibrium mag-
netic field B is assumed to be uniform and directed
along the cylinder axis z, B, = (0,0, BO), and we as-
sume the gravitational force g with only the radial com-

ponent, g=(g,0,0). In accordance with the Ohm law,

there is an equilibrium electric field E, = (£,,0,0) re-
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lated to the rotation frequency Q=V,/r by
Ey=-rQB,/c.Here V, =V,(r) is the azimuthal equi-

librium plasma velocity.
It follows from the equilibrium part of the radial
component of the plasma motion equation (1) that

Py’ = pi— pog - 3)

Here p, and p, are the equilibrium plasma mass den-

sity and the equilibrium plasma pressure, respectively,
the prime is the radial derivative.
We assume each perturbed function in the basic

MHD equations to depend on ¢, z as exp(—ia)t-i-ikzz) ,

where @ is the oscillation frequency, &_is the parallel
projection of the wave vector. We introduce the FR vari-

able [5-8] p, = p+B.B,/(4x), where p is the per-

turbed pressure, Ez is the z-th projection of the per-

turbed magnetic field. Then, similarly to [3, 4, 9, 10],
we arrive at the pair of equations

DT:CIX_47ZCZP*: (4)

4xDp; =—-4rCp,+CX. ®)

Here 7 = (rX ')/ r , X is the perturbed radial plasma dis-

placement. These equations can be called canonical ones.
Each particular case is characterized by a particular

choice of the constants D,C;,C,, and Cj;. In the case

considered these constants are

4 .
D=D,| 1420 LO+iAs |, (6)
Bja; w+iAy
4mpyDy dIn p,
C, =- _— 7
1 Bgasz- d}" ( )
C2 :DO /Bg ) (8)

C, = 47p,D, KH A7py Mj

by Lhdlng, ATV
p, dr D,

Dypyp, dIn po} )

2.2 T 2
pvie, o dr
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Here D, = a 0%, a,=1-k}/ o,
k2 =4Q%+dQ? /dInr, the value ¢! is the sound

propagator defined by

_poki(Tw+iAr)

r
=1
¢ po@’(@+iAr)

N

; (10)

where vfl = Bg /(4zp) is the Alfven velocity squared,
c2=Tp,/p is the sound velocity squared,

Ay = k(T =1)k2 / n, is the characteristic heat-conduc-
tivity-induced decay rate.
Excluding the variable p, from Egs. (4) and (5),

one arrives at the canonical mode equation [3, 4, 9, 10]

D(Dry/C,) +AX =0. (11)

Here
A=a+b (12)
a=Cy-C}/C,, (13)
b=-Dr[C,/(rC,)] (14)

Taking X ~ exp(ik,) in (11), one has the canoni-

cal local dispersion relation
—k’D*/Cy+A=0. (15)

For A of the form (12) this local dispersion is the
rigorous one. For p; =0 one has from (7) that C; =0.
Then Eq. (12) turns into

A=C;. (16)
For such A Eq.(15) takes the form

—k2D*/Cy+C;=0. (17)

3. Dispersion relation in the
guasi-incompressible approximation

This approximation means that the sound propaga-
tor (10) is substituted by

T, kK2c2(Co+iAy)

N

“ a)ZF(a)+iAT)

) (18)

N
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Then, in accordance with (6)-(9), the parameter C,

remains the same, while D,C,, and C; reduce to

D=-D¢ [(k}V?), (19)

_Doa)2 w+iAy dlnpg
k32 To+id,  dr

C = , (20)

4rpy D} 4szzzv2
G =_ﬁ[1)o -x’ —D—A+/l , 2D
zV4 0

where

,u=£‘; w+iér dinp, dlnp, ' 22)
po\Fo+iA, dr dr

With (8), (19)-(21), Egs. (13) and (14) yield

47p,D? 40%k2V?,
kivy Dy

4 . 2 2
Lo : a)+z.AT [dlnpoj ’ 23)
DOkz Fa)+lAT dr

b_47m)2D§ o+ihy d ([ pydinp,
k2vi To+iAp dinr( r  dr

j . (24

Substituting (23) and (24) into (11), one finds
A =—47pyD3(Dy + A)/(k2V2) (25)
where

4%k
— 4
DO

2
. o' [ o+iA; dln p, 2_
Dyk? \Tw+iAg dr

o’ wo+ihy d (&dlnpo

kip, To+iAp dInr( r  dr

A=—k*+pu—

j . (26)

Then, with (8) and (19), dispersion relation (15)
reduces to

kK*Dy/k2+2=0, 27)
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where k2 :kr2 +k22. This is the rigorous dispersion

relation for axisymmetric modes in the quasi-incom-
pressible approximation. In contrast, in [14], based on
the Boussinesq approximation, the dispersion relation

(27) with 3 _ 2B was studied, where

B =—k? 4+ u—4Q%k% 1 Dy, (28)

the superscript “B’” points to the author’s name of [14].
In the explicit form such a dispersion relation is

2 ’ .
DO+%{_K2+&( o+iA, dlnp, _dlnpo]_

po\LTo+iA, dr dr

(29)
D,

0

_%}o.

This is the heuristic dispersion relation for the
axisymmetric modes in the Boussinesq approximation
(the Balbus dispersion relation).

4. Analysis
4.1 The Balbus approximation

For the case of weak heat conductivity, kv, >> A,

the Balbus dispersion relation (29) predicts an aperiodical
instability for the condition [14]

k22 +dQ* /dinr+ N3, <0, (30)

where N é,, is the squared Brunt-Vaisala (BV) frequency:

Ny ==pi[In(py/ 21)] /Tp). G

In the opposite case of strong heat conductivity,
k,v, << Ay, one has another aperiodical instability from
(29), if the following condition is satisfied [14]

k32 +dQ* /dInr+Nap <0, (32)

where

N =—pi[n(py/2)] /(o). B3

One can see that Eq. (30) transits formally to Eq.(32)
at ' —1.

Now let us take k? >>k? assuming that both (30)
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and (32) are not satisfied. Then one has roots with
Dy — 0. We assume that these roots can be separated

into large and small ones.
In the case of large roots Eq. (29) yields

® =, +iy, (7 is the growth rate), where

Reay, = e[y, (34)

_k ey (T-DA;
2k} popL? (kv,) +A7 /T

V12 = (35)

Thus, these roots describe damped oscillations,

712 < 0. Note that the roots (34) correspond to the slow

magnetoacoustic waves with @” = k2c? /(1 +el/ vf,) in

the limit ¢ /vy — .

In the case of small roots Eq. (29) reduces to

Dy =AY, oK + Ngia)):?;z/fzv;‘; )A, /T’ (36)
which corresponds to
2 =0. (37)
It hence follows that @ = @; 4 +iy; 4, where
Rews, ~Hk_|v,, (38)

n 20°k2Vi(C DA,
Py D[RV + N3y )+ + Ny A2 /T2 | 49)

V34 =

These roots correspond to the Alfven modes. Ac-
cording to (39), 734 <0, so that, as in the case of large
roots, one again deals with damped oscillations.

One can see that y; ,/y,, <<1 for Q% >> kA7

This is the condition of the above separation of the roots.

4.2 Using rigorous dispersion relation

Aperiodical instabilities predicted by Eq. (27) have
the same properties as those considered in Subsec. 4.1.
Therefore, we restrict ourselves to finding out the prop-
erties of the oscillation branches (34), (38).

4.2.1 Large roots (the magnetoacoustic waves)
Turning to (27), one finds, instead of (35),

k2
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P_(I)z_ W2 d_[ pyPy (I'-DA, .(40)
p,  “dinr{ rp, )|(hkv,) +AL/T?
It hence follows that, in contrast to the Balbus dis-

persion relation predicting the damped modes, the large
roots can describe unstable modes. For instance, when

the effects squared with respect to p; and p, are ne-
glected, Eq. (40) reduces to

kpyvi _ (T-DA,
2k rp, T (kv,) +A2 /T

Via =~ (41)

Then 1, >0 for pj <0, so that the modes are

unstable. This is one of the varieties of the heat-conduc-
tivity-induced instabilities.

4.2.2 Small roots (the Alfven modes)
For small roots Eq. (27) reduces to

2=0, (42)
or
Dy = —4k2ViQP A 1 Ay . (43)

Here

A =o+iAp /T +

Vi (dinp, Y (0+iAs)? 44
4ar20%\ dr w+iyp /T ’

2
1
gy k23, ¢ a4 [ PodInpo] g
I'pydinr\ r dr

2
hy =i e N2 Ya @ (Podlnpy ) iy
po dnr\ r dr

Then one has, instead of (39),

26V OPA, (T —1)
Via T T 2 272
I"[(g,0)" + (A, /T)7]

2 2
P PoVa
Do |1 LY 48
popo[ 4p0Q2 p\J ( )

where @ =54 and
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1 Im[(mmf)z (

= w—ih,Ar /T)|. (49
TP T oA (T1) | wtid, /T SXOTIRET )} “49)

In the limiting case of small p; and p, one has

g =h, = x*. Then (49) transits to

2 N2 .
o,= K Im (+iAr) (w—ZA—T] . (50)
A (I'-1) w+iAp /T r

In the particular case @ >> A it hence follows that
0'p=21<2/F, (51

Then Eq. (48) reduces to

P 262V pl? 1+ Vi’ ' (52)
i pop 0’k 2020

One can see that the modes considered are unstable

for sufficiently large negative dQ* /dInr:

—dQ* /dInr>ct/vyi>>1. (53)

This is another variety of heat-conductivity-induced
instabilities.

5. Discussion

We have shown that the problem of axisymmetric
instability in magnetized rotating cylindrical plasma with
finite heat conductivity is described by the pair of first-
order differential equations (4) and (5) for the FR vari-
able and the perturbed displacement with the canonical

parameters D,C;,C, and C; given by (6)-(9). These
equations lead to the second-order differential equation

(11) for the displacement with A defined by (12) and
and b by (13) and (14). This mode equation yields the
canonical local dispersion relation (15), which is a rig-
orous one, in contrast to the Balbus dispersion relation
given by (17). We have explained that the rigorous dis-

persion relation turns into the heuristic if A is approxi-
mated by (16). This corresponds to the assumption

C, =0 which results in vanishing a and the term

- C12 /C, in the expression for a, see Eqs. 13) and (14).
We restrict ourselves to analysis of only the quasi-
incompressible modes in the high- § plasma. This cor-

T

responds to representation of the sound propagator ¢
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in form (18), which is close to the Boussinesq approxi-
mation used in Ref. 14. The rigorous dispersion relation
in the quasi-incompressible approximation is given by
(27), while the Balbus dispersion relation by (29).

The heuristic dispersion relation predicts aperiodical
instabilities for the conditions (30) and (32) represent-
ing the limits of weak and high heat conductivity. In
addition, this dispersion relation shows that there are
two pairs of damped waves with frequencies close to the
Alfven ones, see Egs. (34), (35), (38) and (39).

We have noted that the rigorous dispersion relation
leads to the same results on the aperiodical instabilities as
the Balbus one. At the same time, in contrast to the Balbus
dispersion relation, it also predicts the possibility of dissi-
pative excitation of slow magnetoacoustic and Alfven waves,
thereby leading to heat-conductivity-induced instabilities.
The growth rates of these instabilities are characterized by
Egs. 40), (41), (48) and (52). In the scope of the local
axisymmetric modes, the conditions of these instabilities
are rather strict, see Egs. (41) and (53). This fact stimu-

gﬂ%ﬂdd

lates more general treatment of these instabilities allowing
for nonaxisymmetry [4] and nonlocality [15].

We have restricted ourselves to the cylindrical ge-
ometry. An alternative of this equilibrium is that depen-
dent on the z coordinate. The heat conductivity effects
in the z-dependent equilibria were studied in a series of
papers by Coppi and coauthors, see [16] and references
therein. Then the thermo-rotational instability was
shown. Further development of the theory of this phe-
nomenon seems to be desirable.
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