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ABSTRACT. Itis proved that in certain cases a crossed group ring over a field of a positive characteristic has
a purely inseparable splitting field. For such crossed group ring some properties of its radical are investigated.
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Let Fbea field, G—a finite group, o: G — Aut (F)—a group homomorphism and p:GxG — U(F) -a2-cocycle, i.e.

peZX(GUF), p(x,y2) = p(x,y)p(y,2)p(y,2)"" )

o(x)

(further we shall write ¢ instead of « ,Wwherea e F, xeG).

Let F[G, o, p] denote a crossed group ring with a multiplication

o x 'azg = a0 p(X1,X,)3, %5 5
where a; e F, x; € G, x_, € F[G, o, p]. Itiswell known ([1], [2]) thatif Ker c=1 then F [G, o, p] isa central simple algebra
and F'is a splitting field for F' [G, o, p]; this means that if we denote K=F ¢ when in an algebra

F[G,0,p]®k F = (FQ®y F)[Gx1,o0x1, px]]
which is really a central simple algebra we have px1~1, i.e.
(F®y F)IGxl,oxl,px1]= (F®, F)[Gxl,ox1].
In the other particular case when Ker o= G i.e. when G acts on F'trivially and charF=p>0, from (G:1)=p"it follows

[3] that there exists a purely inseparable extension E o F such that £ splits F'[G, p], i.e.

E®p F[G,pl= E[G, p]= E[G].

The next theorem joins these two extreme cases together for fields of a positive characteristic:

Theorem 1. Let charF=p>0, Ker c=H, (G:H)=m, (H:1)=p". Then there exists a purely inseparable extension of
fields E o F such that

a. It is possible to lift F |G, o, p] up to E|[G, o, pl;

b. E splits E[G, o, pli.e. if K=E°, then
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E[G,0,p) QrE=(EQE)Gxl,ox],px1]=(E®g E)Gxl,0x1].
Proof. Let G={l=g,,g5,.-- g, }. Let E be a splitting field of the equations

2" _gi,"'gitl_[p(hxay)zo’ 4y

hell
where i %Y €G. Then E D Fis a purely inseparable extension of the fields ([4], §7.7) and therefore for any g € G there
exists an extension of the automorphism o (g): F — F up to the automorphism o (g): E — E ;really, if E=F isan
algebraic closure of F, then there exists only one automorphism o(g):E — F which is an extension of

o(g):F>F—> F ; therefore o(E) = E because E D F is simultaneously a normal extension of fields. Consequently,

we can construct a crossed group ring E[G, o, p], which is an extension of F[G, o, p].
Now let us consider

E[G,0,p]®; E=(E®, E)[Gxl,ox1,px]],

where K = E9 . We must prove that
pxl=1x1,
Because F is a Galois extension of K relative to G/H, then ([2], Lemma A.10) there exist elements
e.cE®yE, xeG/H,
such that

() e, =0if x#y,and e =e;, D e =1®1;
xeG/H

(ii) (@ ®le. =(1®a)e., ack;
o e
(iii) e = e;;;—l , X%,y,z€CG.

Let G=xHUx,HU---Ux, H and letus define y:Gx1—>U(E®g E) as

pﬂ
[Tox.y) e . )

Jj=1

Ayxh=> 1@

i=l1

From (1) it follows that the root is well defined in (2). From (i) it follows that y(yx1)e U(E ® E). Indeed if
0+# a; € E, then from (i) it follows that

m m m
D (1®k ae, D (1® al-_])e;i =Z(1®1)e;j =1®I,
i=1 i=l1

i=l1

QU@ ae ) =D (18, o ;. 3

i=1 i=1
Let us prove
o) (yx1,zx1) = y(yxDy (e x D)™ y(yzxD) ™" = p(x, y)x1,
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ie pxl=l1xl,

Indeed, from (iii) it follows ey 1 =e_ s therefore

d(N(yx1zxl) =y (yxDy(zx)™ y(yzx)™ =

_ —

Let us denote yx =X, —xr ,then X =y X, =y 'x x; :y"'x,[hs[, hs,- e H (here )_/,...eG/H); then it is

ro

obvious that the last expression is equal to

From (3) and (i) it follows

i=1 j=1

m "
o)y x1,zx1) = 2{1 ® pJH p(hx 0p(hx; v, 2)p(h " yz) Je*'

Because pis a 2-cocycle and H acts trivially on K and consequently on £, from (ii) and (i) it follows that

m n
o(y)(yx1,zx1)= Z 1®q”/1‘[p(y,z)' er =2 1en] p(r,2)" e, =
i=1 j=1 i= 1

> (p(3,2) @l = p(3,2)®1.

S

-
I

Theorem 1 is proved.
Theorem 2. Let E be a field, char E= p >0. Let G be a finite group, o : G — AutF — a group homomorphism and

Kerc =H—ap-group. Then rad(E[G,c]) = E[G,0]) (x-1).

xeH
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Proof. Let usconsider an essential morphism

1 E[G,0]— E[G/H ,c], @)

where a?’(;‘) = a®W 1tis clear that

Kerm = E[G,c] D (x-1).

xeH\{1}

Reallyif G=yHOUy,HU---Uy, H and

m
z= Zayy =z Zayixyl-xe E[G,o],

yeG i=l xeH

m
then 7(z)= Z zayixﬂ(yi) , and from 7(z) =0 it follows that a, = - Zayl_x ; consequently
i=l xeH xeH\{1}

2= D, yix-a,. )=, da,y(x-DeEGqc] Y (x-1)-

i=1 xeH\{1} i=1 xeH\{1} xeH\{1}

Because E[G/H ,E] is a simple (and central) algebra, from (4) it follows that
Ker(r) 2 rad(E[G,o]).

Now let us prove Ker(r) < rad (E[G, o-]) . Letus denote B = Z E(x~1) ;itis clear that B is a finite dimensional
xeH\{1}

associative algebra without unit because H = Ker(c) and (x—1)(y—-1)=(xy-D)—-(x-1)—-(y-1).If (H:1)= pl then
(x-1D? " = x” _1.Therefore B has a basis all elements of which are nilpotent. Then from Wedderburn’s theorem [5,

Theorem 27.27] it follows that there exists k € N such that B¥ =0. Itis clear that Ker(7) = E[G,c]-B = B- E[G,0]
from which it follows that
(Ker(n)) = (E[G,0]-B) = E[G,0]" -B¥ =0

and consequently Ker(r) < rad (E[G,o-]), Ker(rm) =rad (E[G,o-]).

Corollary. rad((E®y E)[Gx1l,0x1])= E[Gx]1,0x1] Z(x -1).

xeH

Proof. If 4 is an algebra over a field K and £ D K is a field extension, then rad(E®; A) = E®, rad(A), and
Corollary follows from the fact that E[G,0] ® , E= (E®y E)[Gx1,0 x1].

Theorem 3. In the conditions of Theorem 1 algebras E[G,o, pl/rad(E[G,o,p]) and F[G,o, p]/rad(F[G,o,p])

are central simple algebras.
Proof. IfE is the field from Theorem 1, then from the existence of an algebra map

E[G,0,p] > E®y E[G,0,p]
It follows that
rad(E[G,o, p]) = E[G,0,p]Nrad(E®y E[G,0,p]).
Consequently we can construct an exact sequence of algebras

0> E[G,0, pl/rad (E[G,c, p]) = (E® E[G,c, pl)/rad((E ®« E[G,c, p])). ©)

But F is a splitting field for E[G,o, p], therefore E® E[G,0,p]= E®; E[G,0] and from (5) it follows that there

exists an exact sequence
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0 — E[G,0, p)/rad (E[G,0, p]) > (E ® E[G,0))/rad((E ®y E[G,0))) .
From Theorem 2 it follows that

(E® E[G,0))/rad(E® E[G,c]) = E® E[G/H,o]

and we have an exact sequence of the algebras
0 E[G, o, p)/rad (E[G,0, p]) > E® E[G/H ,c].
The algebra E[G,o, p]/rad(E[G,0o, p]) , which is semi-simple, actually must be a simple algebra because
E® E[G/H,c]= E® E[G,0, pl/rad(E[G,o, p])
is a central simple algebra, and the theorem is proved for E[G,o, p]/rad(E[G,o, p]) . The proof
for F[G,o,p]/rad(F[G,o,p]) issimilar — we must consider a map
0 — F[G,o, p]/rad(F[G,o, p]) = E[G,0, p]/rad (E[G,0, p]). ©6)

Then the left hand in (6) must be a central simple algebra because the right hand is a central simple algebra.
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