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Let F be a field, G – a finite group, : G  Aut (F)– a group homomorphism and )(: FUGG   - a 2-cocycle, i.e.

))(,(2 FUGZ ,  )( 1
),(),(),(),(



 xzyzxyyxyzx 

(further we shall write x  instead of  )(x ,  where F ,  Gx ).
Let F [G, ]  denote a crossed group ring with a multiplication

2121212211 ),(1 xxxxxx x   ,

where Fi  , Gxi  , ix  F [G, ]. It is well known ([1], [2])  that if Ker =1 then F [G, ] is a central simple algebra
and F is a splitting field for F [G, ]; this means that if we denote K=F G when in an algebra

]1,1,1)[(],,[   GFFFGF KK

which is really a central simple algebra we have 1 ~1, i.e.

]1,1)[(]1,1,1)[(   GFFGFF KK .

In the other particular case when Ker= G, i.e. when G acts on F trivially and charF=p>0, from (G:1)=pn it follows
[3] that there exists a purely inseparable extension FE   such that E splits F [G,], i.e.

][],[],[ GEGEGFE F   .

The next theorem joins these two extreme cases together for fields of a positive characteristic:
Theorem 1. Let charF=p>0, Ker=H,  (G:H)=m, (H:1)=pn. Then there exists a purely inseparable extension of

fields FE   such that
a. It is possible to lift F [G, ] up to E[G, ];

b. E splits E[G, ] i.e. if K=E G,  then
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E[G, ] ]1,1)[(]1,1,1)[(   GEEGEEE KKK .

    Proof. Let },...,,1{ 21 nmpgggG  .  Let E be a splitting field of the equations

1
... ( , ) 0

np
i i

h H
t

z g g hx y


  , (1)

where 
jig , x, y G.. Then E F is a purely inseparable extension of the fields ([4], §7.7) and therefore for any g G there

exists an extension of the automorphism FFg :)(  up to the automorphism EEg :)( ; really, if FE   is an

algebraic closure of F, then there exists only one automorphism  FEg :)(  which is an extension of

FFFg :)( ;  therefore EE )(  because E F is simultaneously a normal extension of fields. Consequently,,
we can construct a crossed group ring E[G, ], which is an extension of  F [G, ].

Now let us consider

 [ , , ] [ 1, 1, 1]K KE G E E E G         ,

where GEK  . We must prove that

111  .

Because E is a Galois extension of K relative to G/H, then ([2], Lemma A.10)  there exist elements

EEe Kx  ,    HGx / ,

such that

(i)  0yxee  if  yx  , and  xx ee 2 ,  11
/


 HGx

xe ;

(ii)  xx
x ee )1()1(   ,   E ;

(iii)  1
yzx

yx
z

ee ,    Gzyx ,, .

Let HxHxHxG m  21  and let us define  )(1: EEUG K  as
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1 ),(1)1(  . (2)

From (1) it follows that the root is well defined in (2). From (i) it follows that )()1( EEUy K . Indeed if

,0 Ei   then from (i) it follows that

11)11()1()1(
11 1

1   
 


m

i
xx

m

i

m

i
iKxiK iii

eee  ,

i. e.

ii x

m

i

m

i
iKxiK ee 

 

 
1 1

11 )1())1((  . (3)

Let us prove

1),()1()1()1()1,1)(( 11   yxyzzyzy y  ,
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i. e. 111  .

Indeed, from (iii) it follows yx
y
x ii

ee 1 ; therefore































  

 


m

i
x

p
p

j
ij

y
i

n

n

eyxhyzzyzy
1 1

111 ),(1)1()1()1()1,1)(( 


































































 





 

   
1

1 1

1

1

1 1

1 ),(1),(1
m

i
x

p
p

j
ij

y
m

i
x

p
p

j
ij i

n

n

i

n

n

eyzxhezxh 






























































   

 



 


m

i
xy

p
p

j
ij

m

i
x

p
p

j
ij i

n

n

i

n

n

ezxheyxh
1 1

1

1 1

1 ),(1),(1 

1

1 1

1 ),(1



 
































  

m

i
x

p
p

j
ij i

n

n

eyzxh .

Let us denote 
ii i ry x yx x  ; then 

ii rri xyxyx 11 
 , 

ii sri hxyx 1 , Hh
is   (here ,... /y G H ); then it is

obvious that the last expression is equal to
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From (3) and (i) it follows
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Because  is a 2-cocycle and H acts trivially on K and consequently on E, from (ii) and (i) it follows that
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Theorem 1 is proved.
Theorem 2. Let E be a field, char E= p >0. Let G be  a finite group, : G  AutF – a group homomorphism  and

Ker=H – a p-group.  Then 



Hx

xGEGErad )1(],[]),[(  .



8 Giorgi  Rakviashvili

Bull. Georg. Natl. Acad. Sci., vol. 5, no. 1, 2011

Proof.  Let us consider an essential morphism

],[],[:  HGEGE  , (4)

where )()( xx    . It is clear that





}1\{

)1(],[
Hx

xGEKer  .

Really if HyHyHyG m  21  and

 
  


Gy

m

i Hx
ixyy GExyyz

i
1

],[  ,

then 
 


m

i Hx
ixy yz

i
1

)()(  , and from 0)( z  it follows that 



}1\{Hx

xyy ii
 ;  consequently

  
  


}1\{1 }1\{1 }1\{
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ixyixy
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i Hx
ixy xGExyyxyz

iii
 .

Because ],[ HGE  is a simple (and central) algebra, from (4) it follows that

 ],[)(  GEradKer  .

Now let us prove  ],[)(  GEradKer  . Let us denote )1(
}1\{

 


xEB
Hx

; it is clear that B is a finite dimensional

associative algebra without unit because )(KerH   and )1()1()1()1)(1(  yxxyyx . If lpH )1:(  then

1)1( 
ll pp xx . Therefore B has a basis all elements of which are nilpotent. Then from Wedderburn’s theorem [5,

Theorem 27.27] it follows that there exists Nk  such that 0kB . It is clear that ],[],[)(  GEBBGEKer 
from which it follows that

    0],[],[)(  kkkk BGEBGEKer 

and consequently  ],[)(  GEradKer  ,  ],[)(  GEradKer  .

Corollary.  



Hx

K xGEGEErad )1(]1,1[])1,1)[((  .

Proof. If A is an algebra over a field K and  KE   is a field extension, then )()( AradEAErad KK  , and

Corollary follows from the fact that E[G,] K E ]1,1)[(  GEE K .

Theorem 3. In the conditions of Theorem 1 algebras  )],,[(],,[  GEradGE  and )],,[(],,[  GFradGF
are central simple algebras.

Proof. If E is the field from Theorem 1, then from the existence of an algebra map
],,[],,[  GEEGE K

It follows that
]),,[(],,[]),,[(  GEEradGEGErad K .

Consequently we can construct an exact sequence of algebras

)]),,[((]),,[(]),,[(],,[0  GEEradGEEGEradGE KK  . (5)

But E is a splitting field for ],,[ GE , therefore ],[],,[  GEEGEE KK   and from (5) it follows that there
exists an exact sequence
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)]),[((]),[(]),,[(],,[0  GEEradGEEGEradGE KK  .
From Theorem 2 it follows that

],[)]),[((]),[(  HGEEGEEradGEE KKK 
and we have an exact sequence of the algebras

],[]),,[(],,[0  HGEEGEradGE K .

The algebra ]),,[(],,[  GEradGE , which is semi-simple, actually must be a simple algebra because

]),,[(],,[],[  GEradGEEHGEE KK 

is a central simple algebra, and the theorem is proved for )],,[(],,[  GEradGE . The proof

for )],,[(],,[  GFradGF  is similar – we must consider a map

)],,[(],,[)],,[(],,[0  GEradGEGFradGF  . (6)

Then the left hand in (6) must be a central simple algebra because the right hand is a central simple algebra.

maTematika

jvaredini jgufuri rgolebis gaxleCis velebi

g. raqviaSvili

a. razmaZis sax. maTematikis instituti, i. javaxiSvilis sax. Tbilisis saxelmwifo universiteti

(warmodgenilia akademikos x. inasariZis mier)

naSromSi damtkicebulia, rom garkveul pirobebSi dadebiT maxasiaTeblian velze gansazRvrul
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