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ABSTRACT. The present paper deals with the results of investigation of nonclassical problems for elliptic and
hyperbolic partial differential equations with integral nonlocal boundary conditions. Boundary value problems for
elliptic equation on multidimensional cylindrical domain with one and two integral boundary conditions are considered.
The nonclassical problems for elliptic equation are investigated applying variational approach in suitable Sobolev
spaces and the existence and uniqueness results are proved. Nonclassical problems for multidimensional hyperbolic
equation with integral boundary conditions are studied and the uniqueness of classical solution is proved. © 2011
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Boundary and initial-boundary value problems with nonclassical boundary conditions are often used to take into
account some peculiarities of physical, chemical or other processes, which is impossible by applying classical boundary
conditions. Nonclassical problem with integral boundary condition instead of classical Dirichlet or Neumann boundary
condition for one-dimensional parabolic equation first was considered by J. Cannon [1] to describe the process of heat
conduction, which was reduced to the integral equation and investigated in the spaces of classical functions. Integral
nonlocal boundary conditions can be used when it is impossible to directly determine the values of the sought quantity
on the boundary and we know its total amount or integral average on space domain, e.g., total energy, average tempera-
ture, total mass of impurities. Further, nonclassical problems with integral boundary conditions for various evolution
equations were investigated in the papers [2-6]. Systematic investigation of nonlocal problems for elliptic equations was
carried out by A. Bitsadze and A. Samarskii in the paper [7] applying methods of integral equations, where the nonclassical
problem was studied for Laplace operator on rectangular domain with nonlocal condition connecting the values of the
unknown function on one side of the rectangle with its values in the interior points of the rectangle and the classical
Dirichlet boundary conditions given on the remaining three sides of the rectangle. The nonlocal problem considered in
[7] was investigated by applying a different approach in the paper [8, 9], where iteration procedure was suggested which
permits one to prove the existence of solution and also to construct an algorithm of solution of nonlocal problem. Later
on, spatial nonlocal problem stated in [7] and its generalizations were studied for various equations of mathematical
physics (see [10-17] and references given therein).

In the present paper we study integral nonlocal boundary value problems for multidimensional elliptic equation and
nonclassical initial-boundary value problems with integral boundary conditions for hyperbolic equation. Note that
papers, where integral nonlocal boundary value problems are considered, mainly deal with integral boundary conditions
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given on the whole space domain. We obtain variational formulation of integral nonlocal boundary value problem in
corresponding weighted Sobolev spaces. We prove an embedding theorem, which permits one to show that the vari-
ational formulation of the nonclassical problem in weighted spaces is equivalent to the variational formulation of the
nonlocal problem in corresponding spaces of vector-valued distributions with values in usual Sobolev spaces. We prove
the uniqueness of solution applying formulation in weighted spaces and on the basis of suitable a priori estimates we
obtain the existence of solution in corresponding spaces. We study nonclassical problems for hyperbolic equations with
integral boundary conditions and prove the uniqueness result in the case of multidimenisonal space domain.

For bounded domain p  R , 1p  , with Lipschitz boundary     we denote by ( )kH  , k N , the Sobolev

space of order k and the closure of the set ( )D   of infinitely differentiable functions with compact support in   in the

space ( )kH   we denote by 0 ( )kH  . For any Banach space X, 0 ([0, ]; )C X  denotes the space of continuous vector-

functions on [0, ]  with values in X, ( ) (0, )p
X

g y L   is the space of such vector-functions : (0, )g X   that

( ) (0, )p
X

g y L  , 1 p   . We denote by /g dg dy   the generalized derivative of (0, ; )pg L X  in the sense of

distributions (0, ; )D X  on (0, )  with values in X.
Let us consider a nonclassical problem for multidimensional elliptic equation
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with the following classical homogeneous Dirichlet and nonlocal integral boundary condition at one end of the cylinder
 = (0, )   ,
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where n  R  ( 1)n   is a bounded domain with Lipschitz boundary  , 10 < <   and :f  R , 0, , :ijb a a   R

( , 1,...,i j n ) are given functions from suitable spaces. We investigate the existence and uniqueness of weak solution of
nonlocal problem (1), (2) in corresponding spaces of distributions on the basis of variational formulation of the nonclassical

problem. Assume that function u is twice continuously differentiable on  , functions ija  ( , 1,...,i j n ) are continu-

ously differentiable on  , functions b, a0 are continuous on   and f is continuous on  . Let  be a continuously

differentiable function on  , which satisfies conditions (2). Applying function , let us define function
1

( , ) ( , )
y

v x y v x d


    and function

  1
1

1

1 ,              0 ,   ,
( , )

,                              ,   .
v

yv v y x
x y

v y x

 


  

     
   

Taking account of the nonlocal integral boundary condition (2), we shall have ( ,0) 0v x  , for x  . Hence,

( , ) 0v x y   on   and ( , )v x y  is a continuously differentiable function on  . Multiplying equation (1) by ( , )v x y ,

integrating on   and using Green’s formula we obtain
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Note that function ( , )v x y  can be equal to an arbitrary continuously differentiable function on   vanishing in the

neighbourhood of the boundary  . Indeed, for any given function 1
0 ( )C   , we take
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then ( , ) 0v x y   on ( , ) (0, ) { }x y        . Since 
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Hence, function ( , )v x y  satisfies conditions (2) and the corresponding function ( , )v x y  equals the given function

( , )x y . Consequently, from equation (3), applying Green’s formula and taking account of the density of 1
0 ( )C   in

2 ( )L  , we deduce that sufficiently smooth solution u(x,y) of (3) satisfies equation (1).
To define weak solution of the nonclassical problem (1), (2) on the basis of equation (3) for abstract Hilbert space X

let us introduce the following space of vector-valued distributions
2

1(0, ; ) = { (0, ; ) | / (0, ; ), = 0,1}V X v D X d v dy y L X      ,

which is a Hilbert space equipped with the norm
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= (|| || || / || ) .
V X L X L X
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

Note that the functions from the space 1(0, ; )V X  may be discontinuous for y=0, however the following embedding
theorem is valid.

Theorem 1. Functions 1(0, ; )v V X  belong to the space 2 (0, ; )L X  and the embedding
2

1 (0, ; ) (0, ; )V X L X    is continuous.
From equation (3) it follows that in the space of sufficiently smooth functions the integral nonlocal problem (1), (2)

is equivalent to the following problem in weighted Sobolev spaces: Find function 1
1 1 0{ (0, ; ( )) | ( ) 0u V v V H v     

in 1
0 ( )H  , 

1
2 1

1 0
0

/ (0, ; ( )),  ( ) = 0  in ( )}u y V L u y dy H


      , which satisfies equation (3), for all 1v V  , where each

function from the space 2 ( )L   we identify with function from 2 1
0(0, ; ( ))L H  . Since 2 1

0( / 2, ; ( ))u L H   ,
2 1

0/ ( / 2, ; ( ))u y L H     , from the embedding theorem [18] it follows that 0 1
0([ / 2, ]; ( ))u C H    and applying

Theorem 1 we deduce that the definition of the space 1V  is correct.

Note that, if 1v V  , then by Theorem 1 2 1
0(0, ; ( ))v L H  , 2 2/ (0, ; ( ))v y L L     and applying the embedding

theorem we obtain that 0 2([0, ]; ( ))v C L  . Consequently, function 
1

0 1
0( ) ( ) ([0, ]; ( ))

y

v y v d C H
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2 1
1 0/ (0, ; ( ))v y v L H      ,  1(0) ( ) 0v v    in  1

0 ( )H  ,  and the function v  belongs to
2 1 0 2

0(0, ; ( )) ([0, ]; ( ))L H C L    , ( ,0) = ( , ) = 0v vx x    almost everywhere in   and 2 2/ (0, ; ( ))v y L L     .

Hence, the function v  corresponding to 1v V   belongs to 1
0 ( )H  . Since the set 1

0( ) ( )D C    of infinitely differen-
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tiable functions with compact support in   is dense in 1
0 ( )H  , the above mentioned formulation of nonlocal problem

in weighted spaces is equivalent to the following variational formulation in usual Sobolev spaces: Find function
2 1

0(0, ; ( )),u L H   2 2/ (0, ; ( )),u y L L     which satisfies the equation
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nonlocal boundary conditions (2) and possesses additional regularity properties 2 1
0/ (0, ; ( ))u y y L H    ,

2 2 2 2/ (0, ; ( ))u y y L L    .

We assume that coefficients 0, , ( )ijb a a L   and satisfy the following symmetry and positive definiteness condi-
tions
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for almost all x  , 0ac const  , 0bc const  . Letting v u  in the equation (3) we obtain
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Therefore, by using the formula for integration by parts, for the third integral in the left hand part of the equation (6) we
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Consequently, if 0f  , then from conditions (5) it follows that 0u  , i.e. the nonlocal problem has at most one
solution. The existence of solution can be proved applying suitable a priori estimates corresponding to the integral
boundary condition. More precisely, the following theorem is valid.

Theorem 2.  If 2 ( )f L   and  the coefficients 0, , ( )ijb a a L   ( , 1,...,i j n ) satisfy the conditions (5), then the
nonlocal problem (2), (4) has a unique solution.

Applying the approach similar to the one used for investigation of the nonclassical problem (1), (2) with one integral
boundary condition we study nonclassical problem for elliptic equation (1) with the following nonlocal boundary condi-
tions involving two integral boundary conditions
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where 1 20 < < <   . In order to obtain variational formulation of the nonclassical problem (1), (7) let us assume that u

is a twice continuously differentiable function on   and v  is a continuously differentiable function on  , which

satisfies conditions (7). Let us define the  functions 
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tiable function on  . Multiplying equation (1) by ( , )v x y , integrating on   and using Green’s formula, we obtain
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Note that function ( , )v x y  can be equal to an arbitrary continuously differentiable function on   vanishing in the

neighbourhood of the boundary   and since 1
0 ( )C   is dense in 2 ( )L   we obtain that (8) is equivalent to equation (1)

in the space of sufficiently smooth functions.
In order to investigate nonlocal problem (1), (7) in corresponding spaces of distributions for abstract Hilbert space

X let us define the following weighted space of vector-valued distributions
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For weighted space 2 (0, ; )V X  the following embedding theorem is valid.
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Nonclassical problem for elliptic equation (1) with integral boundary conditions (7) admits the following variational
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implies that 0 2([0, ]; ( ))v C L  . Consequently, functions 0 1
1 0( ) ([0, ]; ( ))v y C H  , 2 1

1 0/ (0, ; ( ))v y v L H      ,
0 1

2 0( ) ([ , ]; ( ))v y C H   , /v y    2 1
2 0( , ; ( ))v L H   , 1 2(0) ( ) ( ) ( ) 0v v v v        in 1

0 ( )H  , and the func-

tion v  belongs to 2 1 0 2
0(0, ; ( )) ([0, ]; ( ))L H C L    , ( ,0) = ( , ) = 0v vx x    almost everywhere in   and

2 2/ (0, ; ( ))v y L L     . Hence, variational formulation of an  integral nonlocal problem in weighted spaces is equiva-

lent to the following variational formulation in usual Sobolev spaces: Find function 2 1
0(0, ; ( )),u L H 

2 2/ (0, ; ( ))u y L L    , which satisfies the equation

1
0 0

, =10 0

= ( , ) ( , ) , ( ),
n

ij
i j j i

u ub a a u dxdy f x y x y dxdy H
y y x x

 

 

 
  

    
          
  (9)

nonlocal boundary conditions (7) and possesses additional regularity properties 2 1
0

3/ (0, ; ( ))
4

u y y L H
   ,

2 2 2 23/ (0, ; ( ))
4

u y y L L
   , 2 1

0/ ( , ; ( ))
4

u y y L H
      ,  2 2 2 2/ ( , ; ( ))

4
u y y L L

      .

The variational formulation (8) with v u  permits one to obtain the uniqueness result and on the basis of suitable
a priori estimates we prove the following existence and uniqueness theorem.

Theorem 4.  If 2 ( )f L   and the coefficients 0, , ( )ijb a a L   ( , 1,...,i j n )  satisfy the conditions (5), then the
nonlocal problem (7), (9) has a unique solution.

Let us now consider a nonclassical problem for multidimensional hyperbolic equation

2 2

02 2
, =1

= in   (0, ),
n

ij
i j i j

u u ub a a u f T
x xt y
    

         
 (10)

with integral nonlocal boundary conditions and classical initial conditions

1

0

( , , ) = 0 on  ( (0, ) { }) (0, ),    ( , , ) = 0, in  (0, ),u x y t T u x y t dy T


          (11)

0 1( , ,0) = ( , ), ( , ,0) ( , ),            ( , ) ,uu x y u x y x y u x y x y
t


 


(12)

where 10 < <   and : (0, )f T  R , 0, , : (0, )ijb a a T   R  ( , 1,...,i j n ) are given continuous functions and

, / : [0, ]u u y T    R  are twice continuously differentiable functions and u is a classical solution of the nonclassical
problem (10)-(12). The following uniqueness theorem is valid for a nonlocal initial-boundary value problem.

Theorem 5.  If the coefficients 0, ,ijb a a  ( , 1,...,i j n ) are continuously differentiable with respect to the time
variable t and conditions (5) are fulfilled, then the nonclassical problem for hyperbolic equation (10) with integral
nonlocal boundary conditions (11) and initial conditions (12) has at most one solution.

Note that the result on the uniqueness of solution of an integral nonlocal initial-boundary value problem for hyper-
bolic equation (10) is also valid for a nonclassical problem with two integral nonlocal boundary conditions of the form (7).

Acknowledgement: The work of Gia Avalishvili has been supported by the President’s Grant for Young Scientists
GNSF/PRES09_127_3-101.



On Integral Nonlocal Boundary Value Problems for some Partial Differential Equations 37

Bull. Georg. Natl. Acad. Sci., vol. 5, no. 1, 2011

maTematikuri fizika

zogierTi kerZowarmoebuliani diferencialuri
gantolebisaTvis integraluri aralokaluri
sasazRvro amocanebis Sesaxeb

g. avaliSvili*, m. avaliSvili**, d. gordeziani*

* i. javaxiSvilis sax. Tbilisis saxelmwifo universiteti
** saqarTvelos universiteti, Tbilisi

(warmodgenilia akademiis wevris r. bancuris mier)

naSromSi warmodgenilia elifsuri da hiperboluri kerZowarmoebuliani diferencialuri gan-
tolebebisaTvis integraluri aralokaluri sasazRvro pirobebiT araklasikuri amocanebis ga-
mokvlevis Sedegebi. ganxilulia sasazRvro amocanebi elifsuri gantolebisaTvis mravalganzomi-
lebian cilindrul areSi erTi da ori integraluri sasazRvro pirobebiT. araklasikuri amoca-
nebi elifsuri gantolebisaTvis gamokvleulia variaciuli midgomis gamoyenebiT saTanado sobo-
levis sivrceebSi da damtkicebulia amonaxsnis arsebobis da erTaderTobis Sedegebi. Seswavlilia
araklasikuri amocanebi mravalganzomilebiani hiperboluri gantolebisaTvis integraluri sa-
sazRvro pirobebiT da damtkicebulia klasikuri amonaxsnis erTaderToba.
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