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ABSTRACT. A stochastic model of an enzymic reaction is considered. Using statistical methods, formulas are
derived for calculating the coefficients contained in this model. In particular, estimators of the parameters of the
Michaelis-Menten equation are obtained.  © 2011 Bull. Georg. Natl. Acad. Sci.
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In the investigation of the enzymic reaction kinetics,
an important role is played by various forms of a Michae-
lis-Menten type equation which establish the relation be-
tween the substrate concentration and the initial rate of
an enzymic reaction. These equations also contain two
unknown parameters - a maximal reaction rate and the so-
called Michaelis-Menten constant [1-4]. These constants
can be defined in each concrete case by means of the
available heuristic and statistical methods [5, 6].

The classical Michaelis-Menten equation has the
form

  maxV Sv v S
K S

 


, (1)

where v is the initial reaction rate, S is the substrate con-
centration, V=Vmax is a maximal  reaction rate, K=KM is
the Michaelis-Menten constant for which v (K)=0.5V.

We denote by u(t,S) the optical density of the sus-
pension at a moment of time t. Note that the values V and
K are naturally time-dependent V=V(t), K=K(t). In other
words, u(t,S) describes the reaction course, i.e. the evolu-
tion of optical density in time. Using this notation, the

expression in the right-hand part of (1) will take the form
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Let us now iterate this function with respect to time.
As a result of the first approximation we can write
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
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,

where  A S  is some non-negative function of S. If in
this expression we take into account random deviations,
which are produced by factors and which cannot be meas-
ured because of a great number of factors and the small-
ness of each individual factor, then by the central limit
theorem we can write with good approximation
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In this formula >0, w(t) is a standard Brownian mo-

tion for which    0 0w Ew t  ,  Dw t t ,  is a ran-

dom variable independent of w(t), having values  in  0,
and distributed by the law

   0 , 0 , 0tP P e t        , ( 3)

where 0     and 0 1   are the known param-

eters,   1, 0
0, 0

t
t

t



  

. The parameter   in (3) depends

on mixture and on reaction temperature. This parameter
can be assumed constant because for a concrete sub-
stance and the known temperature value the reaction du-
ration is known.

The stochastic equation (2) describes the evolution
of the suspension density in an enzymic reaction and the

presence of the function  t  in it is due to the fact that
in any reaction of such kind there sooner or later occurs a
disorder of the reaction process. This depends on tem-
perature and, to a lesser extent, on other factors. The un-
known random parameter  denotes the moment of time
of the disorder onset and we have to estimate  by means
of observations of the process u(t,S).

To the equation (2) we should add the initial condi-
tions

   0, 0, ,0u S u t   , (4)

where  shows the reaction course in the absence of en-
zymes.

Assume that we observe the solution u(t,S) of the
problem (2) with the initial condition (4). It is required to
estimate the parameters contained in this question at the
moment of disorder.

In such a general formulation, we can pose various
problems connected with the reaction process. In that
case, the main tasks are the estimation of the parameters,
the function A(S) and the moment   of the disorder onset.
Mathematically, this is the so-called disorder problem
which is solved using the sufficiently well-developed
methods from the theory of random processes [7].

In this paper we will consider the problem of estima-
tion of the parameters for the process

   max
max, K Vdu t S V rtS dt dw t

K S


      
(5)

with the initial conditions (4).
From (4)-(5) we write
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Here u(t,S) is a Gaussian Markov process for which
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Hence it follows that for estimating the parameters
Vmax and K it suffices to apply the least squares method
provided that we have the observed data on the initial
reaction rate dynamics depending on a concentrarion S
(this also follows from the meaning of the parameters Vmax

and K in the Michaelis-Menten equation).
Let us derive formulas for calculation of these param-

eters. Assume that we have n observations organized as
shown in the following table:

Table 1

S S1 S2 … Sn 

X X1 X2 … Xn 

Here Sk denotes the concentrations and  k kX v S ,
k=1,2,...,n, denotes the respective values of the initial re-
action rate.

It is more convenient to apply the least squares method

to the inverse values 
1

k
k

Y
X

 , 1
k

k

f
S

 .  We write the

relation (1) in the Lainuiver-Bark form
Y af b  ,

where 
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Ka
V

 , 
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1b
V

 , 1 1Y
v X

   and 1f
S

 . Ac-Ac-

cordingly, our table will be rewritten as follows:

Table 2

f 
S
1  f1 f2 ... fn 

Y 
X
1  f1 Y2 ... Yn 

According to the principle of least squares, we are to
find such values of the coefficients a and b that the ex-
pression
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would take the smallest value. By standard analytical
methods we find
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where 
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initial variable, we can write
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As seen from the formula (6), the coefficient 2  is the

dispersion of the process  ,u t S
t




 and does not depend

on t. Therefore it can be estimated from the above tables
since this is the dispersion of the initial reaction rate. Thus
we can write the estimate

2
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It remains to indicate the estimation procedure for
the coefficients c and r. For this we note that for an aver-
age rate of the enzymic reaction we have the relation

  max max
max

,Eu t S K V S V
V rtS ct rtS

t K S K S
  

     
  

.

Hence it follows that we can use the table of observa-
tion data which relate the reaction rate to the concentra-
tions S and time t.

So, we have

Table 3

S 
t 1S  2S  … mS  

1t  11v  12v  … mv1  

2t  21v  22v  … mv2  

      …   

nt  1nv  2nv  … nmv  

Using the experimental results (given in Table 3) and
the formula (5), we compose the sum

2
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and choose the parameters c and r so that the function (7)
would have a minimal value. Applying again the standard
optimization methods, we find
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The obtained formulas for estimation of the param-

eters of the equation (5) can be used in the analysis of
enzymic reactions as well as in practical computations.
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fermentaciuli reaqciis erTi stoqasturi modelis
koeficientebis Sefasebis Sesaxeb
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naSromSi ganxilulia fermentaciuli reaqciis stoqasturi modeli. statistikuri meTodebis
gamoyenebiT miRebulia modelSi Semavali koeficientebis gamosaTvleli formulebi. kerZod,
mocemulia mixaelis-menTenis gantolebis parametrebis Sefasebis formulebi.
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