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ABSTRACT. On a category of pairs of complete distributive lattices groups of homologies are constructed over
a discrete group of coefficients, which satisfy the axiom of exactness.  © 2007 Bull. Georg. Natl. Acad. Sci.
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Let L and 'L  be complete distributive lattices. If the lattice v-homomorphism  is an epimorphism, then

 is called a pair of distributive lattices. We denote it by )',( LL . Let 'MM j⎯→⎯  be another pair, then the

mapping of pairs )'.()',(:)',( MMLLff →  is a pair of lattice v-homomorphisms, such that  (see [1]).
Let L be a complete distributive lattice and S(L) be a complete lattice of its subspaces; the element e in S(L) is the

pair )','( fLe = , where  is an epimorphic lattice v-homomorphism;  is the closure of e in

)(LS ; )(LFS  are the sublattices in )(LS , consisting of all closed elements (see [2, 3]).

Definition 1. The ideal P of the lattice )(LFS  is said to be admissible for L, if for every PF ∈'0 , 0'
0 ≠F , there

exist )(LFSF ∈  and  such that , 0'
0 =∧ FF  and 1' =∨ FF  ( )(LFSP = , if and only if  is

compact).
If P is an admissible ideal for L,  is a closed subspace in L, then  is the

admissible ideal for 'L .
Example 1. If P is a set of all compact subspaces of locally compact Hausdorff space X, then P is admissible for

the lattice L(X) consisting of all open subspaces X (see [4]).
Proposition 1 (Example 2). Let L be a complete distributive lattice. Then every simple ideal P of  is

admissible for L.
Definition 2. The subspace )','( fLe =  in L (which is the same, the element e in ) is said to be bounded

with respect to the admissible ideal P in L, if the closure e  in )(LS  of the subspace e is an element in P.

Let G be a discrete Abelian group, and let nE  be a set of all possible n-member sequences , bounded
with respect to the admissible ideal P of subspaces in L.
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Definition 3. For every integer 0≥q  a q-dimensional chain of the complete distributive lattice L with respect to

the admissible ideal P over the discrete group G of coefficients is called the function GEc q
q →+1:  which satisfies

the following conditions: (1) qc  is a skew-symmetric function, i.e., 0),,( 0 =qq eec K , when among the arguments

qee ,,0 K  there exist at least two which coincide; ),,(),,( 00 qqkkqkq eeceec KK ε=  for any permutation k of a set

of numbers q,,0 K , where iε  denotes the sign of that permutation; (2) If '''
kkk eee ∨= , where 0''' =∧ kk ee , then

+= ),,,,(),,,,( '
00 qkqqkq eeeceeec KKKK ),,,,( ''

0 qkq eeec KK  (additivity); (3) 0),,( 0 =qq eec K ,  if

00 =∧∧ qee L .

In the set );,( GPLCq  of all q-dimensional chains of the complete distributive lattice L with respect to the

admissible ideal P over the discrete group G of coefficients we introduce the algebraic structure as follows. Let '
qc

and ''
qc  belong to the set );,( GPLCq . The sum of two q-dimensional chains '

qc  and ''
qc  is called the function

'''
qq cc +  defined by the equality +=+ ),,(),,)(( 00

''''
qqqqq eeceecc KK ),,( 0

''
qq eec K .

It can be easily verified that the function '''
qq cc +  satisfies the conditions (1)–(3) of Definition 3 and this addition

defines an Abelian group structure on  );,( GPLCq .

Proposition 2. Let P be the admissible ideal for L. Then for every PF ∈' , 
0'≠F

, there exists an open subspace

U in L, such that UF ≤'  and PU ∈ .

Definition 4. The boundary ∂  of a chain 

);,( GPLCc qq ∈

 is defined as the )1( −q -dimensional chain given by

the equality =∂ − ),,)(( 10 qq eec K ),,,( 10 −qq eeUc K , where U is an open, bounded with respect to the admissible

ideal P, subspace in L for which Uek

q

k
<∨

−

=

1

0
.

The subspace U, satisfying the conditions of Definition 4, always exists by Proposition 2. We can show that this
definition does not depend on the choice of U. The operator ∂  is the homomorphism of the group of q-chains

);,( GPLCq

 into the group of )1( −q -chains );,(1 GPLCq− .

Proposition 3. 0=∂∂ o .

Thus we obtain the chain complex );,(* GPLC  of Abelian groups );,( GPLCq  and homomorphisms ∂ .

Definition 5. The groups of homology 

);,( GPLH q

 of the complex );,(* GPLC  are called q-dimensional

groups of homology of the complete distributive lattice L with respect to the admissible ideal P over the discrete
group G of coefficients.

The triple (by definition) ),',( LPLL  consists of both pairs of lattices 'LL i⎯→⎯ , where ),'( iL  is a closed

subspace in L, and LP -admissible ideal of L. The v-homomorphism MLf →:  defines the v-homomorphism

)()(: MFSLFSFf →  and 

( ) ( )MSLSf →:

.

Definition 6. The lattice v-homomorphism of pairs )',()',(:)',( MMLLff →  is said to be admissible for the
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triples  and ),',( MPMM , if ML PPFf ⊂))(( .

Let MLf →:  be an admissible mapping. For every q we define the function

);,();,(:# GPLCGPMCf LqMq →  which is induced by the mapping  f as follows:

))(,),((),,)(( 00# qqqq efefceecf KK = ,

where qee ,,0 K  are the bounded with respect to LP  subsets in L. It can be verified that the function qcf#  belongs

to the group );,( GPLC Lq ; #f  is the homomorphism of the groups and that homomorphism commutes with the

operator ∂ .

In particular, if  is the admissible triple, then the homomorphism );,();,'(: '# GPLCGPLCi LqLq →

(here ),'( iLF =  is the closed subspace in L, , and thus is the admissible ideal for 'L ) which is, as it

can be easily seen, a homomorphism. We identify the group  with its image for the monomorphism #i .

The factor-group );,'(/);,( ' GPLCGPLC LqLq  is called the q-dimensional group );,',( GPLLC Lq  of chains of the

pair )',( LL  with respect to the admissible ideal LP  over the discrete group G of coefficients. The boundary operator

is called the mapping of the group );,',( GPLLC Lq  into the group );,',(1 GPLLC Lq−  which is induced by the

homomorphism ∂ . This definition implies directly that .

Thus we have obtained the chain complex  of the groups );,',( GPLLC Lq  and homomor-

phisms ∂ .

Definition 7. The group of homology  of the chain complex );,',(* GPLLC L  is called the q-

dimensional group of the pair )',( LL  with respect to the admissible ideal LP  over the discrete group G of coeffi-
cients.

Let the mapping )',()',(:)',( MMLLff →  be admissible for the triples  and ),',( MPMM . We

define the mapping );,',();,',(:# GPLLCGPMMCf LqMq →  as the chain mapping induced by the mapping

);,();,(:)/( **# GPLCGPMCMf LM → .

Definition 8. The homomorphism induced by the admissible mapping )',()',(:)',( MMLLff →  is called the

homomorphism  which is induced by the mapping #f .

A short exact sequence of chain complexes

0);,',();,();,'(0 **'* →→→→ GPLLCGPLCGPLC LLL

defines (see [5]) the connecting homomorphism →∂ );,',(:# GPLLH Lq );,'( '1 GPLH Lq− , and we have the follow-

ing
Theorem 1. For every triple ),',( LPLL  the sequence of groups

LL →→→→→ + );,',();,();,'();,',( '1 GPLLHGPLHGPLHGPLLH LqLqLqLq

is the exact sequence.
Particular Case 1. Let L be the lattice of all open subspaces of the locally compact Hausdorff space X; 'L  be the

lattice of the closed subspace in X;  be the ideal of all compact subsets in X. Then we obtain the exact theory of
Kolmogorov  homologies (see [6, 7]).
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Particular Case 2. Let L be the lattice of all open subsets of an arbitrary topological space X; 'L  is the lattice of

the closed subspace in X; 

LP

 an arbitrary simple ideal in the lattice of all closed subspaces in X. Then we obtain the

exact homology theory of  X with respect to the simple ideal LP .

maTematika

sruli distribuciuli meserebis zusti homologiis
jgufebi

z. Todua

a. razmaZis maTematikis instituti, Tbilisi

(warmodgenilia akademiis wevris n. berikaSvilis mier)

sruli distribuciuli meserebis wyvilebis kategoriaze agebulia homologiis jgufebi
koeficientebiT diskretul jgufebSi, romlebic akmayofilebs sizustis aqsiomas. es ganmarteba,
roca L aris X lokalurad kompaqturi hausdorfis sivrcis yvela Ria qvesimravlis meseri, L′′′′′  _
X-is Caketili qvesivrcis Ria simravleebis meseri, P1 _ ideali, warmoqmnili X-is yvela kompaqturi
qvesimravleebisagan, maSin miviRebT X-is kolmogorovis zust Teorias. Tu L aris X topologiuri
sivrcis yvela Ria qvesimravlis meseri, miRebuli zusti homologiis Teoria topologiur sivrceTa
kategoriaze aris axali zusti homologiis Teoria.
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