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ABSTRACT. On a category of pairs of complete distributive lattices groups of homologies are constructed over
a discrete group of coefficients, which satisfy the axiom of exactness. © 2007 Bull. Georg. Natl. Acad. Sci.
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Let L and L' be complete distributive lattices. If the lattice v-homomorphism is an epimorphism, then

is called a pair of distributive lattices. We denote it by (L,L'). Let M —L > M" be another pair, then the

mapping of pairs (f, f'):(L,L") — (M.M") is a pair of lattice v-homomorphisms, such that (see [1]).
Let L be a complete distributive lattice and S(L) be a complete lattice of its subspaces; the element e in S(L) is the
pair e=(L', f'), where is an epimorphic lattice v-homomorphism; is the closure of e in

S(L); FS(L) are the sublattices in S(L), consisting of all closed elements (see [2, 3]).

' '
Definition 1. The ideal P of the lattice F'S(L) is said to be admissible for L, if for every Iy € P, I, # 0, there

'
exist F'e FS(L) and such that , FO' AF=0ad F vF=1(P=FS(L),ifand only if is
compact).
If P is an admissible ideal for L, is a closed subspace in L, then is the

admissible ideal for L'.
Example 1. If P is a set of all compact subspaces of locally compact Hausdorff space X, then P is admissible for
the lattice L(X) consisting of all open subspaces X (see [4]).

Proposition 1 (Example 2). Let L be a complete distributive lattice. Then every simple ideal P of is
admissible for L.
Definition 2. The subspace e = (L', f') in L (which is the same, the element e in ) is said to be bounded

with respect to the admissible ideal P in L, if the closure e in S(L) of the subspace e is an element in P.

Let G be a discrete Abelian group, and let E” be a set of all possible n-member sequences , bounded
with respect to the admissible ideal P of subspaces in L.
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Definition 3. For every integer ¢ >0 a g-dimensional chain of the complete distributive lattice L with respect to

g+l

the admissible ideal P over the discrete group G of coefficients is called the function c, :E?" — G which satisfies

the following conditions: (1) ¢, is a skew-symmetric function, i.e., ¢, (eo,...,eq) =0, when among the arguments

€>---»€, there exist at least two which coincide; ¢, (€gs---,€;,) = ¢, (€. ..,€,) for any permutation k of a set
. X ' n ' "
of numbers 0,...,q , where &, denotes the sign of that permutation; (2) If e, =¢;, v e, , where ¢, Ae, =0, then

' n
Cy(€hseas€psenns€)) =Co (€05 s€psennse )+ Co(€gsensysennne,)  (additivity); (3) c,(€,.-e,)=0, if
e n--ne, =0.

In the set Cq (L,P;G) of all g-dimensional chains of the complete distributive lattice L with respect to the

'
admissible ideal P over the discrete group G of coefficients we introduce the algebraic structure as follows. Let ¢,

n ' n
and ¢, belong to the set C,(L,P;G) . The sum of two g-dimensional chains ¢, and ¢, is called the function
' n . ' n ' "
¢, +¢, defined by the equality (¢, +¢, )(€y,...,e,) =¢,(€,...,€,) + ¢, (&,.-,€,) .

1 n
It can be easily verified that the function ¢, +¢, satisfies the conditions (1)—(3) of Definition 3 and this addition

%m#w(@?ﬁnes an Abelian group structure on  C, (L, P;G) .

Proposition 2. Let P be the admissible ideal for L. Then for every F'c P, , there exists an open subspace
Uin L, such that F'<SU and U € P.
Definition 4. The boundary ¢ of a chain is defined as the (g —1) -dimensional chain given by

the equality (0c¢,)(€p,.--,¢, 1) = ¢,(U,€,...,€, 1), where U is an open, bounded with respect to the admissible

q-1
ideal P, subspace in L for which A e, <U.

The subspace U, satisfying the conditions of Definition 4, always exists by Proposition 2. We can show that this
definition does not depend on the choice of U. The operator 0 is the homomorphism of the group of g-chains
into the group of (¢ —1) -chains C,_(L,P;G).
Proposition3. 000=0.
Thus we obtain the chain complex C,(L,P;G) of Abelian groups C,(L,P;G) and homomorphisms 0.
Definition 5. The groups of homology of the complex C.(L,P;G) are called g-dimensional

groups of homology of the complete distributive lattice L with respect to the admissible ideal P over the discrete
group G of coefficients.

The triple (by definition) (L,L',P,) consists of both pairs of lattices L—-—>L', where (L',i) is a closed

subspace in L, and P, -admissible ideal of L. The v-homomorphism f:L —> M defines the v-homomorphism
Ff:FS(L)—> FS(M) and
Definition 6. The lattice v-homomorphism of pairs (f, f'):(L,L") = (M, M") is said to be admissible for the
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triples and (M,M",P,),if (Ff)(P,)c P, .
Let f:L—>M ©be an admissible mapping. For every ¢ we define the function

Ju:C,(M,By;G)— C,(L,P,;G) which is induced by the mapping [ as follows:
(f#cq)(eO>"'aeq) = cq(f(eO)"-'af_(eq)) s

where €,...,€, are the bounded with respect to P, subsets in L. It can be verified that the function /i 4C, belongs

to the group Cq (L,P,;G), fu is the homomorphism of the groups and that homomorphism commutes with the

operator 0.

In particular, if is the admissible triple, then the homomorphism i, : C (L', P,;;G) = C (L, P,;G)
(here F'=(L',i) is the closed subspace in L, , and thus is the admissible ideal for L") which is, as it
can be easily seen, a homomorphism. We identify the group with its image for the monomorphism i, .

The factor-group C, (L, P;G)/ C, (L', P,;G) is called the g-dimensional group C,(L,L', P,;G) of chains of the
pair (L, L") with respect to the admissible ideal P, over the discrete group G of coefficients. The boundary operator
is called the mapping of the group C,(L,L',P;;G) into the group C,(L,L',P,;G) which is induced by the

homomorphism ¢ . This definition implies directly that

Thus we have obtained the chain complex of the groups C,(L,L',P;;G) and homomor-
phisms 0.

Definition 7. The group of homology of the chain complex C.(L,L',P,;G) is called the g-
dimensional group of the pair (L,L') with respect to the admissible ideal P, over the discrete group G of coeffi-
cients.

Let the mapping (f, f'):(L,L") —> (M ,M") be admissible for the triples and (M,M',P,,). We

define the mapping f,:C (M,M",P\,;G)—> C, (L,L',P,;G) as the chain mapping induced by the mapping
(f/M),:Cs(M,P,;G)—> C.(L,P,;G).

Definition 8. The homomorphism induced by the admissible mapping (f, f'):(L,L') = (M, M") is called the
homomorphism which is induced by the mapping f,.

A short exact sequence of chain complexes

0> Cu(L',P,;G)—> C.(L,P,;G)—> Cu(L,L',P,;G) >0

defines (see [5]) the connecting homomorphism 0, :Hq (L,L",P,;G)—> qul (L', P,;G), and we have the follow-
ing

Theorem 1. For every triple (L,L',P,) the sequence of groups
~—>H, ,(L,L,P;G)~>H,/ (L, P;G)>H,/(L,P;G)—>H,/(LL,P;G)—>-

is the exact sequence.

Particular Case 1. Let L be the lattice of all open subspaces of the locally compact Hausdorff space X; L' be the

lattice of the closed subspace in X; be the ideal of all compact subsets in X. Then we obtain the exact theory of
Kolmogorov homologies (see [6, 7]).
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Particular Case 2. Let L be the lattice of all open subsets of an arbitrary topological space X; L' is the lattice of
the closed subspace in .X; an arbitrary simple ideal in the lattice of all closed subspaces in X. Then we obtain the

exact homology theory of X with respect to the simple ideal P .
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