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ABSTRACT. The calculation method of distribution of induced charge density on planar surfaces, including
fractal structuresof Sierpinski car pet type, is proposed. The calculation schemeisbased on thefact that smply
connected conducting surface of arbitrary geometry isan equipotential surface. © 2007 Bull. Georg. Natl. Acad. ci.
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One of the problems of electrostatics, namely, that
of calculation of the distribution of induced charge den-
sity (ICD) on conducting surfacesisvery urgent for many
fields of physics and technology. The charge inducing
the distribution may be both point charge and a charged
conductor of finite size. At present induced charges play
an important role in solving problems in the field of
nanotechnology [1], in the study of piezoelectric and
electrokinetic phenomena [2,3], as well as of the prop-
erties of plasma near the walls of thermonuclear instal-
lations[4].

Knowledge of the distribution of induced charges
allows calculation of the spatial distribution of corre-
sponding potentials and electric fields. For example, it is
important in the research of discharging processes and
for obtaining real recommendations for protection from
lightning.

The problem issufficiently complicated for finite elec-
trodynamic structures of arbitrary geometry and fre-
quently it is impossible to solve it analytically. There-
fore, solution of the problem callsfor numerical methods.
A fairly simplealgorithm of calculation of induced charges
density is given in the paper, elaborated by us for vari-
ous types of similar problems.

Algorithm of calculation of induced charge
density on plane surfaces of finite size

The cal culation scheme of determination of ICD ona
conducting structure is based on the main postulate of
electrostatics — each point of conducting surface has
one and the same potential. In other words, a conduct-
ing surface is an equipotential surface. If we put acharge
at a distance from the conducting surface, this external
charge will influence the charges of the conductor and
will generate on the surface of the conducting structure
induced charges of opposite sign [5]. If a conductor is
an infinite plane, then the distribution of surface induced
charge density o is[5]:

o(xy)= —i% , @

27[(x2+y2+d2)5

whered isthe minimal distance of external charge q from
a conducting structure, located on the plane (X, V).
Analytical solution of the problem of induced
charges, for example, for conducting structures of arbi-
trary geometry, is very difficult, calling for the use of
numerical methods. The main feature of the latter me-
thods is a transition from continuous variation of argu-
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Fig. 1. Partition of conducting structure on cells

ments of the functions under consideration to their dis-
crete values. Most frequently a net method is used for
these purposes, i.¢. the structure under study is divided
into cells, whose coordinates are simply calculated. Net
partition may be uniform or non-uniform. Non-uniform
partition is used near complicated boundaries of objects.
In our case we used uniform partition.

In order to solve numerically the problem of distri-
bution of ICD on objects of finite size we divided the
conducting structure, square in this case, into cells with

area &” (Fig.1.) The cell side is ¢ = a/n, where a is the
square side, » - number of partitions. A surface-induced

; 18 the same in each cell and varies at

charge density &
transition from one cell to another. The indices i and j
run over values from 1to #. The coordinates of a cell are

chosen at its center. Cells with coordinates

((21' —1) -%,(2] —1) . %) are denoted as (i ,)).
Let a conducting square in the plane (x, y) be in the
field of negative charge g. Let ICD in each cell of the

square (k, /) be equal to o, . Then each cell of the con-

ducting square is an induced charge of value o, e
These charges and the external charge g create in each
cell equal potential for all cells of the square. It is con-
nected with the fact that any conducting structure is an
equipotential surface. For grounded conducting surfaces
the potential equals zero in each cell.

In view of the aforesaid, we may write down n*

equations for density of surface charges o, :
o8 1
P+ =0 @
& |f —rk,‘ 7 +d‘

where 7,

%, Ty are the vectors determining the centers of

cells (i, j) and (k. 7). The vector d = (0,0.d) determines
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2

1.5

the coordinates of an external charge. The point of origin
of the reference system is chosen in the center of the
conducting structure. A potential induced in the center

of cell by charges of the same cell is ;. The second

item in the equation (2) contributes to the potential of
the cell (7, j) from all other cells of the conducting square.
Summation is made over all cells, excluding the cell (7, ).
The last item in the equation (2) determines the contribu-
tion to the potential of the cell (7, j) from the external
charge ¢. It is to be mentioned that the equation (2) is
written down in dimensionless units. The metrical vari-
ables are measured in the units of characteristic dimen-
sion of a conducting structure a, a charge is measured in
units of external charge ¢, surface induced charges den-

sity is measured in units of ¢/a’, and potential — in
units of ¢/a.

In order to calculate the value ¢; we use the fact
that the charge density of surface charges in the se-

lected cell is constant and equals o, . Thus,

P | L
00

2 2
X, ¥y

=352550, ¢ ©)

where the coordinates x; and y, run over values from 0

to e1in the selected cell (i, 7).

It should be noted that such calculations may be
conducted because a potential of simple layer (6) is defi-
nite and continuous everywhere. For points which be-
long to the conducting surface, though the integral (0) is
improper, it is absolutely convergent in this case [6].

Solution of the set of equations (2) determines o,

in each cell of a conducting structure. The 3D- chart of
distribution of ICD on the surface of the conducting layer,

~
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Fig. 2. Distribution of induced charge density on square
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being in the field of negative single charge, is shown in
Fig. 2.

Analysis of the obtained results argues that if a nega-
tive external charge is located far enough from the con-
ducting square (d>0.5), then a sufficiently high density
of induced positive charges is concentrated in the cor-
ners of the square, as compared to the center of the
square. When the external charge comes nearer to the
conducting plate, ¢.g. at the distance d=0.1, Coulomb
fields redistribute in such a way that this plate becomes
an equipotential surface. At that, big charges are induced
in the center of the plate, as compared to the induced
charges in its corners.

We verified the algorithm of the calculation of o, in

two ways. First, we used for verification Green’s reci-
procity theorem [5], which states that if conductors with

charges onthem Q,,0,....0, have potentials V},V;,..V, ,

and with charges Ql',QZ',...Q' have potentials

n

vy, ..V . respectively , then the following relation is
valid:

208 =20, @

We applied the relation (4) to the system “grounded
conductor — external charge”. The value of induced
charge on the grounded conductor in this case equals:

!

0=-1

5
Vq )]

where V; is the value of potential at the point of loca-
tion of external charge in the absence of external charge

g, and the potential of the conducting structure is V.

The second verification consists in the implementa-
tion in some approximation of the case of infinite plane
at calculation of induced charge density. We moved the
external charge ¢ maximally nearer to the conducting
square. As a result, the induced charge density on the
plate was found to vary with distance from external charge
according to the law (1), as was expected in the case of
infinite plane.

Both verifications confirmed the accuracy of the
elaborated algorithm of calculation of surface induced
charge density. The obtained algorithm may be applied
to conductors of arbitrary geometry being under poten-
tial. External charge may be extended to a conducting
structure of arbitrary geometry.

To calculate ICD on objects of finite size with holes
of arbitrary form we use the fact that an induced charge
in holes equals zero, i.¢. in respective cells of net parti-
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tion 0,=0. Here we consider conducting simply con-

nected structures, being equipotential surfaces. The num-
ber of equations of the set (2) decrease just by the num-
ber of cells in holes. The number of remaining equations

exactly equals the number of unknown variables o, in

conducting cells (7, j). Thus, we obtain a unique solu-
tion of the set of equations (2).

When we build an algorithm of calculation of in-
duced charge density on conducting structures of arbi-
trary geometry we introduce into the consideration a
correspondence matrix with elements 1 and 0. A set of

elements of this matrix ¢, isin biunique correspondence
with the set of cells of net partition. A non-zero ICD

o, #0 for the cell (i, /) corresponds to elements for

which a; =1 and ;=0 corresponds to elements a;, = 0.

In such a way a structure of arbitrary geometry may be
specified, for which induced charge in holes equals zero.

Correspondence matrix is used to construct a set of
linear algebraic equations (SLAE). For each cell of net

partition with @, =1 an equation for o, is derived.

Charge densities of cells, for which a,, =0 do not ap-
pear in the SLAE. As a result we obtain a set of equa-
tions (2). The given SLAE may be solved by any known
method of solution of SLAE [7]. We used the triangula-
tion method in calculations. Therefore, solution of SLAE

is a value set o, for cells, where a, = 1.

Results of numerical calculations

For example, we calculate induced charge density on
a conducting structure of Sierpinski carpet type [8], be-
ing under the influence of external point charge. This
structure has been selected by us because at present
fractal electrodynamic structures are widely used in mod-
ern radiophysical systems, for example as elements of
fractal electronics (fractal antennas, fractal condensers,
fractal resistors etc). Analytical solution of the problem
is very difficult, therefore we use the above described
numerical algorithm for its solution.

The results of calculation of distribution of ICD on
the fractal structure of Sierpinski carpet type are given in
Fig. 3. The cells of equal color correspond to equal value
density of induced charge; darker color corresponds to
lesser induced charge density. The calculations were car-
ried out at the distance of external charge d=0.4. In-
duced charge density well reflects the structure of the
3" iteration of the Sierpinski carpet. Dark squares are

well seen, for which ¢, =0 and respective elements of

correspondence matrix also equal zero a,; =0.
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Fig. 3. Distribution of induced charge density on a fractal
Sierpinski carpet type

The claborated algorithm allows calculation of the
dependence of distribution of ICD at distance d from an
external charge. The calculations were performed for di-
agonal cells of a conducting square without holes. The
respective results are shown in Fig. 4. The calculations
show that distribution of charge density drastically
changes on the diagonal of the square. When a negative
charge moves nearer to the plate, the induced positive
charge, which was concentrated at its corners, shifts to
the center of the conducting square.

A total induced charge is a very important character-
istic of a conducting electrodynamic structure. If we know
the induced charge density, we may casily calculate the
total induced charge O on conducting plates of various
geometries depending on the distance d of external
charge from these structures.

or
0.9}
0.8~ N
0.7} AN
0.6] . RN
0.5)

0.4r

1 1 1 L I 1 I 1 ]

0.1 0.2 03 04 05 06 07 08 09 d

Fig. 5. Dependence of total induced charge Q on distance d
from external unit charge: square (solid line); Sierpinski
carpet, 3™ iteration (dashed line); square diaphragm (dash-
dotted line).
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Fig. 4. Distribution of surface induced charge density on a square
diagonal for various distances d from external charge d=0.3
(solid line); d=0.4 (dashed line);, d=0.7 (dash-dotted line).

In order to determine the total induced charge we
must sum the induced charges over all cells, constituting
the conducting structure, for which @, =1. The results
of calculation are given in Fig. 5. They show that the
total induced charge increases when external charge
moves nearer to conducting structures of various geom-
etries. We have considered three conducting structures:
square, 3" iteration of Sierpinski carpet and square dia-
phragm, i.e. square with square hole in its center. The
results show that when an external charge moves near
the plate of arbitrary geometry the total induced charge
increases. Its increase is related to the area of the con-
ducting surface of the electrodynamic structure. Values
Q for square diaphragm and for Sierpinski carpet with
equal d are less than for a solid square. This may be
explained by the lesser effective area of these structures,
therefore lesser quantity of conduction electrons comes
under the influence of external charge. Calculations on
square diaphragms have shown that with an increase of
the size of hole in it the total induced charge decreases
respectively for all d.

In the case when an external charge is at distance
d<<1 the case approximate infinite plane is realized. In
fact, the calculations have shown that in the case the
total induced charge O=1, i.¢. equals by module to exter-
nal charge, as was to be expected. The results confirm
the accuracy of the algorithm of calculation of ICD.

If we know the distribution of induced surface charge
density, we may casily calculate the spatial distribution
of the induced potential ¢, according to the formula:

2
o

= = 6

P ;)k ‘R_’_’;j s ©)

where R is the vector of point of space in which the
induced potential is calculated. Summation is performed
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Fig. 6. Equipotential curves in the plane transiting over square diagonal
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Fig. 7. Equipotential curves in the plane transiting over the diagonal of a fractal of Sierpinski carpet type

over all cells, where o, # 0 . As earlier, the point of ori-
gin of coordinates is located in the center of the con-
ducting structure.

For calculation of equipotential surfaces we used the
formula:

p+o,=const, @)

where ¢, is a potential in the point R, generated by

external inducing charge. The sections of equipotential
surfaces illustrate this (Fig. 6 and Fig. 7).

Equipotential curves, located in the plane transiting
over the diagonal of a conducting square and perpen-
dicular to the plane on which it is located, are given in
Fig. 6.

Equipotential curves, located in the plane transiting
over the diagonal of a fractal of Sierpinski carpet type
and perpendicular to the plane on which it is located, are
given in Fig. 7.

The equipotential curves, given in Fig. 6 and Fig. 7
well determine the location of external charge (z=0.3) and
conducting confined structure (z=0). Knowledge of the
spatial distribution of induced potentials ¢ of a conduct-
ing structure permits calculation of induced electric fields
E of any point of space by the well-known formula:

E=—-gradep.
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The performed calculations mainly refer to solid con-
ducting square, square diaphragm and 3" jteration of
Sierpinski carpet. The algorithm proposed in the paper
may be used for calculation of ICD for any plane figure
of arbitrary geometry. Currently we are elaborating a pro-
gram for calculation of induced charge density for con-
fined surfaces of arbitrary non-plane geometry.

Conclusion

The paper proposes a method of numerical solu-
tion of the problem of electrostatics — calculation of the
distribution of induced charge density on planar con-
ducting structures of arbitrary geometry. If we know
the value and distribution of induced charge density,
we can calculate the spatial distribution of induced po-
tentials and electric fields. The elaborated algorithm may
also be applied to calculation of the distribution of
charges on any conducting surface, being under a given
potential.

The algorithm also enables to solve more compli-
cated electrostatic problems, ¢.g. problems of determina-
tion of spatial distribution of electric fields of many con-
fined conducting bodies of various geometries and be-
ing under various potentials.

The work has been performed under the financial
support of UNTC grant No. 3473.

PACS: 41.20.Cv
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