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ABSTRACT. In this paper an optimal control problem for a two-stage variable structure control system is
investigated, whose law of movement at the first stage is described by an ordinary differential equation, but the
second stage is described by a delay differential equation. These two stages of the system are connected by a mixed
intermediate condition. The necessary conditions of optimality are obtained: for optimal control in the form of
maximum principle and for the optimal structure changing moment in the form of equality, containing the effect of
the mixed intermediate condition. The general results for linear time-optimal  control problem are concretized.
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1. Introduction
Change of the structure of a system means that the system at some beforehand unknown moment may go over

from one law of movement to another. Moreover, after changing the structure the initial condition of the system
depends on its previous state. This joins them into a single system with variable structure. Assume that the change
of the system structure has to take place at an a priori unknown moment of time. Such problems are important for
various practical applications. For example, in economics the need arises to change invested capital at some unknown
moment[1,2]. In engineering a controlled apparatus is to start from another controlled apparatus [3,4]. The problem
when traffic laws of movement of body change at a beforehand unknown moment is considered in [5]. Investigation
of variable structure optimal control problems with delay is one of the important directions of the optimal control
theory. The delay factor may arise in many practical problems in connection with time spent on signal transmission.
The present paper deals with the optimal control problem for systems which change their structure only once. In a
special case, its first situation is described by an ordinary differential equation, and the second situation by an
ordinary differential equation with constant delays in phase coordinates. These two situations are joined by the
condition which we called mixed intermediate condition. This means that at the switching moment part of the initial
functions and values of trajectories generally do not coincide with each other (are discontinuous), and the other
values of the initial functions and trajectories coincide (are continuous). In the present paper the necessary condi-
tions of optimality are obtained by the method described in [6]: for the optimal final and structure changing moments
in the form of equality; for optimal control in the form of point-wise maximum principle. Moreover,  general results  are
concretized for a linear variable structure time-optimal control problem. An illustrative example is considered. Finally,
we note that optimal control problems for variable structure systems with delay and continuous and discontinuous
initial condition are investigated in [1,2,6].
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2. Problem Statement. Necessary Conditions of Optimality 
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where Ox ∈0  is a fixed point, ],[,)( βταϕ −∈∈ tPt  is given a continuous initial function. The condition (3a) is 
the discontinuous part of the mixed intermediate condition, because in general ))(()( 0 θθϕ xK≠  and condition (3b) is 
continuous part of the mixed intermediate condition.     

Definition 1. Let Wvut ∈⋅⋅= ))(),(,,( 1θω .  The pair of functions            
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is called a solution corresponding to ω , if these  functions satisfy conditions (2),(3), and the functions
{ }],[),(];,[),( 10 tttttt θθ ∈∈ yx  are absolutely  continuous, satisfying the equations of the system (1) almost 
everywhere  on the corresponding intervals. 

Definition 2. The element  W∈ω  is called admissible, if the corresponding solution satisfies the boundary
conditions  

 0))(,( 11 =tytq  (4)   

We denote the set of admissible elements by  0W . 
Definition 3. The element  0001000 ))(),(,,( Wvut ∈⋅⋅= θω   is called optimal, if for any 0W∈ω  the following 

inequality  
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is fulfilled, where  );())(),(()( 0000 ωtytztpty T == . We called (1)-(5) variable structure optimal control problem. 
The aim is to find the element 0ω . 

Theorem 1. Let  0ω  be an optimal element and the function )(0 tv be continuous at point  ηθ +0 . Then there 
exist a vector 0,0),...,( 00 ≤≠= ππππ l  and a solution { ;],[)),(),...,(()( 001 θχχχ ttttt n ∈=
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such that the following conditions are  fulfilled: 
1) the maximum principle 
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3) the condition for  the functions )(tχ  and  )(tψ    
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3. Linear Time-Optimal Control Problem 
Let us consider a linear time-optimal control problem. Assume that   
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appropriate dimensions; TZPy ),(1 ∈ is a fixed point. Theorem 2, formulated below, is the result of  theorem 1. 
Theorem 2.  Let  0ω  be an optimal element.  Then there exists  a  solution     
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such that 0≠ψ  and  the following conditions are  fulfilled: 
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of  the conjugate equation 
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the condition for the function   ))(),(),(()( 321 tttt χχχχ =  :   
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maTematika

dagvianebis da Sereuli Sualeduri pirobis Semcveli
erTi klasis cvladstruqturiani sistemis optimizacia

T. TadumaZe, a. arsenaSvili

i. javaxiSvilis Tbilisis saxelmwifo universiteti

(warmodgenilia akademikos g. xaratiSvilis mier)

naSromSi Seswavlilia optimaluri marTvis amocana orsafexuriani cvladstruqturiani
sistemisTvis, romlis moZraobis kanoni pirvel safexurze aRiwereba Cveulebrivi diferencialuri
gantolebiT, xolo meore safexurze _ dagvianebulargumentiani gantolebiT. sistemis es ori
mdgomareoba dakavSirebulia Sereuli Sualeduri pirobiT. miRebulia optimalurobis aucilebeli
pirobebi. maT Soris, arsebiTi siaxlea sistemis struqturis cvlilebis momentis optimalurobis
aucilebeli piroba, romelic Seicavs Sereuli Sualeduri pirobis efeqts. zogadi Sedegi
dakonkretebulia swrafqmedebis azriT optimaluri amocanisaTvis.
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