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ABSTRACT. In this paper an optimal control problem for a two-stage variable structure control system is
investigated, whose law of movement at the first stage is described by an ordinary differential equation, but the
second stage is described by a delay differential equation. These two stages of the system are connected by a mixed
intermediate condition. The necessary conditions of optimality are obtained: for optimal control in the form of
maximum principle and for the optimal structure changing moment in the form of equality, containing the effect of
the mixed intermediate condition. The general results for linear time-optimal control problem are concretized.
© 2008 Bull. Georg. Natl. Acad. Sci.
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1. Introduction

Change of the structure of a system means that the system at some beforehand unknown moment may go over
from one law of movement to another. Moreover, after changing the structure the initial condition of the system
depends on its previous state. This joins them into a single system with variable structure. Assume that the change
of the system structure has to take place at an a priori unknown moment of time. Such problems are important for
various practical applications. For example, in economics the need arises to change invested capital at some unknown
moment[1,2]. In engineering a controlled apparatus is to start from another controlled apparatus [3,4]. The problem
when traffic laws of movement of body change at a beforehand unknown moment is considered in [5]. Investigation
of variable structure optimal control problems with delay is one of the important directions of the optimal control
theory. The delay factor may arise in many practical problems in connection with time spent on signal transmission.
The present paper deals with the optimal control problem for systems which change their structure only once. In a
special case, its first situation is described by an ordinary differential equation, and the second situation by an
ordinary differential equation with constant delays in phase coordinates. These two situations are joined by the
condition which we called mixed intermediate condition. This means that at the switching moment part of the initial
functions and values of trajectories generally do not coincide with each other (are discontinuous), and the other
values of the initial functions and trajectories coincide (are continuous). In the present paper the necessary condi-
tions of optimality are obtained by the method described in [6]: for the optimal final and structure changing moments
in the form of equality; for optimal control in the form of point-wise maximum principle. Moreover, general results are
concretized for a linear variable structure time-optimal control problem. An illustrative example is considered. Finally,
we note that optimal control problems for variable structure systems with delay and continuous and discontinuous
initial condition are investigated in [1,2,6].
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2. Problem Statement. Necessary Conditions of Optimality

Let R;Z be the 7n-dimensional vector space of points x = ()c1 ,...,x”)T , T means transpose; O C R)’g, Uy R},

Vo CR“)/ be open sets; ¢,,a,B,7,0,7>0, 7 >0 be given numbers: f,<a<pfB<y<o, a-t,=n,

y—pf 21, =max{r,n}; further y= (p,z)T € R;”, pE R;, zZe Rg, m=k+e; Pc R;, Z < R{ be open sets;

the function f(z,x,u) € R} is continuous on the set [¢,, f]x OxU, and continuously differentiable with respect to
x € O; the function g(t, p,z,v) € R;” is continuous on the set [a,0]x PxZ xV, and continuously differentiable

with respect to (p,z)e PxZ; K,:0 —» P, K,:0 — z are continuously differentiable functions; Q and A are
sets of piecewise-continuous control functions u:[¢),]—>U and v:[a,c] > V with a finite number of

discontinuity points of first kind, where U cU,, V cV, are given sets; finally the functions q°(t,y) R,
qt,y)e Ré are continuously differentiable with respect to tely,ol and
yeP.2) ={y=(p,2)" eR} :peP.zeZ}.

To each element @ = (6,4,u(-),v(")) e W =(a, f)x(7,0)x Qx A we assign a variable structure system

{x(r) = f(tx(t)u(t)), ty <t <6,

(0 = (P02 =gt pt=1),2(t-mv(0), O<t1<y, "
with the initial condition
x(ty) = xq 2
and mixed intermediate initial condition at switching moment &
{p(t) =p),0-1<1<0, p(0)=K,(x(0)), 3a) 3)
z() =K, (x(¢)), 0-n<t<0, (3b)

where x, € O is a fixed point, ¢(¢) € P, t €[ — 7, ] is given a continuous initial function. The condition (3a) is
the discontinuous part of the mixed intermediate condition, because in general ¢(6) = K (x(&)) and condition (3b) is
continuous part of the mixed intermediate condition.
Definition 1. Let w = (6,¢,,u(-),v(-)) € W . The pair of functions
kO =x(c0), 1<l 0% y0) = yE0)e(P.2), 1el0-n.4])
is called a solution corresponding to @, if these functions satisfy conditions (2),(3), and the functions
{:B(t),t elty,0);y@), telb,t, ]} are absolutely continuous, satisfying the equations of the system (1) almost

everywhere on the corresponding intervals.

Definition 2. The element weW is called admissible, if the corresponding solution satisfies the boundary
conditions

q(t;, ¥(t))=0 4)
We denote the set of admissible elements by ;.
Definition 3. The element @, =(8,,¢,y,uy(-),vo() €W, is called optimal, if for any @ €W, the following
inequality
4" (110 30(10) £ 4" (61, y(11) - )
is fulfilled, where y,(t) = (p,(?), z, (t))T = y(t; wy) . We called (1)-(5) variable structure optimal control problem.
The aim is to find the element @, .
Theorem 1. Let @, be an optimal element and the function v (t) be continuous at point 6, +1n . Then there
exist a vector w=(my,.,m;)z0, 1,0 and a solution {;((t) =(1(Oseens ¥, (1), te[ty,0];
v(t)=Wwo@), v () =Wo @) sWor » W11 ()snes W1 (1)), 1 €[y, 110 + T ]} of the conjugate variable structure system
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: 0 9 oK
() =— x(t)%— SO+ 1) gog; 7] 1(6);0 )

V() =—w(z+r>%p”],

, d
7 (t):—w(t+n)%,

w(®) =0, te(tyg,t +70]

, tg St<6,,

Oy <t <1y,

such that the following conditions are fulfilled:
1) the maximum principle

x@) folt]l= T:g‘ X f(t,x0(0),u), tg<t<6,, w()g,lt]= r‘{l:‘;( w(0)g(t, po(t—1),20(t—n),v), Oy St<tyy;
2) the condition for the optimal switching moment 6,
Z(0) /ol 01— v (60)go[ 61— (6, + 1) (6 + 7, Ko (x0(6))), 20 (6 =11+ 7), v (6 + 7)) — g (6, + 7, (&),
Xo(6h =11 +7),v(6) +7)]=0;
3) the condition for the functions y(t) and w(t)

OK (x(6 0
2(6y) :W(go)Ma wtgy)=7 o ;
ox oy

4) the condition for the final moment t,,

00,

==yt tiol-

T o, w(t10)golt0]
Here u(t) is the characteristic function of the interval [6, —77,6,]; K(x)=(Ky(x),K; )’
0 0
Solt)= £ (txg@uatg (). go[11= 8t po (¢ = 7). 20 (=), 0 = (4.0 8%0 = 5y Q02000

Remark 1. In condition 2) the member
W (0o + )0y +7,K(x(0)), 20 (0y =1 +17),vo (0 + 7)) — g(0 +7,0(6y),20(Gy =17 +7),v (6 +7))]
is the discontinuity effect of intermediate condition (3a) and the member w(6,)g,[6,] is the continuity effect of

intermediate condition (3b). If rank(%,% =1+1/,then ||y |= sup{\ w()|:6, <t<t, } #0.
3. Linear Time-Optimal Control Problem
Let us consider a linear time-optimal control problem. Assume that
f(t,x,u) = Ax+ Bu, g(t,p,z,v) =Cp+ Dz + Ev, K (x) = Kyx, K, (x) = Kx,
let qo(tl,y(t1 D=t —ty, q(t;,¥())=y(t)-y, where A4,B,C,D,E,K, K, are constant matrices with
appropriate dimensions; y, €(P,Z )" is a fixed point. Theorem 2, formulated below, is the result of theorem 1.
Theorem 2. Let @, be an optimal element. Then there exists a solution
{2, 1€lt0.001 w0 = oy, ()1 €[0.119 + 7, )
of the linear conjugate variable structure system
H() =~ 7O A~ u(w (e + DK, 1 <1< 6,
Vo) = (e +7)C,
v () ==y (t+m)D, Oy <t <ty,
w()=0,t,<t<t,+7,

such that H '//H #0 and the following conditions are fulfilled:

1) the maximum principle
2(O)Buy(t) =max y(#)Bu, ty <t <6,, y(t)Evy(t) =maxy(t)Ev, 6, <t <ty,;
uel vel
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2) the condition for ()
)= ()| 5" |:
Z\bo) =y(by K )
3) the condition for the moment 6,
2(00)[Axo(6y) + Buy (6y)]1 =y (0, [C( 6y — ) + DK, x(6y —17) + Evy (6y)1-w(6, + 1)K x(6y) — (6,)]=0;
4) the condition for the moment t,
w(60)[Cpo(tig = 7) + Dzo(ty — 1) + Evy (1)1 2 0.
Example. We consider the variable structure system
xX1=x2
X2=x3
X3=u(t), t,<t<0,u(t)eU,=-1,1]
pO)=z(t—1n)
z()=pt—-1)+v(),0<t<t,,v(t)eV,=[0,1]
the initial condition
x(tg) = x* (1) = x° (t) = 2
the mixed intermediate conditions:
p)=p(1),0 -7 <1<0, p(6)=x*(0),
z(t)=x(1), 0-n<t<0
the conditions at the moment ¢, :

pt) = Pl7 z(#)) =z

the function of purpose
t, —ty — min.
Here ¢(f) € R, t €[ — 1, 8] is a given continuous initial function; x°, p', z' € R are given numbers.

It is not difficult to see that in this example
n=3m=2k=le=1Lr=1Lv =1,

010 0 0 | 0
A=|001], B=|0 ’C:(IJ’D:[OJ’ Ez[lj,KO:(O,I,O),Klz(O,O,l).
000 1

Let @y = (6y,t19,uo(-),vy(-)) be an optimal element. According to theorem 2 there exists a solution
{Z(’) = (0, 22(0), 23(0), 1) <1 <6y,
w(0) = Wo (D110, Oy <t <t +7.
of the conjugate equation
7n)=0
Z2(0) ==x,(0)
23(0) = =72 (O) = @Oy oy (1 +17), 1y <1< 6.
Yor() ==y, (1 +7),
vin(O=-yot+m, 0, <t<t,,
Yo () =y, (1) =0, Oy <t <ty +7y,
such that

Iy [l=0 (6)

the following conditions are fulfilled:
the maximum principle

-1, for x;(t) <0, 0, for y,,(t) <0,
uy(t) = | . vo(t) = .
, for ys(t) >0 1, for y,,(¥) > 0;
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the condition for the function y(¢) = (x,(?), ¥, (1), x5(?)) :

2100) =0, 22(0y) =v01(0,), x3(0y) =v11(6y) 3 (7

the condition for the moment &,

(2100) + 220X’ + 500D (80) = 01 (80)X° (O = 1) = w11 (B0 @(8y —7) +

+v0(80)] = y11 (0 + D)5 (89) = 9(6,)] = 0;
the condition for the moment #,
Woi(t10)20 (G =1 + 11 (110)[Po (t1g = 7) + v (119)] 2 0.
Remark 2. Itis clear that y,(t) =0, ¢ €[ty,0,], 1, () = 73 = const (see (4), (7)) and ||y, =0
(see (5),(6)). According to the above-mentioned and condition (7) for the moment 8, we get
Vo1 (00)[x" = x3 (8 =]+ 11 (091 (8) = p(0y = 7) = v (0,)] -

— ¥ (00 + 1)[x5 (09) = 9(09)] = 0.
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