153d>®0)3IRML 83G603®3350 IH™M36IAR0 535R3300L 805839, &. 4, Nt 2, 2010
BULLETIN OF THE GEORGIAN NATIONAL ACADEMY OF SCIENCES, vol. 4, no. 2, 2010

Mathematical Physics

On some Nonclassical Two-Dimensional Models for
Thermoelastic Plates with Variable Thickness

Gia Avalishvili*, Mariam Avalishvili”*, David Gordeziani"

* I Javakhishvili Thilisi State University
** University of Georgia, Thilisi

(Presented by Academy Member Revaz Bantsuri)

ABSTRACT. In the present paper Green-Lindsay nonclassical three-dimensional model for thermoelastic plates
with variable thickness is considered. Applying variational approach initial-boundary value problem corresponding
to the three-dimensional model is investigated in suitable Sobolev spaces. The three-dimensional dynamical model
for plate with variable thickness, when surface forces and heat flux are given along the upper and the lower faces of
the plate, is reduced to a hierarchy of two-dimensional models. The initial-boundary value problems corresponding
to the obtained two-dimensional models are investigated in suitable function spaces. Moreover, the convergence of
the sequence of vector-functions of three space variables restored from the solutions of the reduced two-dimensional
problems to the solution of the original three-dimensional problem is proved and under additional conditions the rate
of convergence is estimated. © 2010 Bull. Georg. Natl. Acad. Sci.

Key words: nonclassical models of thermoelastic solids, plates with variable thickness, Fourier-Legendre series,
modeling error estimates.

Nonclassical mathematical models for thermoelastic solids, which generalize classical models and depend on one
or more relaxation time, were developed to eliminate shortcomings of the classical thermoelasticity, particularly, infinite
velocity of thermoelastic disturbances. One of such type models was obtained by A. Green and K. Lindsay [1], which
is characterized by a system of partial differential equations where, in comparison with the classical linear system of
thermoelasticity, the constitutive relations for the stress tensor and the entropy are generalized by introducing two
different relaxation times. For Green-Lindsay nonclassical model the problem of propagation of a thermoelastic wave
was studied and domain of influence result was obtained in [2] in classical spaces of twice continuously differentiable
functions. In the case of infinite and semi-infinite bodies initial-boundary value problems corresponding to Green-
Lindsay model were investigated in [3, 4]. Applying method of potential and theory of integral equations the problems
of stable and pseudo oscillations for Green-Lindsay nonclassical model were studied in [5]. Since numerical solution
of three-dimensional initial-boundary value problems of nonclassical thermoelasticity requires complicated algorithms,
it is important to construct two-dimensional or one-dimensional models of thermoelastic bodies. One of dimensional
reduction methods for plates with variable thickness in the classical theory of elasticity was suggested by I. Vekua in
[6]. To construct two-dimensional models of plate Vekua considered differential formulation of the three-dimensional
initial-boundary value problem and approximating components of the displacement vector-function by partial sums of
orthogonal Fourier-Legendre series with respect to the variable of plate thickness a hierarchy of initial-boundary
value problems defined on two-dimensional space domain was obtained. Mathematical results on the relationship
between the two-dimensional hierarchical models constructed in [6] and three-dimensional one in static case first were

© 2010 Bull. Georg. Natl. Acad. Sci.



28 Gia Avalishvili, Mariam Avalishvili, David Gordeziani

obtained in the spaces of classical regular functions in the paper [7], and the reduced two-dimensional models for thin
shallow shells were investigated in Sobolev spaces in [8]. Later on, various hierarchical models were constructed and
investigated applying Vekua’s reduction method and its generalizations (see [9-11] and references given therein).

The present paper is devoted to the construction and investigation of a hierarchy of two-dimensional mathematical
models for plates with variable thickness, when the stress-strain state of thermoelastic solid is described by Green-
Lindsay nonclassical three-dimensional model. We consider initial-boundary value problem corresponding to Green-
Lindsay three-dimensional model and applying variational approach we obtain the existence and uniqueness result in
suitable Sobolev spaces. We construct hierarchical two-dimenisonal models for plate with variable thickness, when
the density of surface forces and heat flux is given along the upper and the lower faces of the plate. We investigate
initial-boundary value problems corresponding to the constructed two-dimensional models in suitable function spaces.
Moreover, we prove that the sequence of vector-functions of three space variables restored from the solutions of the
reduced two-dimensional problems converges to the solution of the three-dimensional problem and under additional
regularity conditions we estimate the rate of convergence.

We denote by w2 (D)=H"(D), r>1, reR, the Sobolev space of order » based on the space I’ (D) of
square-integrable functions in D cR”, peN, in Lebesgue sense, H (D) =[H"(D)] 3, LX(D)=[L*(D) and
U’ (f") =[C (lA")]3 , s>21, seR, where Iisa Lipschitz surface. For any Banach space X, C 0 ([0,TT; X) denotes the
space of continuous functions on [0,7] with values in X, I°(0,7;.X) is the space of such functions g:(0,7) — X

that ||g(t)||X € L*(0,T) . We denote by g’ =dg/dt the generalized derivative of g e [*(0,T;X).

Let us consider thermoelastic plate with variable thickness vanishing on a part of its boundary, i.e. plate that
occupies three-dimensional Lipschitz domain Q2 of the following form

Q:{(xl,xz,x3)6R3; h™(x,x,) < X3 <h+(xl,x2), (x,x,) € o},

where ¢ — R? is a two-dimensional bounded Lipschitz domain with boundary e, h* € C*(@)NC.!

(@) are

Lipschitz continuous in the interior of the domain @ and on y c 0w together with the first order derivatives,
B (x,x,)>h (x,x,), for (x,x,)ewuUy, ycdw is a Lipschitz curve, h"(x,x,)=h"(x,,x,), for
(x,,X,) € 0w\ 7 . The upper and the lower faces of Q , defined by the equations x3 =" (x;,x,) and x; =/ (x,x,),

(x;,x,) € @, we denote by T'* and ', respectively, and the lateral face, where the thickness of Q is positive, we

denote by T'=0Q\(T" UT™) = {(x;,X5,%;) € R*; A7 (x,%,) < x3 <h* (x,%,), (x,X,)€7}. We assume that plate
consists of homogeneous, isotropic thermoelastic material. The applied body force density we denote by

f=(f) :Qx(0,7) - R® and the density of heat sources we denote by fg :Qx(0,7) — R . Plate is clamped and
the temperature @ vanishes along a part [y = {(x,X,,%;) € R ;A (xp,x,) <x3 <A (x,%,), (¥%,%,) € 7o} of the
lateral face T, 7, < 7 is a Lipschitz curve, and on the remaining part I'; ="\ r o of the boundary the surface forces

with density g =(g;):I'; x(0,7) = R’ and heat flux with density g‘g ;T x(0,7) —> R is given.
The nonclassical dynamical linear three-dimensional model of stress-strain state of thermoelastic body obtained
by A. Green and K. Lindsay in differential form is given by

azui 3 ) 3 06 . .
P or? _z Ox : lzepp(“)éii +2'”eij(u)_’765i/’ _7711551'/ =/;m Qx(0,7),1=12,3, O
j=1 J p=1
00 %0 3, 0% o< 0 .
AP AN A0 It = 7% in Qx(0,7), 2
l[ o o J = ox; Tt ;epp(U) / <00 @
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3 3
00 3
2| A2 e W + 2016, (W) =008, ~117 =8 [V, =g on [;x(0.7), u(©)=0 on [y x(0.7), ()
/‘=
2 06 ) .
KZngzg on T, x(0,T),  0=0 on [yx(0,T), @)

1 (5,0) = gy () ’(x 0)=1,(x), 0(x,0) = Gy (x) , —(x 0)=6,(x) in Qi=123, ©)

where &; is the Kronecker delta, u=(x;) :Qx(0,7) - R’ is the displacement vector-function of thermoelastic
body, 6:Qx(0,7) — R is the temperature distribution, A, ¢ are Lamé constants, p is a mass density, x>0 is a heat
conductivity coefficient, y >0 is a thermal capacity, 7 is a thermoelastic constant, ®, >0 is a temperature of the

medium in the natural state and 7,,,7; are relaxation times. Note that in the case of 7, = 7, =0 the nonclassical three-

dimensional model (1)-(5) coincides with the classical linear three-dimensional model for thermoelastic bodies.
To investigate the existence and uniqueness of weak solution of the three-dimensional initial-boundary value

problem (1)-(5) we consider the following variational formulation: Find ue C 0 ([0,T; V(2)), u' e L*(0,T;V(QY)),
u" e L°(0,T;L*(Q)), 0 C°([0,T1;V%(Q)), 0 € L”(0,T;V?(Q)), 0" € L”(0,T; I*(€2)) , which satisfies the following

equations in the sense of distributions on (0,7),

3

d , 3 6vp , avp
PO,z ) +a(u),v) _”(H’Z@)m G ,Z‘am(g) = (V)0 HE@ V) VeV, ©)
p= p=

!

—(zroa()¢)Lz(m+(ze()¢)ﬁ(m+a (eoqzm@on(z 50) 2o ) p o HE D) o r,y YoV (@, ()
p= 1 P

together with the initial conditions

uO)=uy, WO)=u, 00)=6, 0)=4, ®)
where u,, u, are the initial displacement and velocity vector-functions, 6,, 6, are the initial distributions of the
temperature and of its rate of change, V(Q)={veH'(Q);tr(v)=0 on I,}, V9(Q) ={pe H(Q):tr(p) =0

on fo} , tr-H'(Q) > HY*(T") and tr: H'(Q) > H"*(') are the trace operators,

p=1 i,j=1

3
a’(¢,9) = "IZ
Q Jj=l

('5')]_}(9), (»-)Lz(Q), ("')Lz(l"l) and (~a-)Lz(1—l) are scalar products in the spaces L*(Q), *(Q), Lz(Fl) and LZ(FI),

respectively.
For Green-Lindsay nonclassical dynamical three-dimensional model for thermoelastic body (6)-(8) the following
theorem is valid.

a(¥,v) = J' Az - (V)Zeqq (V) + Zyz ey (V)e; (v)]d YV, ¥ e V(Q),

6x‘ j Oox;

Q)
S “Sl

ov. _
j—d Yo.pe HYQ), ¢y(v)= [GV +—f], =13,
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Theorem 1.  Suppose that u, e H*(Q)NV(Q),u, eV(Q), 0, c H*(QnV'(Q), 0,eV’(Q),

L0 elOTIAQ), ge.g e 2ONLAM), 777 cPOT2Q), 8" " 2O,
and the following compatibility conditions

3 3
. 06,
g(0)=Y | 2D e, (g)d, +2ue;(ug)~n6yS; ~nni6,5; |v;, i=1,2.3, g°(0)= ZK‘ 0
Jj=1 p=l1
If £>0,34+2u>0 and 0<zy <7, then the initial-boundary value problem (6)-(8) possesses a unique
solution.

In order to construct an algorithm of approximation of Green-Lindsay nonclassical three-dimensional model for
thermoelastic plates with variable thickness by a sequence of two-dimensional models let us consider the subspaces

Vl% (), V(@) and Hy(Q) of H? Q)NV(Q), V() and L’ (QQ), respectively, N = (N, N,,N;), consisting of

vector-functions whose components are polynomials with respect to the variable of plate thickness X,

1 "
v = (W) s Zz(r +—)vN1P(Z) wiel}(w), 0<r<N,, i=123,
=0

where z:x3_h, hzh —h , h= W+
h 2 2

H f,g (Q) of H*(Q)n VH(Q) , VQ(Q) and I (Q), respectively, which consist of the following functions

. In addition, we consider the subspaces V]f,;’z(Q), Vﬁg (Q) and

N9

on, = Z (r+ )«pN,}P(z) py, €L (@), 0<r<N,.

Since the functions #* and A~ are Lipschitz continuous together with their first order derivatives in the interior

of the domain @, from Rademacher’s theorem [12] it follows that A* and 6ahi are differentiable almost

everywhere in @ and o,h*,0,0 ﬂhi eL”(w) for all subdomains @ , @ cw, a,f=1,2. Therefore, the

positiveness of 4 in @ implies that for any vector-function vy = (vy;)i, € Va(Q) the corresponding functions
\;N[ eHz(w*) for all @', a)* cow,ie. \iN[ eHlic(a)) , 0<7r <N, i=12,3. Similarly, if vy :(le.)?=1 e Vy(),
then :;N,' eH' (a)*) for all a)*, E cw,ie. :;N,' IS H}Oc(a)), 0<% <N,, i=12,3. For functions from the spaces
Vﬁj(g) and Vy (Q) we also have (rpNH e Hp (@), if oy, eVNgj(Q) and J)Nﬁ € Hy,o(0), if gy €Vy (Q),

0<r < N,. Moreover, the norms ||.||H2(Q), ||.||H1(Q) and ||.||H2(Q), ||.||H|(Q) in the spaces H*(Q), H'(Q) and H*(Q),

H'(Q) define weighted norms Mas

and ||

s [l gin > of vector-functions v €[H, ()]

Ti Ti

VN € [H,loc(a))]N‘*z’3 s Nip3=N;+N,+N;+3, with components vni, vy =(vni), and gb’N() IS [Hlic(a))]N"“,

r r
=~ 1 Ngtl = -
Py, €[H, (@)]7"", with components @y , @y, =(@y, ), such that “VN

- :||VN||H2(Q)’ “VN . :||VN||H1(Q) and

”@Ng o = ‘goNg @) ”("Ng ”goNﬁ @ Using the properties of the Legendre polynomials, we can obtain
explicit expressions for the norms |||, , |, > || g and || o+ » Particularly,
Nr 1 S; 2
v “ ZZ(r +—) s G Ui N S -
i=1 r,=0 §; =1 (o) 2 (w)
) i 7 i P
+Z Z (s; +—)(a B = (=10, kY2 vni —h 720, vai+ (1 + A28, hvwi ,
a=1||s;=r+1 I ()

where we assume that the sum with the lower limit greater than the upper one equals zero.
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4 r

. - N,
For components vn; and Py, of vector-functions vn e[H,loc(a))] 123

Ny+1

and @, €[H;,.(@)]"""", which satisfy

the conditions H;N H* <oo and “J)NH “9* < oo we can define the traces on 7 . Indeed, the corresponding vector-function

VN :(vNi)f:1 and function P, of three space variables belong to the space VN(Q)CHI(Q) and

VAZ (Q) c H'(Q), respectively. Consequently, applying the trace operator on the space H'(Q) we define the traces

”

i

on y for functions vn; and @y ,
T h+ r h+ o —_—
try (vNi) = I r(vai) Ip B (2)dxs, tr;(py ) = J- r(oy,) g F(2)dx;y, 1,=0,N;, i=13, r=0,Ng.
h™ h™

Since the vector-functions vy = (vy;) from the subspaces Vi () and Hy (), and the functions P, from

Vﬁ(} (Q) and H f,{} (Q) are uniquely defined by functions :I/N,- and (rp N, of two space variables, therefore considering
the original three-dimensional problem (6)-(8) on these subspaces, we obtain the following hierarchy of two-
dimensional initial-boundary value problems: Find wy € C °(10,77; I7N (w)), wy € L(0,T; I7N (w)), wy €L”(0,T;
Hy (@), ENQ e ([0, T];VAZ (w)), EJ,VH e L*(0,T; 17]59 (), 51@9 e L*(0, T;ﬁ,‘iﬂ (w)), which satisfy the following
equations in the sense of distributions on (0,7),

d

ZRN(VT’{VJN)JF“N(WNavN)_bNN(, (étN(, +Tlé:1'\/0 )= IyGy), Vg €y (o), )
d = p — = — — — — — T
T RN, G, + 708N, By, )+, o, B, )+ Oubiy, ik By, ) = L, (By, ), Yoy, €V, (@), (10)
together with the initial conditions
W (0) = wnos Wi (0) =Wy, gzvg 0)= é/NBOs éV;vg 0)= é/NBl’ (11)
where V(@) = {7y = (vni) €[Hp (@)]"2; [ix], <0, t5(vxi)=0 on 7y, 1, =0,N,, i=13},

Nl,2,3 .
>

V2 (@) = iy = (i) € [H2 (@)% AT (@)l <0}, A (@) = iy = (n0) € [ (@)]

VN
2

3N n , ,

~ 2 _ —1/2 " ] =0 (= _ 1 Ny+1.| = _

Y . —ZIIZO ] <o T @)=, =) <l [, ], <o #50x,)=0 on
i=l r= [

Fosr =0.No}» V7 (@) = {6y, = (@, €[Hpe( @)™ AP (@), | .. <=0}

2
12"
h PN

4

Y (@) = {y, = (@y,) (2@ [y,

< oo}, the bilinear forms Ry, Ry . ay.
Lz((u)

2 i
Hyy (@)

a,?,g > baw, s b{\gwg are defined by the corresponding forms in the left-hand sides of the equations (9), (10) and by

taking account of the properties of Legendre polynomials, we obtain the following explicit expressions

3N . Ny
L 1 (1% 7 o N 17 v
RN(yN’vN):ZZ(Vi +5)p.[;ymvwdw, Rﬁﬂ(t//No,(ﬂNg)=Z(r+—jz —yy, Px, do,
2] r=0 o

i=1 =0 2 h
Nmax 1 1 3 r 3 r 3 r r
aN@N,vN>=Z(r+5jj; 2 em ()Y ea () +2u Y ey(Fy)es(iy) o,
=0 w p=l q=1 i,j=1

Ny Ny s N, P )
azt) (l/7N0 ’¢N0) = Z(V +%j’(‘[ %[Z(S +%)V/N5 (1_ (_1)r+s )J[Z(SA +%)¢Ng (1_(_1)""’5‘)\]_"_
r=0 ® s=r Fa
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- i %(w%)(aah* —(1) 8, h ) |x

s=r+l

2
1. 0, h
+Z‘; Outyn,~(r+ D=2

=

r h r Ny é) 1 R
X aa ¢)N (r+l) ¢N,)_ z ;lvﬂ (§+EJ(aah+_(_l)r+s6ah—) da),

S=r+l

No N, s
b, By, - Fx) = b, (P, ) = nZ[”%N [%{Z(S+§)VN3(1—<—1>’”)J+
r=0 [0) S=r

S 160,
+Z}Z o« VNa— (7 +
a=

- Z e (Hl)(aa;ﬁ —(—1)’”60{}1’) oy do,
2 0
s=r+l

roo 1 r r roo o
where Ny, =max{N;,N,,Ns}, ei/(VN):5[61'(VNJ')+a_/(VNi)+ei/(VN)js i,j=12,3,

N,

max

r+1 r r 1 1Y(* s A g
Y [aihVNj+ajth,’j— z ;(S+Ej(ij(aih+_(_]) + 6ih )+

s=r+l
o0, = (-1 '“M)]*f (543 om0 U022 ),

The linear forms Ly , )54 v, are defined by the right-hand sides of the equations (6), (7) and are given by

Ly () = ZZ(” )I—vm[ﬂgmﬂ +gn A1) Jdmj—wgmdh :

i=1 =0

r
eij(Vy)=—

r

LY, (y,) = Z(H jj m(f +gni A+ gn A1) ]dmf nggNgd% ,

N
r h+
where 3, =7\, A =1+ @V +@0*Y, v= I VP, (2)dsx;, for all functions ve I*(Q), reNU{0}, g%, g4’
J

and gy;, gf,; are restrictions of

3 3
gni(t) = gi(t)+2[ﬂzepp(WNo)5y +2#eij(WNo)—77§N905ij _77715N915ij}"j -g(0),i=13,
r

Jj=1 p=1
1
4
—& (0) 5
I

0 R A
g, (=" )+ x— v,
J=1

J

on the upper I'" and the lower I~ faces of the shell, respectively, wy, € VI% (), Sy, € VA‘?{;Z (Q), ¢y, € Vgg (Q)

correspond to the initial data Wy, 4 N0 ¢ w,1 of the two-dimensional problem.

For the constructed two-dimensional initial-boundary value problems (9)-(11) the following existence and
uniqueness theorem is proved.

Theorem 2. If two-dimensional domain @ and functions h*, h™ are such that Q < R® is a Lipschitz domain,

”

u>0,31+2u>0,0<7), <1, the functions j’l., éN[, gffh- (rl-=0,Ni,i:1,_3), f‘g, g,(f,() (r=0,Ny), g}% satisfy

the following conditions
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T 7i
h—l/Z f;,h_l/z (f;)' ELZ(O,T;LZ([())), 23/4gN1a13/4(gN1) 13/4(&\1,)" LZ(O T: L4/3(6()))

I g () (g € PO.TL (), 7 =08, =13
WL e POT @), A ey A (g A (g,) € P (0T L (@),

R SN )',h*““(g;”% ) e (0.7 L (7)), r=0,N,,
and Wy € 1713 (@), wy € I7N (), ngo 5 1713;2 (o), 5N01 € 17130 (@), then the dynamical two-dimensional problem

(9)-(11) possesses a unique solution.

Thus, we have constructed a two-dimensional hierarchical model of thermoelastic plate with variable thickness on the
basis of Green-Lindsay nonclassical three-dimensional model for thermoelastic bodies. In the following theorem we
present the results on the relationship between the obtained two-dimensional and original three-dimensional models, but in
order to formulate the theorem let us define the following anisotropic weighted Sobolev spaces

H}?;O"" Q) = {v;h" kv e *(Q), 0<k<s}, seN,
H};}S Q)= (v "85 Ty e 2 (Q), 10 h kv e I (Q),1 <k <s,r=0,1,i=1,2,3,a =1,2},
HN(Q) = (v 105 710] 0 v e L (Q), 010, i 050]v e L(Q),h* 10,0 sh*03v € L*(Q),
1<k <s,h 20, ht 0,0 0 e B@Q) 1<k <s+1,a,f=1,2,r,7=0,1, 1<i,/<3},

which are Hilbert spaces with respect to the corresponding norms.
Theorem 3. If £#>0, 34+2u>0, 0<z,<7;, uy e H*(Q)NV(Q), u, eV(Q), 6, H*(QnV(Q),

0,eV’ (), £, 2(0,T;17(Q), g.g.g" L’ (0.T;L*(IT))), 1017 e PO Q)
gg,g'g’,g'g” e *(0,T; L4/3(F1)) and vector-functions of three space variables Wy, € V]% (), wy e VN(©Y),
S0 € ngg’z Q). Cy,i€ V]gﬂ (), corresponding to the initial conditions Wy, € 171% (w), wy € I7N (w),
Q—’Ngo € 17]5;2 (w), 5N01 € 17130 (@) of the two-dimensional problems, tend to u,, u,, 6, and 6, in the spaces H*(Q),

L ), H 2(Q) and H I(Q), respectively, as N,;, =min{N,,N,} — o, then the sequence of vector-functions
1<i<3

{wn} and functions {§ N, (t)} restored from the solutions wy and f N, of the reduced two-dimensional problem

(9)-(11), tend to the solution of the original three-dimensional problem (6)-(8),

wy (1) = u(?) in H'(Q),
Wy () —>u'(t) in L*(Q),
. 1 for all t€[0,T], as Ny, — .
Sy, (1) > 0(1) in H' (Q),
Sh, (> 0'(0) in L*(Q),

In addition, if d"a/dt" e I*(0,T; (H}ll;l’s" Q)*), r=01, u"el*0,T; (H}?;O’SZ (Q)*), d"0/di" e I*(0,T;
H (@), r=01, 0" 20,7 H'* (Q), spsf eN, k=0.2, so.50,5.57 22, and uy e (A" (@),
u € (Hl 12Q)), 6, € AL q" i+ (Q),6 ¢ H"! Y‘ (Q), so,s(‘)g,sl eN, so,s0 > 2, then for appropriate initial condition

Wno» Wai» C:Ngo» {Nol thefollowzng estimate is valid

o’ = w ||c°([o,r];L2 @ Ju=w "CO([O,T];H‘(Q)) H N,

“0 §N5

+
(10,7112 (Q))

O(ngstJhioNaNH)a

C”OT]H(Q)) (N, )

where s =min{sy — 1,5, —1,8,,50 —1,s¢ =1,59,5,-3/2,50 =3/2,5! =1} and o(T,Q,Ty,h*,N, N,)—0, as
len—)oo
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