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The class of sets, contained together with any two sets of their intersection, is called multiplicative and is
designated by M .

Let M  be any multiplicative class of sets and Ε ∈M . A finite or countable class of pairwise disjoint sets
{ }1 2, , ,Ε Ε K  belonging to class M  and whose union is equal to set E is called the partition of set E and is designated
by DE where the sets Ek (k=1,2,...) are called the components of partition DE. If the partition contains only a finite
number of components is called finite and is designated by D*E.

Partition D1E of set Ε ∈M  is called a continuation of partition DE of set E in designation 1DE D E,p  if each
component of partition D1E is a subset of some component of partition DE or, which is the same, if partition D1E
contains a partition of each component of partition DE.

Let { }1 1 2D E = E , E ,′ ′ K  and { }2 1 2D E = E , E ,′′ ′′ K  be two partitions of set Ε ∈M . The product of partitions D1E and

D2E is a partition whose components are all possible intersections ( )E E , 1, 2,i k i k′ ′′ =I K  and is designated by

( )1 2D D E.⋅  Obviously, the product of two partitions is a continuation of both partitions.

Let us designate the set of all partitions of set Ε ∈M  by ,ΕA  and the set of all components of all possible

partitions of set E by ( ).Ε∑
M

The class of sets contained together with any two sets of a partition of their intersection, is called generalized-
multiplicative and is designated by M'.

It is obvious that the multiplicative class is also generalized-multiplicative. We shall give an example of a gener-
alized-multiplicative class which is not multiplicative. Let E be any set whose power is bigger or equal to countable
power and P(E) be a class of all its subsets. We take the finite subset e ⊂ Ε  and we shall remove the set e and all its
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subsets, except single-element subsets from class P(E). We shall designate the remaining class by M'  and we shall
show that it is generalized-multiplicative, but not multiplicative. Indeed, we take set E–e and we shall present it in the
form 1 2F F ,eΕ − = ∪  where 1 2F F∩ = ∅  (∅  - empty set). We generate sets 1 1F eΕ = ∪  and 2 2F .eΕ = ∪  ThenThen

( ) ( )1 2 1 2F F .e e eΕ ∩Ε = ∪ ∩ ∪ =   Hence, 1 2 .eΕ ∩ Ε = ∉ M  However, , M  contains partition of set 1 2 .eΕ ∩ Ε =

We shall call a class of sets normal and designate it by ,N  if for every set Ε ∈ N  the class ΕN  of all partitions
of set E is the directed relation of continuation .f

Theorem 1. The class of sets N  is a normal class if and only if when for any set Ε ∈N  the set ( )Ε∑
A

 of all

components of all possible partitions of sets E is a generalized-multiplicative class.
A generalized-multiplicative class M  is called a semiring and is designated by P, if it contains an empty set ∅

and from 1E ,E P∈  and 1E E⊂  it follows that P contains a partition of set E whose component is set E1.

Let X and Y be any sets. The set of all ordered pairs (x,y), where x X∈  and ,y Y∈  is called the Cartesian product
of sets X and Y and is designated by .X Y×  If XΑ ⊂  and ,YΒ ⊂  then set ,Ε = Α×Β  contained in ,YX ×  is called
a rectangle, and sets A and B - the sides of this rectangle.

Let 1N  and 2N  be normal classes. The class of all rectangles ,Α×Β  where Α ∈ 1N  and Β ∈ 2N  is called

product of normal classes 1N  and 2N  and we shall designate it by .⊗1 2N N

It is directly checked that the product of normal classes is also a normal class.

Proposition 1. If P1 and P2 are semirings, then their product 1 2Ρ = Ρ ⊗ Ρ  is also a semiring (see [1]).
Let us introduce the following definition:

Partition ( )D Α×Β  of rectangle Α × Β ∈ N  is called a netting partition, if it has the form { }( ), 1,2, ,i k i kΑ ×Β = K

where { }( )1,2,i iΑ = K  is partition of side A, and { }( )1, 2,k kΒ = K  is partition of side B.

Partition ( )D Α×Β  of rectangle Α × Β ∈ N  is called from the right generalized-netting partition, if it has a form

{ }( ), 1,2, ,i
i k i kΑ ×Β = K  where { }( )1,2,i iΑ = K  is partition of side A and { }( )1,2,i

k kΒ = K  is partition of side B

corresponding to component { }.iΑ

Partition ( )D Α×Β  of rectangle Α × Β ∈ N  is called from the left generalized-netting partition, if it has a form

{ }( ), 1, 2, ,k
i k k iΑ × Β = K  where { }( )1, 2, ,k kΒ = K  is partition of side B and { }( )1, 2,k

i iΑ = K  is partition of party AA

corresponding to component { }.kΒ

Partition ( )D Α×Β  of rectangle Α × Β ∈ N  is called twice-netting partition if it  has a form

{ }( ), , , 1, 2, ,k l
i j i j k lΑ × Β = K  where { }( ), 1, 2,i j i jΑ ×Β = K  is netting partition of rectangle ,Α×Β  and

{ }( ), 1,2,k l
i j k lΑ ×Β = K  is netting partition of rectangle .i jΑ × Β

It is directly checked that the set nN  of all netting partitions of rectangle Α × Β ∈ N  the set rN  of all from the

right generalized-netting partitions, the set lN  of all from the left generalized-netting partitions and the set 2
nN  of all

twice-netting partitions are directed by the relation of continuation.
Therefore, their mappings to the set of real numbers are directions and the generalized theory of limits is appli-

cable to them (see [2], ch.II).

Proposition 2. Partition ( )D Α×Β  of rectangle Α × Β  is a twice-netting partition if and only if when it is a product

of from the left and from the right generalized-netting partitions of rectangle Α × Β .
Proposition 3. If 1, , mΑ ΑK  are arbitrary finite class of sets from semiring P, then their union is presented as a
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class
11 1

1 1 1 ,mkk
m m mΑ ∪ ∪ Α = Α ∪ ∪ Α ∪ ∪ Α ∪ ∪ ΑK K K K

where 1, , ik
i iΑ ΑK  contained in set ( )1, ,i i mΑ = K  and all sets on the right belong to semiring P and are pairwise

disjoint.
Proof see [1].
This proposition is not true for countable classes of sets as it is marked by mistake in [3], p.132. A counterexample

is the countable class ( )1, 1,2, ; 1,2, ,2
2 2

n
n n

m m n m⎧ − ⎫⎡ ⎞ = =⎨ ⎬⎟⎢⎣ ⎠⎩ ⎭
K K  in semiring P of all semisegments [a,b) from

semisegment [0,1).
Proposition 4. Let 1N  and 2N  be normal classes of sets, 1 2⊗N N  - their product, rectangle 1 2Α× Β∈ ⊗N N

and ( ) { }( )D 1, 2,k k kΑ× Β = Α × Β = K  partition of rectangle Α × Β . In order for netting continuation of partition

( )D Α×Β  to exist, it is necessary and sufficient to find such partition { }1 2 1, ,Α Α ⊂% % K N  of set A and such partition

{ }1 2 2, ,Β Β ⊂% % K N  of set B that every ( )1, 2,k kΑ = K  respectively ( )1, 2,k kΒ = K  is union finite or counting num-

bers of sets from { }1 2, ,Α Α% % K  respectively from { }1 2, , .Β Β% % K

Corollary 1. Let P1 and P2 be semirings and 1 2Ρ ⊗ Ρ  is their product. Then for any finite partition

{ }( )1, ,k k k nΑ × Β = K  of rectangle 1 2Α×Β∈Ρ ⊗ Ρ  there is its netting continuation.
The corollary 1 does not extend to counting partitions. Indeed, let P1 be a semiring of all semisegments [a,b)

contained in [0,1) and P2 be a semiring of all semisegments [a,b) contained in [ )0, +∞  and 1 2Ρ = Ρ ⊗ Ρ  their product.
We shall consider a countable partition

[ ) ( )1, 1, 1,2, ; 1, , 2
2 2

n
n n

m m n n n m⎧ − ⎫⎡ ⎤ × − = =⎨ ⎬⎢ ⎥⎣ ⎦⎩ ⎭
K K

of rectangle [ ) [ )0,1 0, .× +∞  It is from the right generalized-netting partition, however, for it there does not exist a
netting continuation.

It is said that a many-valued function μ of set E is given on the class N  if a set μ (E) of  real numbers is assigned

to each set Ε ∈N  and ( ) 0.μ ∅ =

 Let 1N  and 2N  be normal classes of sets, 1 2⊗N = N N  - their product, and any many-valued function of

rectangle μ is given on rectangle Α × Β ∈ N .
We call the real number I netting double integral of μ on rectangle Α × Β  and we shall denote it by the symbol

( ) ( ), ,d dμ
Α×Β

Α Β∫ ∫N

if for any positive number ε >0 there is such netting partition ( )Dε Α× Β  of rectangle Α × Β  that for its any continu-

ation { }( ), 1, 2i j i jΑ × Β = K  at any choice value ( ),i jμ Α Β  ( ), 1, 2i j = K  the inequality

( )
1 1

,i j
i j

μ ε
∞ ∞

= =

Α Β <Ι ∑∑-

takes place.
  We call the real number I from the right (from the left) generalized-netting double integral of μ on rectangle

Α × Β  and we shall denote it by the symbol

( ) ( ) ( ) ( )( ), , ,r ld d d dμ μ
Α×Β Α×Β

Α Β Α Β∫ ∫ ∫ ∫N N



On Multiple Integrals of New Type from Many-Valued Functions of Abstract Set 33

Bull. Georg. Natl. Acad. Sci., vol. 2, no. 3, 2008

if for any positive number ε >0 there is such from the right (from the left) generalized-netting partition ( )Dε Α× Β  of

rectangle Α × Β  that for any its from the right (from the left) generalized-netting partition continuation

{ }( ) { }( ( )), 1, 2 , 1, 2i i
i j j ii j i jΑ ×Β = Α × Β =K K  and any choice value ( )( ) ( )( )( ), , 1,2 , , 1,2i i

i j j ii j i jμ μΑ Β = Α Β =K K

the inequality

( ) ( )
1 1 1 1

, ,i i
i j j i

i j j i

μ ε μ ε
∞ ∞ ∞ ∞

= = = =

⎛ ⎞
Α Β < Α Β <⎜ ⎟⎜ ⎟

⎝ ⎠
Ι Ι∑∑ ∑∑- -

takes place.
The definitions of the upper, lower and iterated upper and lower integral of Kolmogorroff’s are given in [4].
Theorem 2. Let 1N  and 2N  be normal classes of sets, 1 2⊗N = N N  - their product, and any many-valued

function of rectangle μ be given on the rectangle Α × Β ∈ N . Then the inequalities

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

1 2

1 2

, ,

, ,

r

r

d d d d

d d d d

μ μ

μ μ

Α×Β Α Β

Α Β Α×Β

⎛ ⎞Α Β ≤ Α Β ≤⎜ ⎟
⎝ ⎠

≤ Α Β ≤ Α Β

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

N N N

N N N
(1)

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

1 2

1 2

, ,

, ,

l

l

d d d d

d d d d

μ μ

μ μ

Α×Β Β Α

Β Α Α×Β

⎛ ⎞Α Β ≤ Α Β ≤⎜ ⎟
⎝ ⎠

≤ Α Β ≤ Α Β

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

N N N

N N N

take place.
As the following inequalities take place

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

, ,

, ,

, ,

, ,

r

r

l

l

d d d d

d d d d

d d d d

d d d d

μ μ

μ μ

μ μ

μ μ

Α×Β Α×Β

Α×Β Α×Β

Α×Β Α×Β

Α×Β Α×Β

Α Β ≤ Α Β ≤

≤ Α Β ≤ Α Β

Α Β ≤ Α Β ≤

≤ Α Β ≤ Α Β

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

N N

N N

N N

N N

from the proved theorem it follows:
Corollary 2. Let 1N  and 2N  be normal classes of sets, 1 2⊗N = N N  - their product, and any many-valued

function of rectangle μ be given on the rectangle Α × Β ∈ N . Then the inequalities

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( )

1 2

1 2

2 1

2 1

, ,

, , ,

, ,

, , .

d d d d

d d d d

d d d d

d d d d

μ μ

μ μ

μ μ

μ μ

Α×Β Α Β

Α Β Α×Β

Α×Β Β Α

Β Α Α×Β

⎛ ⎞Α Β ≤ Α Β ≤⎜ ⎟
⎝ ⎠

≤ Α Β ≤ Α Β

⎛ ⎞Α Β ≤ Α Β ≤⎜ ⎟
⎝ ⎠

≤ Α Β ≤ Α Β

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

N N N

N N N

N N N

N N N

take place.
Theorem 3. Let 1, , nKN N  be normal classes of sets, 1 n⊗ ⊗LN = N N  - their product, and any many-valued

function of rectangle μ be given on rectangle 1 nΑ × × Α ∈L N .  Then the n! inequalities
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( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 1

1 1

1 1 1

1 1 1

, , , ,

, , , , ,

n n

n n

n n n

n n n

d d d d

d d d d

μ μ

μ μ

Α × ×Α Α Α

Α Α Α × ×Α

⎛ ⎞⎛ ⎞
Α Α ≤ Α Α ≤⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞≤ Α Α ≤ Α Α⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

L

L

K K K K

K K K K

LLLLLLLLLLLLLLLLLLLLLLLLLLLL

N N N

N N N

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 1

1 1

1 1 1

1 1 1

, , , ,

, , , ,

n n

n n

n n n

n n n

d d d d

d d d d

μ μ

μ μ

Α × ×Α Α Α

Α Α Α × ×Α

⎛ ⎞⎛ ⎞
Α Α ≤ Α Α ≤⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
⎛ ⎞⎛ ⎞≤ Α Α ≤ Α Α⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

L

L

K K K K

K K K K

N N N

N N N

take place.
The proof is directly obtained from corollary 2 by application of the method of mathematical induction.

maTematika

abstraqtuli simravlis mravalsaxa funqciis axali
tipis jeradi integralis Sesaxeb

d. goguaZe, p. qarCava

i. javaxiSvilis Tbilisis saxelmwifo universiteti

(warmodgenilia akademiis wevris v. kokilaSvilis mier)

naSromSi SemoRebulia abstraqtuli simravlis mravalsaxa funqciis axali tipis jeradi
integralebi. dadgenilia fundamenturi kavSirebi zeda da qveda da ganmeorebiT zeda da qveda
integralebs Soris, romelTaganac miiReba fubinis Teoremis Taviseburi ganzogadebebi rogorc
simravlis, aseve wertilis funqciebisaTvis.
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