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ABSTRACT. In the present paper an initial boundary value problem for thermoelastic prismatic shells is consid-
ered. Three-dimensional dynamical problem for prismatic shell with surface forces given along the upper and the
lower faces of the shell is reduced to hierarchy of two-dimensional problems. The obtained problems are investigated
in suitable function spaces, the convergence of the sequence of vector-functions of three space variables, restored
from the solutions of two-dimensional problems to the solution of the original three-dimensional problem, is proved
and the rate of approximation is estimated. © 2008 Bull. Georg. Natl. Acad. Sci.
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Two-dimensional and one-dimensional approximations of three-dimensional boundary and initial-boundary value
problems are often used when constructing mathematical models of complicated building and various engineering
structures. One of the methods of constructing two-dimensional models for linearly elastic prismatic shells was
suggested by 1. Vekua in the paper [1]. In this paper Vekua considered a three-dimensional linear model of an elastic
prismatic shell and expanding components of the displacement vector-function into orthogonal Fourier-Legendre
series with respect to the variable of shell thickness the hierarchy of differential two-dimensional models was ob-
tained. Various two-dimensional models constructed by Vekua were collected in his monograph [2]. The estimates of
accuracy for the two-dimensional hierarchical models constructed in [1] first were obtained in the spaces of classical
regular functions in the paper [3], and the reduced two-dimensional models for thin shallow shells constructed in [2]
were investigated in Sobolev spaces in [4]. Later on, Vekua’s reduction method considered in [1, 2] and its generali-
zations were studied in the papers [5-12].

The present paper is devoted to the construction and investigation of two-dimensional hierarchical models of
prismatic shell, taking into account thermal properties of elastic solid, which were mainly neglected when constructing
hierarchical models of elastic bodies. We consider the variational formulation of three-dimensional initial-boundary
value problem for linearly thermoelastic prismatic shell and construct its two-dimensional hierarchical model in Sobolev
spaces, when the temperature equals zero along the boundary of the body and surface forces are given along the
upper and the lower faces of the shell. We investigate the existence and uniqueness of solutions of the reduced two-
dimensional problems in suitable weighted Sobolev spaces. Moreover, we prove the convergence of the sequence of
vector-functions of three space variables to the solution of the original three-dimensional problem and if it possesses
additional regularity, we estimate the rate of convergence.

Let Q= R”,p>1 be a bounded domain with Lipschitz boundary. 1> (Q) denotes the space of square-integrable

functions in € in the Lebesgue sense. W**(Q)= H*(Q), k>1 is the Sobolev space of order k based on r (Q),
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HY(Q) = [H k(Q)]3s L’ (Q) = [L2 (Q)]z- We denote by Hg(Q) the closure of the set D(Q) of infinitely differen-
tiable functions with compact support in Q in the space H*(Q), k >1. For any Banach space X, C°([0,7];X)
denotes the space of continuous vector-functions on [0,77] with values in X, *(0,7;X) is the space of such
vector-functions g:(0,7) > X that [g(t)| P € L*(0,T). We denote by g'=dg/dt the generalized derivative of

g eLz(O,T;X).
Let us consider heat conduction process in prismatic shell with thickness vanishing on a part of its boundary, i.e.
when the prismatic shell is a Lipschitz domain Q2 which has the following form

Q= {(xl,xz,x3) € R3;h_(x1,x2) <xy <h'(x,%)), (x,x)ew },

where @ R? is a two-dimensional bounded Lipschitz domain with boundary 8w, 4* e C° (w)NLip(wwy) are
Lipschitz continuous in @wand on ¥ c éw, h*(x;,x,)>h" (x,x,), for (x;,x,)e w Uy , ¥ 0w is a Lipschitz curve,
h*(x,x%)=h"(x,x,), for (x,x,)€dw\y . The upper and the lower faces of Q, defined by the equations

x3=h"(x,x,) and x3=h"(x,x,), (x|,x,) € ®, wedenote by I'* and ', respectively, and the lateral face, where

the thickness of Q is positive, we denote by T'=8Q\(I'" UT") = {(x;,x5,%3) € R* ;7 (x},%,) < x3 <h™ (x,,x,),
(x;,x)) €77}

We assume that the prismatic shell consists of homogeneous, isotropic thermoelastic material with Lamé con-
stants A, 1, density p and thermoelastic constants y, 7, , which define the mechanical properties of the material. The

applied body force density we denote by f=(f;):Qx(0,7)—> R’ and the density of heat sources we denote by
7?:Qx(0,T) - R . The temperature & vanishes along the boundary I' = 8Q of the domain Q. The prismatic shell

is clamped along a part 1:0 ={(x,%,,%3) € R3;h‘(x1,x2) <x3 <h*(x,%,), (x,%,) €70}, 7o =7, of the lateral face r

and on the remaining part T} = l"\lNTO of the boundary surface force with density g =(g,):T; x(0,7) — R’ is given.
The dynamical linear three-dimensional model of stress-strain state of thermoelastic body in differential form is given
by

u;, 1 0|, .
zzl ;za— lz‘;epp(u)ﬁi/+2,ue[/(u)— 708, |=f; inQ, i=123, )
- =
00 - 0%6 o< 0.
—t+ yn— = in Q, 2
o Z; PR atzzllepp(ll) ! o)
J P
3 ~
> zzepp(u)a,] +2pe;(0)—y05; |v; =g; on I}, u(0)=0on Ty, §=0onT, 3)
=1 pel
u;(x,0) = ug; (x), Yi (x 0)=u;(x), O(x,0)=6y(x) inQ, i=123, )

where u=(u;): Qx(0,7) > R® is the displacement vector-function of thermoelastic body, :Qx(0,7) — R is the
temperature distribution. If we multiply equations (1) by smooth enough functions v; , which vanish on I}y, multiply
equation (2) by smooth enough function ¢ vanishing on I', integrate the obtained equations over the domain Q and
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apply integration by parts, taking into account boundary conditions (3), we obtain

3
Zja Y v dx+— I ﬂZe p(u)Zeq(v)+2yZej(u)e”(v) dx+
Q

i=1 p=1 g=1 i,j=1

3
f 23190 =3 [ 100w (9dx+ =S [ g,
p.zﬂ_:gj; le__[ erj ©®
06 3,60 Up g ,
fare ) soa pzli o, 7] OO0 ©

for all v=(v;), which are smooth enough and equal to zero on 1:0 , and for all sufficiently regular ¢ vanishing on the
boundary I'. Note that if u=(u;) and & are solutions of the equations (5) and (6) and are smooth enough, then they
also satisfy differential equations (1), (2) and boundary conditions (3). So, the problem (1)-(4) is eguivalent to the
problem (5), (6), (4), which can be used to define the weak sol ution of theinitial boundary val ue problem for thermoelagtic
prismatic shell.

Hereafter we consider the following variational formulation of the three-dimensional initial boundary value prob-
lem (2)-(4): find u e C°([0, T]; V(Q)) , u'e C°([0, T];L*(QY)) , € € L*(0,T; H(€)) , which satisfiesthefollowing equa-
tionsin the sense of distributions in (0, T)

WO +a(u(>v)+/7)2(a“’v)g(m (V)0 +5 @V WYV Q) Y
i=1 Xi

200.0) ) +3"(00.0)- ;mz(up, 20 iy = (1.0) 2y Vo HY(Q), ®
P

together with the initial conditions
u) =uy, U'(Q)=u,;, 6(0)=6,, ©

where ugy, u, aretheinitial displacement and velocity vector-functions, 6, istheinitial distribution of temperature,
Up e V(Q) ={veHXQ)tr(v)=0 on I}, tr isthe trace operator from HY(Q) to HY?*(I),

3 3
a(V,v):ij. ﬂZepp(V)Z q(V)+2ﬂZQJ (V)g (v) dx, v,V e V(Q),

P o =1 g=1 ij=1

0 - .. —
a’(5.0) = sz 2 “’dx Vo5 e HIQ), (V) =1/20v; +2,v),i,j =13,
Qi l

()izqys ()2 and () 2,y are scalar productsiin the spaces L*(Q), L*(Q) and L*(I}), respectively.
In order to construct the hierarchy of two-dimensional models et us consider the subspaces V(€2) and Hy ()

of V(Q) and L?(Q), respectively, N =(N;,N,,N;) , consisting of vector-functions whose components are polyno-
mials with respect to the variable x;,

N
L1 1.0 f

V= (Vi) VNi=ZF(ri+E)VNi P.(2, wniel’(®), 0<r<N;, =123
r=0
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x=h  pt-n - B4R

where z = . h - h= 5 . We also consider the subspaces Vi\?p (Q) and Hf,g (Q) of H(l)(Q) and

I*(Q), respectively, which consist of the following functions

IR D AU £ % DO VS I
‘%Z(HE)‘”% Az)—;%;( ~EDTIO+ Doy, Py ()

1 1 , N ’ —
_EZOZ(”(_” O+ Do, Py, oy, €L(@), r=0N, .-

Note that the functions 2" and %4~ are Lipschitz continuous in @and hence, due to Rademacher’s theorem [13],
h* and h~ are differentiable almost everywhere in wand ,4* € L”(@") for all subdomains o, ; cw,a=12.

Therefore, the positiveness of 4 in @ implies that for any vector-function vy = (vNi)f=1 € VN(©)) the corresponding
functions ;N[ € Hl(a)*) for all @, o cw , 1.€. \;Ni € Hllgc(a)) , 0<r <N, i=123. Similarly, for all functions
Py, € V]\Z (Q), the functions ¢ v, Of two space variables in the expressions of @y, belong to H'(o") L0 co,ie.

Py, € H, (o), r=0, N, - Moreover, the norms H~HH|(Q) and H'HHI(Q) in the spaces H'(Q) and H'(Q) define weighted

4

N .
"%, Nig3 =N +N,+N;+3, with components Vni,

norms |, and H g+ Of vector-functions vn e[H}, ()]

Ny+1

VN :(\;N,-), and @y, e[H,loc(a))] , with components @y , @y, =(¢y ), such that I and

. HVNHnl(Q)

"goNg "(pNH Using the properties of the Legendre polynomials [14], we obtain explicit expressions of the

H'(Q)'

norms [, and [f..

3 N 1] 2 | , s P .
R DGR | DT = (R NS Vot [N lE o R
i=l r;=0 2 S, =7; 2 > (@) > (w)
2 |~ | N . R
+2 Z (5 + )@ h* = (=10, h YW vni =h ™20, vi+ (1, + DA 720 hvni ,
a2 ()
. Ny+2 1 Ng+2 / 2 / P
ol = 2 | 2 6+ D=0 g L i, |
’ Lz(a)) (o)
2 [|Ng+2 1 ] 32 s 12 r 2 , 2
+z Z (s+5)(60[h+ — (=1 8,h Yh~ PN, -h—'°0, goN0+(r+1)h’ 5ah¢N0 b
a=l||s=r+l ()

where we assume that the sum with the lower limit greater than the upper one equals zero,
Ng+1 1

0 =—%<l—(—1)”N0)r+1]5) oy, = Z( o ret oy,
N T TN, 13 & 2) N PNy 2N€ T )N

7

For components vn; and @y, of wNe[H }UL,(a))]N”*3 and ¢ €[H, lloc(a))]]v"+1 , which possess the properties
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VN

< and ||A
N PNollg

. < we can define the trace on 7 . Indeed, the corresponding vector-function of three space

variables Vy = (vy;)i-; and function ®n, belong to the space V() < H'(Q) and VA‘?H (Q) = H'(Q) , respectively.

Consequently, applying the trace operator #: H'(Q) — H'?(I') on the space H'(Q), we define the traces on 7

i r
for vn; and ¢ Ny

ht h*
er(VN,)_ jrr(vN,)|F P, (2)dx;, tr; ((pNe)— jzr(%)\r P.(2)dxy, 1,=0,N,,i=13 , r=0,N,.
h h

Since the vector-functions vy =(vy;) from the subspaces Vy(Q2) and Hy(€), and the functions ¢y, from

7; r
V]go (Q) and H]‘\g,p (€2) are defined by functions vn; and @y, of two space variables, therefore considering the

original three-dimensional problem (7)-(9) on these subspaces, we obtain the following hierarchy of two-dimensional
problems: find wy € c°([0,71; Vn(®)), wy e CO([O,T];HN (w)), ENH e I*(0, T;V,{‘,’g (®)) , which satisfy the follow-

ing equations in the sense of distributions in (0,7")

d - ~ - - — - ~ - .
ERN(WI’\I (), Vn) +an vy ('):VN)+%bNN9 Sy, () VN) =Ly (Vy), Vi € V(@) (10)
iRzy (Cn, () @x,)+an, (Ex, Oy, )= 2, G () 6x,) = LY, (Gy,), Yoy, VY (o), an

dt

together with the initial conditions

W (0)=Tong, N =Ty, C, (0)=C, 00 (12)

M2l < ooty (vN,) 0 on 7.1, =0,N,,i =13},

where vy € Vx (@) = {VN = (vni) €[H}, ()]
2

-
-1/2 !
h VNi <0p,

- n 3N
Wyt € Hy(@) =1V =(vNi) € [L2 (“))]Nl’z’3 > ||‘7N||12f1N(m) = z Z

i=17=0 L*(w)

|(pNH <oo,tr7((pNH)EO,r—0,N} >

Vi, (@)= {(m = (@) [Hp (@),

|(/3N < oo} , the bili-near forms Ry, Rf,g ,
o
* (@)

<2 “ 2" ?
= h 1)
ae Z Ny
%o (@) r=0 L (o

Cyo €HY (@)= {(Z)Ng = (py,) [ (@)]";

ay, af\',g s baw, » bfZNg are defined by the corresponding forms in the left-hand sides of the equations (7), (8) and

taking into account the properties of the Legendre polynomials, we have

3 N ) Ny+2
- - i el 7
RGBS 5 [ ider K@= 3 (15 [0, o0, do
i=1 ;=0 r=0 2]

Ningx
aN(yNa‘jN):% z [ 2)_[ [/lzepp(yN)zeqq("N)*ZUZQUO’N)@U(VN)}

r=0 i,j=1
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Ny+2 1 1 Ny+2 Ny+2
az%(,(v?N(,,«ﬁN(,)wZ[rHjj{ [Z(H )vag(l D" J{Z(H )m(l (1)’”)}

r=0

2 Ny+2
1 r O h " ” WN 1 -
+> o - @ =) =l s+ ot = (=) 0,k )|
az]h al//Ng h ‘//Ng h (S 2)( a ( ) a )

s=r+l

r o hr Nﬂ”(pN o1 i
x| 8, oy, (r+1)—(pN9 > h”[s+5J(aah+—(—1) *‘8ah) do,

S=r+l

N; Ng+2
- . 1 1 1 e
bNNgapNg,vN)=—";7pszg(vN,¢Ng)=;Z[szjhz[Z(v+ Yo, (1- (1)*)dew+
r=0 w s=r

S
Ny+2

AR DENTCLEN XY R

s=r+l

where N, =max{N,,N,,N;}, e,,(vN)_[a (vNj)+0; (vN,)+e,,(vN)]

N,

max

r+l r r 1 Lys rs A -
P [aithj+6jthij— Z h[s+2)[ij(5ih+_(_1) o)+

s=r+l

r
ej(vy) =

N,

@~ (1D, ’”)* 3¢ % [H % )(l_ (_1)r+s)[(i—l)2(i—2) N (j—l)z(j—Z) 3N,-J,

s=r

No+l  Ny+2 No+l  Ny+2 0
and ¥y, , yy, aredefined in the same way as @y, , @y, . Thelinear forms Ly, Ly, are defined by the right-hand
sides of the equations (5), (6) and are given by

3 N
Ly(iy) = ZZ[ jj—vw{h gl +/13g,u D ]dm;j—vmg,dn ,

n

Ny , r 2 N (_T1\@ Ng+a
L?V9<¢N9)=Z[r+;jj;m[f‘g—Zz(“ DD ayvore sy 7 de
r=0 ) a=1

r h+
where y, =7\7, 4, :\/1+(61hi)2 +(82hi)2, Q= J¢P,(z)dx3, for all functions ¢eL2(Q), reNuU{0}, g and
e

g; are restrictions of g; on the upper I'" and the lower I'" faces of the shell.

For the constructed two-dimensional initial-boundary value problems (10)-(12) the following existence and unique-
ness theorem is proved.

Theorem 1. If w and functions h*, h™ are such that Q is a Lipschitz domain, pu>0, 34+2u>0, x>0,

7.

y/n>0, Vi €Vx(@), iy € Hy(®), EN(;O eﬁf,g(a)), and the functions fl gl gt (rn=0,N,i=13), f°
(r=0,N,+2) satisfy the following conditions
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WY £ e 20,117 (@), 2 gl e 120,717 (o)),

W g e POT:L (1), 1 =0,N,,i=13,

1

]y;l_ 1+ (_l)r+N0

2 2

Ny+2

r _(_ r+Ny -
) 7 |e*(0,T;L° (w), r=0,N,,

h—l/é f@

then the dynamical two-dimensional problem (10)-(12) possesses a unique solution.

Along with investigation of the reduced two-dimensional problem it is very important to study the relation of the
constructed hierarchical model to the original three-dimensional problem. In order to formulate the corresponding
theorem let us define the following anisotropic weighted Sobolev space

H'M Q)= {v;05 v e H'(Q),0,h*05v e IF(Q),a =1.2,r = Ls}, seN,
which is a Hilbert space equipped with the norm
N )] 5 seN.
Q)

Theorem 2. If uy e V(Q), u, eL2(Q), 6, L*(Q), f=(f)>, e*(0,T;L*(Q)), g.g cl*(0,T; LY* ),

O h

a

s 2
L [ IS o (S o

+
Q)

79e*(0,T;15°(Q), #>0, 34+2u>0, x>0, y/n>0 and the functions Wyy € Vn(Q), Wy, € Hy(Q),
S0 EH]?,O(Q), corresponding to the initial conditions Wy, €Vy(®), Wy € Hy(®), ENHO eHﬁ,ﬁ () of two-
dimensional problems, tend to w,, u, and 6, in the spaces H'(Q), L*(Q) and L[*(Q), respectively, as

Npin = f1<1l_i<n3{Ni,Ng} — o0, then the vector-function wy(t) and function §y,(t) restored from the solution Wy and

¢ N, of the reduced two-dimensional problem (10)-(12), tends to the solution of the original three-dimensional
problem (7)-(9),

wy (1) = u(?) in H'(Q),
wy () > u'(?) in L7 (Q), forall 1€[0,T], as N, — .
Sy, (1) - 6(t) in I(Q),

In addition, if d"u/dt" € L2(0,T;(H}ll;“" (Q)%), s, eN, r=02, 55 25,21, 5,22, 0 *(0,T; H;f’sg (Q)),

H’ELZ(O,T;H;I;I’SIO (Q)), sg Zslg >1, sg > 2, then for suitable initial data Wwy,, Wy, and ngo the following

estimate is valid

= wi ||(:"<[0,T];L2 @ o= wx ||c"<[0,T];H' @ "

+||9_§N9 +"‘g_é:’\’e

O(T799f03hi3N9N€)s

1
<
0 .72 2 g -
C([0,TLL7(2) L°(0,T;H () (N i )*

where s =min{s,,s, —Ls{,s0 =1}, o(T,Q,T" 7 N,Ny) >0, as Ny, — .
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