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ABSTRACT. In the present paper an initial boundary value problem for thermoelastic prismatic shells is consid-
ered. Three-dimensional dynamical problem for prismatic shell with surface forces given along the upper and the
lower faces of the shell is reduced to hierarchy of two-dimensional problems. The obtained problems are investigated
in suitable function spaces, the convergence of the sequence of vector-functions of three space variables, restored
from the solutions of two-dimensional problems to the solution of the original three-dimensional problem, is proved
and the rate of approximation is estimated. © 2008 Bull. Georg. Natl. Acad. Sci.

Key words: dynamical problems for thermoelastic prismatic shells, Fourier-Legendre series.

Two-dimensional and one-dimensional approximations of three-dimensional boundary and initial-boundary value
problems are often used when constructing mathematical models of complicated building and various engineering
structures. One of the methods of constructing two-dimensional models for linearly elastic prismatic shells was
suggested by I. Vekua in the paper [1]. In this paper Vekua considered a three-dimensional linear model of an elastic
prismatic shell and expanding components of the displacement vector-function into orthogonal Fourier-Legendre
series with respect to the variable of shell thickness the hierarchy of differential two-dimensional models was ob-
tained. Various two-dimensional models constructed by Vekua were collected in his monograph [2]. The estimates of
accuracy for the two-dimensional hierarchical models constructed in [1] first were obtained in the spaces of classical
regular functions in the paper [3], and the reduced two-dimensional models for thin shallow shells constructed in [2]
were investigated in Sobolev spaces in [4]. Later on, Vekua’s reduction method considered in [1, 2] and its generali-
zations were studied in the papers [5-12].

The present paper is devoted to the construction and investigation of two-dimensional hierarchical models of
prismatic shell, taking into account thermal properties of elastic solid, which were mainly neglected when constructing
hierarchical models of elastic bodies. We consider the variational formulation of three-dimensional initial-boundary
value problem for linearly thermoelastic prismatic shell and construct its two-dimensional hierarchical model in Sobolev
spaces, when the temperature equals zero along the boundary of the body and surface forces are given along the
upper and the lower faces of the shell. We investigate the existence and uniqueness of solutions of the reduced two-
dimensional problems in suitable weighted Sobolev spaces. Moreover, we prove the convergence of the sequence of
vector-functions of three space variables to the solution of the original three-dimensional problem and if it possesses
additional regularity, we estimate the rate of convergence.

Let 1, ≥⊂Ω ppR  be a bounded domain with Lipschitz boundary. ( )Ω2L  denotes the space of square-integrable

functions in Ω in the Lebesgue sense. ( ) ( ) 1,2, ≥Ω=Ω kHW kk  is the Sobolev space of order k based on ( )Ω2L ,
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Ω=Ω kk HH  ( ) ( )[ ] .322 Ω=Ω LL  We denote by )(0 ΩkH  the closure of the set )(ΩD  of infinitely differen-

tiable functions with compact support in Ω in the space )(ΩkH , 1≥k . For any Banach space X, )];,0([0 XTC

denotes the space of continuous vector-functions on ],0[ T  with values in X, );,0(2 XTL  is the space of such

vector-functions XTg →),0(:  that ),0()( 2 TLtg X ∈ . We denote by dtdgg /=′  the generalized derivative of

);,0(2 XTLg ∈ .
Let us consider heat conduction process in prismatic shell with thickness vanishing on a part of its boundary, i.e.

when the prismatic shell is a Lipschitz domain Ω which has the following form

{ },),(),,(),(;),,( 2121321
3

321 ω∈<<∈=Ω +− xxxxhxxxhxxx R

where 2R⊂ω  is a two-dimensional bounded Lipschitz domain with boundary ω∂ , )~()(0 γωω ∪∩∈± LipCh  are

Lipschitz continuous in ω and on ωγ ∂⊂~ , ),,(),( 2121 xxhxxh −+ >  for γω ~),( 21 ∪∈xx , ωγ ∂⊂~  is a Lipschitz curve,

),,(),( 2121 xxhxxh −+ =  for γω ~\),( 21 ∂∈xx . The upper and the lower faces of Ω, defined by the equations

),( 213 xxhx +=  and ),( 213 xxhx −= , ω∈),( 21 xx , we denote by +Γ  and −Γ , respectively, and the lateral face, where

the thickness of Ω is positive, we denote by ),,(),(;),,{()(\~
21321

3
321 xxhxxxhxxx +−−+ <<∈=Γ∪ΓΩ∂=Γ R

}~),( 21 γ∈xx .
We assume that the prismatic shell consists of homogeneous, isotropic thermoelastic material with Lamé con-

stants λ, μ, density ρ and thermoelastic constants γ, η, χ, which define the mechanical properties of the material. The

applied body force density we denote by 3),0(:)( Rf →×Ω= Tfi  and the density of heat sources we denote by

R→×Ω ),0(: Tf θ . The temperature θ vanishes along the boundary Ω∂=Γ  of the domain Ω. The prismatic shell

is clamped along a part ),,(),(;),,{(~
21321

3
3210 xxhxxxhxxx +− <<∈=Γ R  }~),( 021 γ∈xx , γγ ~~

0 ⊂ , of the lateral face Γ~

and on the remaining part 01
~\ ΓΓ=Γ  of the boundary surface force with density 3

1 ),0(:)( Rg →×Γ= Tgi  is given.
The dynamical linear three-dimensional model of stress-strain state of thermoelastic body in differential form is given
by
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where 3),0(:)( Ru →×Ω= Tui  is the displacement vector-function of thermoelastic body, R→×Ω ),0(: Tθ  is the
temperature distribution. If we multiply equations (1) by smooth enough functions iv , which vanish on 0

~
Γ , multiply

equation (2) by smooth enough function ϕ vanishing on Γ, integrate the obtained equations over the domain Ω and
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apply integration by parts, taking into account boundary conditions (3), we obtain

+
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
++

∂

∂
∫ ∑∑∑∑∫
Ω ==== Ω

dxeeeedxv
t
u

ji
ijij

q
qq

p
pp

i
i

i
3

1,

3

1

3

1

3

1
2

2
)()(2)()(1 vuvu μλ

ρ

∑∫ ∑ ∫∑∫
= Ω = Γ= Ω

Γ+=
∂
∂

+
3

1

3

1

3

1
,1)()(

1i i
ii

i
iii

i
dvgdxxvxfdxv

x ρ
θ

ρ
γ

(5)

,)()(
3

1

3

1
∫∑ ∫∑∫∫
Ω= Ω= ΩΩ

=
∂
∂

∂

∂
−

∂
∂

∂
∂

+
∂
∂ dxxxfdx

xt
u

dx
xx

dx
t p p

p

j jj
ϕϕχηϕθχϕθ θ

(6)

for all )( iv=v , which are smooth enough and equal to zero on 0
~
Γ , and for all sufficiently regular ϕ vanishing on the

boundary Γ. Note that if )( iu=u  and θ are solutions of the equations (5) and (6) and are smooth enough, then they
also satisfy differential equations (1), (2) and boundary conditions (3). So, the problem (1)-(4) is equivalent to the
problem (5), (6), (4), which can be used to define the weak solution of the initial boundary value problem for thermoelastic
prismatic shell.

Hereafter we consider the following variational formulation of the three-dimensional initial boundary value prob-
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together with the initial conditions
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where 0u , 1u  are the initial displacement and velocity vector-functions, 0θ  is the initial distribution of temperature,
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Note that the functions +h  and −h  are Lipschitz continuous in ω and hence, due to Rademacher’s theorem [13],
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For the constructed two-dimensional initial-boundary value problems (10)-(12) the following existence and unique-
ness theorem is proved.

Theorem 1. If ω and functions +h , −h  are such that Ω is a Lipschitz domain, 0>μ , 023 >+ μλ , 0>χ ,
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then the dynamical two-dimensional problem (10)-(12) possesses a unique solution.
Along with investigation of the reduced two-dimensional problem it is very important to study the relation of the

constructed hierarchical model to the original three-dimensional problem. In order to formulate the corresponding
theorem let us define the following anisotropic weighted Sobolev space
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maTematikuri fizika

Termodrekadi prizmuli garsebis ierarqiuli
modelebis ageba da gamokvleva

g. avaliSvili, m. avaliSvili, d. gordeziani

i. javaxiSvilis Tbilisis saxelmwifo universiteti

(warmodgenilia akademiis wevris r. bancuris mier)

naSromSi ganxilulia sawyis-sasazRvro amocana Termodrekadi prizmuli garsebisaTvis. im
SemTxvevaSi, roca prizmuli garsis zeda da qveda piriT zedapirebze mocemulia Zabvebi,
samganzomilebiani dinamikuri amocana dayvanilia organzomilebiani amocanebis ierarqiaze. miRebuli
amocanebi Seswavlilia Sesabamis funqcionalur sivrceebSi, damtkicebulia organzomilebiani
amocanebis amonaxsnebidan aRdgenili sami sivrciTi cvladis veqtor-funqciebis mimdevrobis
krebadoba sawyisi samganzomilebiani amocanis amonaxsnisaken da miRebulia krebadobis rigis Sefaseba.
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