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ABSTRACT. By means of a sequence ¢ =(¢,),.y of square-integrable functions, not necessarily orthonor-
mal, on a positive measure space (€2, v) a notion of a ¢ -summing operator can be defined. We show that the

class IT, (X.Y) of all ¢ -summing operators acting between Banach spaces X, ¥ is non-trivial iff ¢ is a 2-

dominated sequence. It is shown also that if ¢ is a 2-dominated sequence, then every 2-summing operator is

@ *-summing. © 2009 Bull. Georg. Natl. Acad. Sci.
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Introduction

Let X,Y be normed spaces over the same field K of real or complex numbers and L(X,Y) be the vector space
of all continuous linear operators from X to ¥ endowed with the usual operator norm. For a normed space X with the
dual space X' = L(X,K), we write BX* = {x* ex “x*“ <l1}.

For an operator 7 € L(X,Y), anumber p, 0< p <oo, and a natural number n we denote 7r§,") (T) the least

constant ¢ >0 such that for each (x,...,x,) € X" the following inequality holds:
( n \\l/p ( . . 1/p
LZ"Txk”p J <c sup Lz |x"(x,) [P J
k=1 x €B 4 \k=l
b's
The operator T is called p-summing (or absolutely p-summing) if
7, (T):= supﬂfy”)(T) < o0,

n=1

The set of all p-summing operators 7': X — Y is denoted by I1,(X,Y).If p>1, then the mapping
T'— 7,(T) isanormon IT,(X,Y) and itis called p-summing norm.

This concept of a p-summing operator was introduced by A. Pietsch in 1966 and it played and continues to play
an important role in Functional Analysis [1].
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Convergence Properties of ¢-Summing Operators 17

Let ¢ =(¢,),n be asequence of square-integrable functions given on a positive measure space (2, A,v) such

that
, 12
||go,,||2 = (J.Q |p, ()] dv(a))) >0, n=1,2,...
For an operator 7 € L(X,Y) and a natural number » we denote by ||T ||n v the least among the constants ¢ >0

such that for each (x,...,x,) e X"

(

i

The operator T will be called ¢ -summing (or ¢ -bounding) [2] if

2 \1/2 ( 12

n . \
dv(a))J <c sup L2|x(xk)|2J

x eB 4 \k=1
X

D T (@)
k=1

7, = sup|7], , <o
nx1
The set of all ¢ -summing operators 7: X — Y will be denoted I o (X,Y). The mapping T — ||T ||(p is a norm

on IT, (X,Y) anditis called ¢ -summing norm.

If g =(g,),n is a sequence of independent standard Gaussian random variables given on a probability space,

then the class I1,(X,Y) of g-summing operators will coincide with the class of Gaussian-summing (or y -

summing) operators introduced in [3] (see also [4: (4.15.7)]).
If »=(r,), 1s the sequence of Rademacher functions given on [0,1] with the Lebesgue measure, then the

class I, (X,Y) of r-summing operators will coincide with the class I, ()X,Y) of almost summing operators

introduced in [1].
If ¢ =(¢,),~ 1s a sequence of independent identically distributed symmetric random variables given on a

probability space, then the class I1 o (X.Y) of @ -summing operators appeared in [5].
It seems that the class of ¢ -summing operators when ¢ = (¢, ), 1S an arbitrary orthonormal sequence was

explicitly defined and studied in detail in [6, 7].
In [8] (where the notion of a ¢ -summing operator presents implicitly) it was shown that if ¢ is an orthonormal

basis in  L,(Q,»K), then for every pair X.,Y of Banach spaces II,(X,Y)=II,(X,Y) and
||T ||(/) =m,(T), VT €Il (X,Y). In [9] it is proved that if ¢ is a (not necessarily orthonormal) normalized
unconditional basis in L, (€2, v;K) , then for every pair X,Y of Banach spaces the equality IT,(X,Y)=1I1,(X,Y)

remains true.
In[1, Theorem 12.12] it was shown that for any pair of Banach spaces X,Y

9 12
ML (=11, (00 and (2] <], <],

It is known also that for any pair of Banach spaces X,Y and for any orthonormal sequence ¢ = (¢,),.y the
inclusion I, (X,Y) < Il, (X,Y) remains true and the inequality ||T ||é < ||T ||(p holds (cf. [4: Theorem 4.15.3]; see

also [10: Remark 3.10] where this fact is mentioned as known, but the proof is given too). In [6: 16] the considered
result is also presented as known and is quoted in its connection [10: Remark 3.10] and [11: Theorem 5.5]).

In [2] it was obtained the following general result:
Theorem 1.1 Let X,Y be normed spaces, ¢ = (¢, ),n be a sequence of square integrable scalar functions

given on a positive measure space (Q, A, V) such that

Bull. Georg. Natl. Acad. Sci., vol. 3, no. 3, 2009



18 Vazha Tarieladze, Ricardo Vidal

p= sup%<oo. (1)

o)
k=1
Then:
(@ |1, .
(b) We have 11, (X,Y) < I1, (X,Y) and

||T||g_ < ﬂ||T||(P‘ , VT ell, (X,Y).

<plrl,,, Yn eN, VT e L(X,Y).

As this was noted in [2], in general it may happen that for every given pair of Banach spaces (X,Y) and a
sequence (¢ ),y satisfying (1) the class I, (X.Y) is trivial, i.e. I, (X.,Y)={0}. In the present paper we show

that the problem of non-triviality admits a complete solution in terms of 2-dominated sequences (see the next section

for a definition). Namely, we have the following result:
Theorem 1.2 Let ¢ :=(¢,),n be a sequence of square integrable functions. Then:

(a) If for some pair (X,Y) of normed spaces the class I, (X.Y) is not trivial, i.e. TI,(X,Y) #{0}, then

(@,)neN 18 a 2-dominated sequence in L,(Q, v;K) .
) If (¢,),en i a 2-dominated sequence in L,(Q,v;K), then for every pair X,Y of normed spaces the
inclusion I1,(X,Y) c 11, (X,Y) holds and

7, <hy 7 (D), VT el (X, 1),

where h,, is the 2-dominating constant of .= (¢,),eN-
In the following statements we give the descriptions of ¢ -summing operators by means of boundedness and

convergence properties.
Proposition 1.3. Let X,Y be normed spaces ¢ :=(¢,),.n @ sequence of square integrable functions. Then for

an operator 7 : X — Y the following statements are equivalent:
() T ell, (X,Y).

(i7) For every weakly 2-summable sequence (x,),.y in X the sequence (7x,¢,),oy is unconditionally bounded

in L,(Q,v;Y).

(7ii) For every weakly 2-summable sequence (x,),. in X the sequence (z:_lTxk;ok) is bounded in

neN

L,(Q,v;Y).

Theorem 1.4. Let X be an arbitrary Banach space, Y a Banach space which does not contain a closed vector
subspace isomorphic with ¢, and @ :=(¢,), @ Sequence of square integrable functions. Then for an operator

T:X > Y thefollowing statements are equivalent:
() T ell, (X,Y).

(i) For every weakly 2-summable sequence (x,),.y in X the series znT X, @, is unconditionally convergent in
L2 (Qa v, Y)
(iii) For every weakly 2-summable sequence (x,),. in X the series Z nT X, @, is convergent in L,(Q,v;Y).

Finally, we note that the implication (7) = (iii) of Theorem 1.4 is not true for X =/, and Y =¢, when

@ =(@,),n 1s the Rademacher sequence [12].
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Convergence Properties of ¢-Summing Operators 19

2. Auxiliary definitions and proofs

For a positive measure space (€2, A,v) a number p, 0< p <oo, and a normed space X we write L,(€2,v;X)

for the space of all Borel measurable functions &:Q — X for which £(Q) is a separable subset of X and
1

I, =([, Jetl aviw)” <=
4 Q
We denote by LP’W(Q, v; X) the set of all functions £:QQ — X such that x of eLP(Q, v;K), vx eX It

follows from closed graph theorem that
||ﬂ|p7w = sup “x* o éeﬂp <o, VEeL,  (Q v X).

x €eB
X

Clearly,
L, Qv,X)cL,,(Qv;X)

and

I, <l

If n is a natural number, Q={l1,...,n} and v is the counting measure on €, then

L,(Qv;X)=1L, ,(Q,v;X)=X" and in this case for each (x;,...,x,) e X":

(e "
x| |
k=1

( n \l/p
G, = sup LZ\x*(xk)V) J

x eB 4 \k=1
X

. VEeL, (v, X).

and
[ET N (E T 2l [T
If Q=N and v is the counting measure on Q, then /,(X):=L,(Q,v;X) and [, (X):=L, (€2, v;X).

In other words, /,(X) consists of all (infinite) sequences x. = (x, ),y of elements of X such that

(@ "
bl = Xl | <

while an (infinite) sequence x, = (x, ),y Of elements of X belongs to /, (X)) iff itis weakly p-summable, i.e.

Z|x*(xn)|p<oo, vxeX'.

n=1
We have also,

(& V'
<]l = suw Lle*(xmp | IE e €l
1

x €B 4 \pn=
X

Remark 2.1. Let X,Y be normed spaces and 0 < p <.
(a) It is an important consequence of Dvoreizky's theorem that the equality 1,(X)=1,,,(X) holds iff X is finite-

dimensional [13: 104].
(b) For an operator T € L(X,Y) we have T €ll,(X.Y) iff (Ix,) €l,(Y) for every (x,) €l,,,(X) (Pietsch).

If 1< p <o, then it is possible to give an internal description of weakly p-summable sequences. We need such a

description when p=2 and p=1.
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20 Vazha Tarieladze, Ricardo Vidal

For a sequence ¢ =(¢,),y In a normed space £ and a natural number 7 let 4, , be the least among the

constants /4> 0 such that
1

(& )2
shtijawj , V(1) eK".
k

-1

n
ka P
k=1

We say that the sequence ¢. is 2-dominated if h, = sup, \h,, <o and h, we call the 2-dominating constant

of @..
Remark 2.2. It is known that a sequence ¢ in a normed space E is a 2-dominated sequence iff ¢ is a weakly 2-

summable sequence. Moreover, for each 2-dominated ¢. we have: h, = ||(p ||2 Y

A sequence ¢ in a Hilbert space (E (G -)) is a 2-dominated sequence iff for some finite positive constant ¢

D, v Py

n=l

’. VyeE.

In [14: Definition 3.1.2] a 2-dominated sequence in a Hilbert space is called a Bessel sequence.
Observe that if ¢ =(¢,),n 1s an orthonormal sequence in a Hilbert space E, then it is 2-dominated sequence

and hgo' =1.

For a sequence ¢ =(¢,),y In a normed space E and a natural number n let b, , be the least among the

constants b > 0 such that

Z(Pk

keA

<b, VA c{l,---,n}.

We say that the sequence ¢, is unconditionally bounded if

b, :=supb, , <o
neN
and b, we call the uc-bounding constant of ¢..

Remark 2.3. Let ¢ = (¢,),~ be a sequence in a Banach space E.

(a) It is known that @. is unconditionally bounded iff is a weakly 1-summable sequence. Moreover, for each
unconditionally bounded ¢. we have: b, =||(0,||1 "

(D) If the series Z @, is unconditionally convergent, then the sequence @. is unconditionally bounded.

(c) (Bessaga-Pelczynski's theorem [14: Theorem 2.3.3]) For every unconditionally bounded sequence @ the
series z @, is unconditionally convergent iff E does not contain a closed vector subspace isomorphic to c .

n
Lemma 2.4. Let (¢,),n be a 2-dominated sequence in L,(Q,v;K), H be a Hilbert space.
(a) Vn eN and Vz,---,z, €H,

n

ZZ kPr

k=1

1
(n \E
<h, LZ”ZkMZJ ;
2 k=1

(b) If (z,) €l,(H), then the series Zk—1zk(pk is unconditionally convergent in L, (€, v; H) and the inequality

o0
sz(ﬂk
k=1

2
holds.

Proof. (a) is easy to see.
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() Fix a bijection 7:N — N and natural numbers n <m. Since (¢,,) is also a 2-dominated sequence with

the same constant ¢, we have:

1
D erupn] <t Lol |
k=n pa

consequently,

m
n,lrri;IEw ;Z”(k)wﬁ(k) i 0.

Then, since L,(€,v;H) is complete, we have that Zf_lzk(pk is unconditionally convergent and the needed

inequality holds as well.

Corollary 2.5. Let (¢,) be a 2-dominated sequence in L,(Q,v;K), X normed space, H a Hilbert space.

(@) If T ell,(X,H) and (x,)€l,,(X), then the series Z:_lTxkgok is unconditionally convergent in

L,(Q,H) and the following inequality is true

ZT Xk Pk

k=1 2
(b) T,(X,H)c I, (X,H) and ||T||¢' < hy, 7y (T), VT €T, (X, H).

<h, 1 (T)”(xk)"z,w'

Proof. (a) Let T eIl,(X,H) and (x,) €l,,,(X). Then (Tx,) el,(H) and |(Tx,)|, Sﬂz(T)”(xn)”LW

Lemma 2.4 (b) we have that the series Zj_lT X, ¢, is unconditionally convergent in L, (Q, H) and

=

(& )
<h, LZ"Txk I J <h, 1y (D], -

k=1

ZT Xk (Pk

(b) follows from (a)
Proof of Theorem 1.2.

(@) Fix T ell, (X,Y), ||T|| =1, avector x €Sy, Tx # 0, a natural number n and a finite sequence 1,...,

scalars. Since T eIl (X,Y), we can write

n
ztk P
k=1 2

From this inequality, since x €S, with Tx # 0 is arbitrary and ||T || =1, we get:

1
" (& 2
Ztk¢’k < "T"Q Lz 1 |2J
= k=1

Hence, ¢ =(¢,),cn s a 2-dominated sequence with /4, < IT ||¢ .

1
n 2

)
|7 71, ..., =[71, L W F

= ZT(kaWk <
k=1 2

tn

. From

of

(b) Fix T eIl,(X,Y), a natural number n, a finite sequence (x;,...,x,) € X" and write &= szlxk(pk' Since

@ =(¢,),on 18 a 2-dominated sequence, we have:

[, -

0| =

x (xk)@c

Shw {i|x*(xk)|2J ,Vx eX’
N

and so,
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22 Vazha Tarieladze, Ricardo Vidal

“x* ° §ﬂ2 <h, ||(x1,...,xn)||2’W 2 EBX*. 2

From T eI1,(X,Y) itis standard to get:

ZH:T Xk Pr

k=1

=|Ted, < m(T) sup |x"eg] .

x €B
2 v

From the last relation and (2) we obtain:

ZT X Pk

k=1

<7y (T)h, "(xl’“"xn )”2,w'

2
Hence, T €ll,, (X,Y) and ||T||¢ < ﬂz(T)h(p_ . O

The implication (i) = (ii) of the following assertion contains an improvement of Theorem 1.2(b).
Theorem 2.6. For a given sequence ¢. =(¢,), the following conditions are equivalent:

@) (¢,),en i a 2-dominated sequence in L,(Q,v;K) .
(if) If X is a normed space, Y is a Banach space, then there exists a finite constant ¢ >0 such that for each

T €Il,(X,Y), and for every weakly 2-summable sequence (x,),. in X the series Zkak(z)k is unconditionally

convergentin L,(Q,v;Y) and

ZTxk(ﬂk
k=1

(iti) For every pair X,Y of normed spaces we have I1,(X,Y) <11, (X,Y) and there exists a finite constant

1

(& 2
< CLZ"Txk"z J <em (M|, V) eb,, (X).
2 k=1

¢ 20 such that
|7, <emy(T), VT eI, (X, Y).

(iv) For every pair X,Y of normed spaces we have the inclusion T1,(X,Y) I, (X.Y).

Proof. (i)= (ii). Take T €Il,(X,Y) then, by Pietsch theorem, T admits a factorization 7 =T,7; such that
T, el(X,H), T, e L(H,Y), m,(T) < 7,(T) and |B[ <1.

From Corollary 2.5 we have that (ii) is true for 7;. This means that if (x,) €/,  (X) then szlkak is
unconditionally convergent in L, (€2, v; H) and

ZTI Xk Pre

k=1

<emy(M)|x|,, »

2
where c is the 2-dominating constant of ¢, = (¢,),~- As T, € L(H,Y) the series ZszTlxk(pk is unconditionally

convergent in L,(Q,v;Y) and we have the inequality

D nhne| <IGlY hne| < em@)-|x],, <em@)-|x],,-
k=1 2 k=1 2
Therefore,
ZTxkgok <cm, (T)-"x,”z,w.
k=1 2
(iii) follows from (ii).

(iif) = (iv) is evident.
(iv)= (). Take X =Y =K and let 7T:K —>K be the identity mapping. Then T eIl,(K,K). Hence
T ell, (K,K) and this clearly implies that (¢,) is a 2-dominated sequence in L,(Q, v;K) .
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Proof of Proposition 1.3.
@) = ().
Fix (x,) €1, ,,(X) and a finite non-empty 4 < N. Thenas T €Il , (X,Y) we have

N =
N\'—

(& . ) (e« )
<], - sup Lzu(x,m | =Irl,, - sup Lz|x<xk>\ ) =i, =1,

© Px P<I\ k=1 © Px P<I\fke4

ZT X Pre

keAd

ZT X (/’k
2

where m =max 4 and x, = x, 1f k € A zero in other cases.
Hence, the sequence (Tx;¢,) is unconditionally bounded in L,(Q,v;Y) (with a uc-bounding constant

<Jr, il

(if) = (iii) is obvious.

(iii) = (i) .

Let us introduce a normed space in the following way.

n
zyk P

k=1

< o0},

B, ()= {(,) €™ [ 1l (3 ll:= sup
" 2

It can be seen that if ¥ is a Banach space, then (B, () |II-1ID is a Banach space too.

We can suppose without loss of generality that Y is a Banach space. Let us define the operator
Tily, (X)—> B, (¥)

which sends (x,) to (Tx,). It is easy to see that T is linear and has closed graph. By closed graph theorem 7 is

continuous, i.€.

||| Tx. " I< "f""x Vx el (X).

||2,w 2

The last inequality implies that 7'is ¢ -summing and ||T ||¢ < "f " o

Proof of Theorem 1.4.

@) = (ii).

Fix (x,) €l,,,(X); from Proposition 1.3 we have that the sequence (7x,9, ),y 1s unconditionally bounded in
L,(Q,v;Y), since Y does not contain copies of ¢, , by Hoffmann-Jorgensen-Kwapien's theorem (see [13: Theorem
5.6.1]) L,(€2,v;Y) also does not contain copies of ¢, ; then by Bessaga-Pelczynski theorem the series Z Ix,p,
converges unconditionally in L, (Q,v;Y) .

(i) = (iii). This is obvious.

(#ii) = (i). This follows from implication (iii) = (i) of Proposition 1.3. o
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