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ABSTRACT. In the present paper an initial-boundary value problem for thermoelastic beam is considered.
Three-dimensional dynamical problem for beam with clamped upper butt end and surface forces given along
the remaining part of the boundary is reduced to a hierarchy of one-dimensional problems. The obtained
problems are investigated in suitable function spaces, the convergence of the sequence of vector-functions of
three space variables, restored from the solutions of one-dimensional problems, to the solution of the original
three-dimensional problem is proved and the rate of approximation is estimated. © 2009 Bull. Georg. Natl.
Acad. Sci.
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Mathematical models for elastic bodies defined on two-dimensional and one-dimensional space domains are 
widely used for designing various engineering structures. In the theory of elasticity, I. Vekua suggested a
dimensional reduction method for plates with variable thickness in [1]. According to this method components of the
displacement vector-function are expanded into orthogonal Fourier-Legendre series with respect to the variable of 
plate thickness and considering only the first 1N +  terms a hierarchy of differential two-dimensional models was 
constructed. The relationship between three-dimensional and the constructed hierarchical model for plate was studied
in [3], and two-dimensional boundary value problems for general shells were first investigated in [4]. Further,
mathematical models obtained by I. Vekua's reduction method, its generalizations and various issues of hierarchical 
modeling were studied in the papers [5-12].  

The present paper is devoted to the construction and investigation of one-dimensional hierarchical models of 
beam, taking into account thermal properties of the elastic material. We consider the variational formulation of the
three-dimensional initial-boundary value problem for linearly thermoelastic beam and construct its one-dimensional 
hierarchical model in Sobolev spaces, when the temperature vanishes along the entire boundary of the body, the 
upper butt end is clamped and surface forces are given along the remaining part of the boundary of the beam. We
investigate the existence and uniqueness of solutions of the reduced one-dimensional problems in suitable weighted 
Sobolev spaces. Moreover, we prove the convergence of the sequence of vector-functions of three space variables to 
the solution of the original three-dimensional problem and under additional regularity conditions we estimate the rate
of convergence.  

Let ,1, ≥⊂Ω ppR  be a bounded domain with Lipschitz boundary. ( )2L Ω  denotes the space of square-

integrable functions in Ω  in the Lebesgue sense. ( ) ( ) ,1,2, ≥Ω=Ω kHW kk  is the Sobolev space of order k  based 

on ( )2L Ω , 
3

( ) ( ) ,k kH⎡ ⎤Ω = Ω⎣ ⎦H  ( ) ( )
32 2 .L⎡ ⎤Ω = Ω⎣ ⎦L  We denote by 0 ( )kH Ω  the closure of the set ( )D Ω  of 

infinitely differentiable functions with compact support in Ω  in the space ( )kH Ω , 1≥k . For any Banach space X , 
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0 ([0, ]; )C T X  denotes the space of continuous functions on [0, ]T  with values in X , 2 (0, ; )L T X  is the space of 

such functions : (0, )g T X→  that 2( ) (0, )Xg t L T∈ . We denote by /g dg dt=′  the generalized derivative of 
2 (0, ; )g L T X∈ .  

Let us consider a thermoelastic beam with variable rectangular cross-section with possibly vanishing thickness 
or width on the lower butt end, i.e. the initial configuration of the beam is a Lipschitz domain Ω  of the following 
form  

{ }3
1 2 3 1 3 1 1 3 2 3 2 2 3 3 3 3( , , ) ; ( ) ( ), ( ) ( ), ( , ) ,x x x h x x h x h x x h x x I h h− + − + − +Ω = ∈ < < < < ∈ =R  

where 0
1 2, ( ) ( )loch h C I Lip I± ± ∈ ∩  are locally Lipschitz continuous in I , 1 3 1 3( ) ( ),h x h x+ −>  ),()( 3232 xhxh −+ >  for 

3 3 3( , ]x h h− +∈ , 1 3( )h x±  and 2 3( )h x±  are equal or different for 3 3x h−= . The upper butt end of the beam Ω , defined by 

the equation 3 3x h+=  we denote by 3
0 3 3 3 3{ ; ( ) ( ), 1, 2, }x h x x h x x hα α α α− + +Γ = ∈ < < = =R  and the remaining part of 

the boundary we denote by 1Γ .  
We study an initial-boundary value problem for a thermoelastic beam which consists of homogeneous 

anisotropic thermoelastic material with elastic constants jipqpqijijpq μμμ == , i , j , p , ,3,2,1=q  density 0>ρ , heat 

conductivity coefficients qppq λλ = , p , ,3,2,1=q  thermal capacity 0>χ  and thermoelastic constants qppq ηη = , 
p , ,3,2,1=q  which define mechanical and thermal properties of the medium. We denote the applied body force

density by ),0(:)( Tfi ×Ω=f 3R→  and the density of heat sources by R→×Ω ),0(: Tf θ . We assume that the 
temperature θ  vanishes along the entire boundary Ω∂=Γ  of the domain Ω , the beam is clamped along the upper 
butt end 0Γ  and on the remaining part 01 \ΓΓ=Γ  of the boundary surface force with density 

3
1 ),0(:)( Rg →×Γ= Tgi  is given.  

The dynamical linear three-dimensional model of stress-strain state of homogeneous anisotropic thermoelastic 
body in differential form is given by 
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where 00 >Θ  is the temperature of the medium in the natural state, )(
2
1)(
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the outward unit normal to 1Γ , ),0(:)( Tui ×Ω=u 3R→  is the displacement vector-function of thermoelastic body, 
R→×Ω ),0(: Tθ  is the temperature distribution. Multiplying the corresponding equations (1) by enough smooth

functions iv , which vanish along 0Γ , equation (2) by enough smooth function ϕ  vanishing along Γ , integrating the 
obtained equations over the domain Ω , applying Green's formula and taking into account boundary conditions (3),
we obtain  
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for all )( iv=v , which are smooth enough and equal to zero along 0Γ , and for all sufficiently regular ϕ  vanishing 
along the boundary Γ . Note that if )( iu=u  and θ  are enough smooth solutions of the equations (5), then they also
satisfy differential equations (1), (2) and boundary conditions (3). So, the problem (1)-(4) is equivalent to the 
problem (5), (4), which can be used to define the weak solution of the initial-boundary value problem for an 
anisotropic thermoelastic beam.   

In the present paper we employ the following variational formulation of the three-dimensional initial-boundary 
value problem (1)-(4): Find ))(];,0([0 Ω∈ Vu TC , ))(];,0([ 20 Ω∈′ Lu TC , ))(;,0( 1

0
2 Ω∈ HTLθ , which satisfies the 

following equations in the sense of distributions in ),0( T   
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The formulated three-dimensional initial-boundary value problem (6)-(8) possesses a unique solution if 
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In order to construct the hierarchy of two-dimensional models we approximate the original spaces corresponding
to the three-dimensional problem by subspaces consisting of vector-functions whose components are polynomials 
with respect to the variables 1x  and 2x . In the case of displacement vector-function we consider the subspaces 

)(21 ΩNNV  and )(21 ΩNNH  of )(ΩV  and )(2 ΩL , respectively, ),,( 321
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For the temperature field we consider the subspaces )(21 Ωθ
θθ NNV  and )(21 Ωθ

θθ NNH  of )(1
0 ΩH  and )(2 ΩL , 

respectively, which consist of polynomials with respect to the variables of beam thickness and width satisfying
homogeneous Dirichlet boundary conditions on the entire boundary
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For the obtained one-dimensional initial-boundary value problems (10)-(12) the following existence and 
uniqueness theorem is proved. 
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Theorem 1. If the functions ±
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then dynamical one-dimensional problem (10)-(12) possesses a unique solution. 
In the next theorem we present the results of investigation of the relationship between the constructed one-

dimensional hierarchical model and the original three-dimensional problem, but in order to formulate it let us define
the following anisotropic weighted Sobolev space  

,2,       },2,1,1),(                    

,2
~

0),(),();({)(

2
3

2
~

213
2

~
12,,

2,1

≥∈=≤≤Ω∈∂∂

−≤≤Ω∈∂∂∂∂Ω∈∂Ω∈=Ω

±

±
±

ssskLvh

skLvhHvHvH

k

kkss
h

Nααα

ααα
 

which is a Hilbert space equipped with the norm  

( )
( )

, ,2 2 2 2

1,2

2 2

2 2 2 2 22
3 1 2 3 1 2( ) ( ) ( ) ( )

1 0

2 2

3 3( ) ( )
1

.

s s
h

s
r r r

H H L L
r

s
k k

L L
k

v v h v h v

h v h v

α α α α α
α

α α α α

±

−
+ −

Ω Ω Ω Ω
= =

+ −

Ω Ω
=

⎛
= ∂ + ∂ ∂ ∂ ∂ + ∂ ∂ ∂ ∂ +⎜⎝

⎞
+ ∂ ∂ + ∂ ∂ ⎟⎠

∑ ∑

∑
 

Theorem 2. If )(0 Ω∈ Vu , )(2
1 Ω∈ Lu , )(2

0 Ω∈ Lθ , ))(;,0()( 223
1 Ω∈= = Lf TLf ii , ;,0(, 2 TL∈′gg ))( 1

3/4 ΓL , 

))(;,0( 5/62 Ω∈ LTLf θ , conditions (9) are fulfilled and the vector-functions )(2121 0 Ω∈ NNNN Vw , 

)(2121 1 Ω∈ NNNN Hw , )(2121 0 Ω∈ θ
θθθθ

ζ NNNN H  corresponding to the initial conditions )(2121 0 IVw NNNN

rr
∈ , 

)(2121 1 IHw NNNN

rr
∈ , )(2121 0 IH NNNN

θ
θθθθ

ζ
rr

∈  of one-dimensional problems, tend to 0u , 1u  and 0θ  in the spaces )(1 ΩH

, )(2 ΩL  and )(2 ΩL , respectively, as ∞→=
≤≤

},,,{min 2121
31min θθ NNNNN iii

, then the vector-function )(21 tNNw  and 

function )(21 tNN θθ
ζ  restored from the solutions 21NNw

r
 and 21

θθ
ζ NN

r
 of the reduced one-dimensional problem (10)-(12), 

tend to the solution of the original three-dimensional problem (6)-(8), 

       .   as      )),(;,0(in                          

  ],,0[  allfor                    
),(in                 )()(
),(in                )()(
),(in                )()(

min
12

2

2

1

21

21

21

21

∞→Ω→

∈

Ω→

Ω′→′
Ω→

NHTL

Tt
Ltt

tt
 tt

NN

NN

θζ

θζ

θθ

θθ

Luw
Huw

NN

NN

 

In addition, if ;,0(/ 2 TLdtd pp ∈u )))(( 32,,

2,1
Ω±

pp ss
h

H , N∈ps , 2,1,0=p , 2210 ≥≥≥ sss , 31 ≥s , ;,0(2 TL∈θ

))(2,, 00

2,1
Ω±

θθ ss
h

H , ;,0(2 TL∈′θ ))(2,, 11

2,1
Ω±

θθ ss
h

H , 210 ≥≥ θθ ss , 30 ≥θs , then for suitable initial data 021NNw
r

, 121NNw
r

 and 

021
θθ

ζ NN

r
 the following estimate is valid 



32 Gia Avalishvili, Mariam Avalishvili

Bull. Georg. Natl. Acad. Sci., vol. 3, no. 3, 2009

1 2 1 20 1 0 2

1 2 1 2
0 2 2 1

([0, ]; ( )) ([0, ]; ( ))

1 2 1 2
0 1 2

([0, ]; ( )) (0, ; ( )) min

1
( , , , , , , , , ),

( )

C T C T

sN N N NC T L L T H
o T h h N N

Nθ θ θ θ
θ θθ ζ θ ζ

Ω Ω

± ±

Ω Ω

− + − +′ ′

+ − + − ≤ Ω Γ

N N N NH L
u w u w

N N
 

where }1,,1,min{ 0112 −−= θθ sssss , 0),,,,,,,,( 2121
210 →ΓΩ ±±

θθ NNhhTo NN , as ∞→minN . 
 
 

maTematikuri fizika

Termodrekadi Reroebis erTganzomilebiani modelebis
gamokvlevis Sesaxeb

g. avaliSvili*, m. avaliSvili*

* saqarTvelos universiteti, Tbilisi

(warmodgenilia akademiis wevris r. bancuris mier)

naSromSi ganxilulia sawyis-sasazRvro amocana Termodrekadi RerosaTvis. samganzomilebiani
dinamikuri amocana RerosaTvis, roca misi zeda torsuli zedapiri Camagrebulia, xolo sazRvris
danarCen nawilze mocemulia Zabvebi, dayvanilia erTganzomilebiani amocanebis ierarqiaze. miRebuli
amocanebi gamokvleulia Sesabamis funqcionalur sivrceebSi, damtkicebulia erTganzomilebiani
amocanebis amonaxsnebidan aRdgenili sami sivrciTi cvladis veqtor-funqciaTa mimdevrobis
krebadoba samganzomilebiani amocanis amonaxsnisaken da miRebulia krebadobis rigis Sefaseba.
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