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ABSTRACT. In the present paper an initial-boundary value problem for thermoelastic beam is considered.
Three-dimensional dynamical problem for beam with clamped upper butt end and surface forces given along
the remaining part of the boundary is reduced to a hierarchy of one-dimensional problems. The obtained
problems are investigated in suitable function spaces, the convergence of the sequence of vector-functions of
three space variables, restored from the solutions of one-dimensional problems, to the solution of the original
three-dimensional problem is proved and the rate of approximation is estimated. © 2009 Bull. Georg. Natl.
Acad. Sci.
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Mathematical models for elastic bodies defined on two-dimensional and one-dimensional space domains are
widely used for designing various engineering structures. In the theory of elasticity, I. Vekua suggested a
dimensional reduction method for plates with variable thickness in [1]. According to this method components of the
displacement vector-function are expanded into orthogonal Fourier-Legendre series with respect to the variable of
plate thickness and considering only the first N +1 terms a hierarchy of differential two-dimensional models was
constructed. The relationship between three-dimensional and the constructed hierarchical model for plate was studied
in [3], and two-dimensional boundary value problems for general shells were first investigated in [4]. Further,
mathematical models obtained by I. Vekua's reduction method, its generalizations and various issues of hierarchical
modeling were studied in the papers [5-12].

The present paper is devoted to the construction and investigation of one-dimensional hierarchical models of
beam, taking into account thermal properties of the elastic material. We consider the variational formulation of the
three-dimensional initial-boundary value problem for linearly thermoelastic beam and construct its one-dimensional
hierarchical model in Sobolev spaces, when the temperature vanishes along the entire boundary of the body, the
upper butt end is clamped and surface forces are given along the remaining part of the boundary of the beam. We
investigate the existence and uniqueness of solutions of the reduced one-dimensional problems in suitable weighted
Sobolev spaces. Moreover, we prove the convergence of the sequence of vector-functions of three space variables to
the solution of the original three-dimensional problem and under additional regularity conditions we estimate the rate
of convergence.

Let QcR”,p>1, be a bounded domain with Lipschitz boundary. I? (Q) denotes the space of square-
integrable functions in Q in the Lebesgue sense. W k.2 (Q) =H k(Q), k >1, is the Sobolev space of order &k based

3 3
on I*(Q), H'(Q)= [Hk (Q)J , LX(Q)= [Lz (Q)] . We denote by Hj(Q) the closure of the set D(Q) of
infinitely differentiable functions with compact support in Q in the space H k (Q), k>1. For any Banach space X,
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C°([0,T]; X) denotes the space of continuous functions on [0,7] with values in X, I?(0,7;X) is the space of
such functions g:(0,7) > X that ||g(t)|| ¥ eI?(0,T). We denote by g' =dg/dt the generalized derivative of

g el*(0,T; X).

Let us consider a thermoelastic beam with variable rectangular cross-section with possibly vanishing thickness
or width on the lower butt end, i.e. the initial configuration of the beam is a Lipschitz domain Q of the following
form

Q= {(xl,xz,x3) eR’; By () <X < h(x3), By (x3) <Xy <hy (x3), X3 €l = (h;,h;)} ,
where i*,h,* € CO(I)N Lip,,,(I) are locally Lipschitz continuous in 1, /' (x;)>hy (x3), hi(x3)> h; (x3), for
xy e(hy,hg ], ' (x;) and hy (x3) are equal or different for x; = A; . The upper butt end of the beam €2, defined by
the equation x; = & we denote by T'y = {x e R*; /1 (x;) < x,, <h}(x3),¢=1,2,x; = hj } and the remaining part of

the boundary we denote by T, .

We study an initial-boundary value problem for a thermoelastic beam which consists of homogeneous
anisotropic thermoelastic material with elastic constants 14, = 1, = Hjipg> 1+ J > P>q =1,2,3, density p >0, heat
conductivity coefficients 4,, =4,,, p,q =123, thermal capacity y >0 and thermoelastic constants 7,, =17,, ,
p,q =123, which define mechanical and thermal properties of the medium. We denote the applied body force
density by f=(f;):Qx(0,T) > R® and the density of heat sources by f‘g :Qx(0,7) > R. We assume that the
temperature € vanishes along the entire boundary I' = 0Q of the domain Q, the beam is clamped along the upper
butt end I, and on the remaining part I, :1“\1"_0 of the boundary surface force with density
g=(g;): I} x(0,7)—> R? is given.

The dynamical linear three-dimensional model of stress-strain state of homogeneous anisotropic thermoelastic
body in differential form is given by

o'u, & 0 3
L= e (u)—n,0|+f inQ,i=1223, 1
P o2 ]Z:‘ax qullﬂypq g (W =105 fi l 1)
o0 .
- z pq_ znpqepq(u)"’_f m Q ) (2)
81 pqlﬁx [ 6xq] qul

3( 3
Z Z”!/Pqepq(“)_m/‘e ;=g onlj, uw0=0onT,, 6=0onT, 3)

J=I\ =1
u; (x,0) =ug; (x), %(X,O):u”(x), 0(x,0)=6y(x) inQ, i=123, 4)

. Ov;
where ©, >0 is the temperature of the medium in the natural state, e;(v) = %(ai+a—j), i,j=123, v=(v;) is
. X;

the outward unit normal to I}, u=(u,;):Qx(0,7) — R’ is the displacement vector-function of thermoelastic body,
0:Qx(0,7) > R is the temperature distribution. Multiplying the corresponding equations (1) by enough smooth
functions v;, which vanish along I',, equation (2) by enough smooth function ¢ vanishing along I', integrating the

obtained equations over the domain Q , applying Green's formula and taking into account boundary conditions (3),
we obtain

J.p—v dx+J- Z Hijpg pg (We;; (V)dx + Z J. 77U v dx = _[f(x)v (x)dx + z J. gvdl,

i=l Q Qi,j,p.q=1 i,j=1Q i=l Q 111"1

(5)
06 ; 00 op
£ ZEWHP;I e ox, ox, Pl ®oZI Mo 5, a jf ()p(x)dx,
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for all v=(v;), which are smooth enough and equal to zero along I',, and for all sufficiently regular ¢ vanishing
along the boundary I'. Note that if u=(u;) and € are enough smooth solutions of the equations (5), then they also

satisfy differential equations (1), (2) and boundary conditions (3). So, the problem (1)-(4) is equivalent to the
problem (5), (4), which can be used to define the weak solution of the initial-boundary value problem for an
anisotropic thermoelastic beam.

In the present paper we employ the following variational formulation of the three-dimensional initial-boundary

value problem (1)-(4): Find u e C°([0,T];V(Q)), u' e C*([0,T];L*(Q)), 6 L*(0,T;Hy(Q)), which satisfies the
following equations in the sense of distributions in (0,7)

AWy g ) + Sy j 0 ) i = EV ey + @V P < V), (©)
i,j=1
_(10() ¢)L2(Q) ta (0() (p) ®O z (npq q° aaxq) )LZ(Q) (f ¢)L2(Q)’ V(pEH(l)(Q)9 (7)
pg=l

together with the initial conditions
u(0) =uy, u'(0)=u,, 0(0)=6,, (8)
where u,, u, are the initial displacement and velocity vector-functions, &, is the initial distribution of temperature,

u, eV(Q)={veH (Q);tr(v)=0 onT,}, tr is the trace operator from H'(Q) to H'?(I"), (i ()

and (.,.);2 (r,) are scalar products in the spaces L? Q), I’ (Q) and L? (I7) , respectively,
3
a@V)=[ D typge, ey (Vidx, WV, V(Q),
Qij,pq=1
y) a‘” a‘/’ V.5 e Hy(Q
' (.0) = jz ” , 0.5 € Hy(Q).
Qpg=l

The formulated three-dimensional initial- boundary value problem (6)-(8) possesses a unique solution if
uy e V(Q), w e (@), 6 € L(Q), f=(/)L € PO.TIA(Q), g.g' e PO.T; L), /€ L2031 (Q)
and the constants defining mechanical and thermal properties of the medium satisfy the following conditions

3
z,uiqugpqg 2c, Z(gu) Vgl.j eR, & =Ejisiy] =1,2,3,
i,_‘, ,q=1 i,j=1
Jipsq 3 J= )
Z’ipqugq _CAZ(EP)Z, Ve, eR, p=123.
P-q=1 p=1

In order to construct the hierarchy of two-dimensional models we approximate the original spaces corresponding
to the three-dimensional problem by subspaces consisting of vector-functions whose components are polynomials
with respect to the variables x; and x,. In the case of displacement vector-function we consider the subspaces

Vo (Q) and H ., (Q) of V(Q) and L*(Q), respectively, N* =(N¥,N¥,N%), a=1,2, which consist of the
N'N N'N P y 1>V, V3

following vector-functions

N! N? 12
i i 1 1 1
Vit = Ui s Ve = 2 > = + )07+ D) Ve Py () (22),
7 =0r7=0""1"2
it 7 - + -
VNINY e L*(]), 0<r* <N/, i=123,z,= x“h hy , hy, = ha 2ha , hy, =%, a=12.

a

For the temperature field we consider the subspaces Vlf,’l y2(Q) and H;),l N2 (@) of H(l)(Q) and L*(Q),
0t'e o*re

respectively, which consist of polynomials with respect to the variables of beam thickness and width satisfying
homogeneous Dirichlet boundary conditions on the entire boundary
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Np N{)

1 1, 'n
Oniv; = ZOZ R R ACY ACY
n=un

NO N{} 1 r=+Ng§ +ﬂ
> —@+ )(r2+ )(/)NNZ Z<1+( DT NINP, (20)Pyz g (z5) +

1n=0r,=0 2h1h2 a.p=1

Ny N v

Z;‘]Z;)%hz (r+ )(r2+ );oN 2 ;(H( 1y Ny (14 (—1)2 Nt yp Py o (2P 5 (22),

"= a

Pyy: €L2(1), 0= <Ny, 0<r <Nj, @ =3-a.

Since the functions hli and h2i defining the geometry of the beam are Lipschitz continuous in the interior of the
interval 7, applying Rademacher's theorem [13], we obtain that hf" and hg‘“ are differentiable almost everywhere
in I and O3k, O3hy e L°(17), forall 1" =(hy",hi"), hy <hy” <hi"" <hi . Therefore, taking into account the
positiveness of hli and hg in I, we have that for any vector-function v =N ), 1 € Vane (€2) the

*

belong to Hl(l*) for all I', I'c1, ie.

ir? rlrz

corresponding functions v, eH, (I), 0<r'<N!,

NIN% VNINZ
1n

0< r,-2 < Ni2 , 1=1,2,3. Similarly, for any function ¢,, N2 34 Nz (Q) the functions Prinz of one space variable in
6

nn

the expression of Prinz belong to H'(I"), r cl,ie. Pyin2 eH,, (I), 0<r <Ny, 0<r, < Nj. Moreover, the

of vector-

o*

in the spaces H'(Q) and H'(Q) define the weighted norms

and ||

1.2 12
it - it

Nz e Ve = (Vyine) > and

norms ||||Hl @ and |||| A,

HY(Q)
3
1,2
iz , Nll,,22’3 = Z(Nil +1)(Ni2 +1), with components v
i=l

functions ;NlNz e[H lloc (D]

nr nr

— 1,2 . —
Pyinz € [H lloc 1Y, N ;’2 = (N}, +1)(N§ +1), with components Pyinz > Py = ((pN},Ng ), such that

“‘7N1N2 = HleNz (@) and “(ﬁN}) N2 H(pNﬁNg M@ . Using the properties of the Legendre polynomials [14], we
Jlge >
rlrl 2
N N? 2 || N (- l)k +1¥
Y3 Tl epotep B o3 3w epsEhs
i=l 7! =0r2=0 a=l|kf=r" h1h2 ha
(1)
kir? k! 1 NN it
X (2 - a)VN1N2i+ (0{ - l) VNINZ[ e — 63 VNINZ[ - Z h (}’ + 1) VN Nz
L2(1) hlhz a=1 a
( 2 1,2 2
03 (hy — (=D 1) o
_Z az k& + 3 p k(2 a)v N2 +(a— 1)VNN2 ,
a=1k{=r"+1 a 2
nr
2 Nj+2Nj+2 Pty 2 |[Ng+2 1 1_(_1)ka+r,1
H¢NN z z (n+ )(”z —) — +Z Z (k, +—)———x
Y "=0 =0 by a=1|\k,=r, 2 hhyhg
()
kyry ks 1 1 2 0 1
C-a)py 2t (@=Do,, ZJ +—[63¢’ 1 z_z : —E (1 D@y —
( NLNZ NLN, o m NAN2 ~ NAN2
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2
2 Nj+2 6 (h+ ( 1) ko1, ho )( kyry nk,
3
—Zk ) (ko o " (@D +@ Doy ,
a=lk,=r,+ 2

where we assume that the sum with the lower limit greater than the upper one equals zero, and

1
1 NG ka +ﬂ+7 k +NS+ 3 kike, .
Pz =~ (1+(—1) atto )¢N})N5, B =12, where a=1and k, =r,,if > N;,and =2 and

ka=0 2(1\/3 +ﬂ+;j

ky=n,if ,>N,.

1.2
it nrn

1,2 —_ 1,2
Note that for components v .. and Prinz of vN IN? € [H,lnc(a))]jvl-z-3 and PNIN2 e[H,loc(a))]Ng , which

possess the properties VNlNz <o and “€DN;N(§ <o we can define the trace for x; =hy . Indeed, the
* o*

corresponding vector-function of three space variables v . = (leNzi)f:l and function Prin? belong to the space
otve

N
Ve (Q)CHI(Q) and V]\fl N2 QcH 1(Q), respectively.  Hence, applying the trace operator

72

rH'(Q)— H”z(l") for any Prinz We define the trace for x; = A3 ,

I hy

trg*((pN NZ) = j j (@) I, By ()P, (2)dxdxy,  0<r, <N§, a=12,
bl

1}”2

) for x;=hy, 0<r' <N}, 0<r? <N7,i=123.

and similarly we define the trace #r: (v P

N'N?%
Since the vector-functions v > = (VN'Nzi)?:l from the subspaces V() and H. (), and the functions
i 1iry

Prinz from VAZ N2 (Q) and Hzev}, N2 (Q) are defined by functions v and Prinz of one space variable, on the

N'N%
introduced subspaces of the original spaces we obtain the hierarchy of one-dimensional problems corresponding to

the original three-dimensional problem (6)-(8): Find w NN € CO([O,T]; v e (D) W N2 € CO([O,T];ﬁNINz ),

g Nz € I’ (0, TV NZ (1)), which satisfy the following equations in the sense of distributions in (0,7)

ZRN‘N2 (VVI'\JINZ ’GNINZ )+ aNIN? (VVNINZ "7N1N2 )+ bN‘NzN})N; (‘5N})N; ’GNINZ )= LN1N2 (leNz )s (10)
LRGP ) + o Cne Prgs) ~ Ooblnnins (s« B ) = Lo @) (1)
dr NoNg o NpNg P NGNG NyN3 NS NONG P NN N'NZNLNZ VNINZ 2 PN NyNG\P NN

forall v € VNlNz (1) and (BN; N2 € Vv 13; N2 (1) , together with the initial conditions
Wyinz (0) = Wiz whinz (0) = Wz s 5N2;N§ (0)= EN;Ngo’ (12)

lr 2

where it €V e (D) = e = ne,) €l (D] <o tn(vgne) =0,  0<rH“<NF,  a=12,

|4N IN? ||«
. - ; - 2. N3 i 2 a a .
1= 1$253} s WNINZI € HNINZ (I) = {leNZ € [L (I)] 1’2-3; (h]hz) VNINZi el ([), O < ]’; < Ni 5 a = 1,2 5 1= 1,2,3} 5

UL

70 (V=15 = PRV
VNéNg (I) N {wN‘lgNg - (goNéN;) € [Hloc (I)] ¢ ’“quéNg

nn

9*<°O’tr6’*(¢1vg1v§):0’ 0<r, <Ny, a =12},

- - - 12 _ 17 o
CNszO eHglNz (I)={(0N;,N5 e[L2(D1Y ;(hyhy) 2 Prinz eI*(I), 0<r,<N§,a=12}, the bilinecar forms

R R’

4
NN NNz 4 NLNZ >

NIN2 bIZ,Nz yiy2 are defined by the corresponding forms in the left-hand sides of
otve

bN N2 NYNG
the equations (6), (7) and taking into account the properties of the Legendre polynomials, we have
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i

N! N? 1 1
Rane Oyinz > Vw2 ) = ZZZ(” +E](r + ]J-

Inh, Vi VNinz 435
i=1 7 _Or =0

N N2

~ ~ max’ " max, 1 1 1 nrn nry
aNlNz (leNz ,VNlNz ) = Z,ulqu Z Z( 2)(}"2 + )J. h h €pq (yN IN2 )elj (VN IN2 )dX3,

i,7,p,q=1 1n=07r,=0

3 Ny+2NZ+2 2 ks
NNNNg((/’NNZ’ NNZ) bNNNNZ(V N2’¢NN2) ZZ ZH(k +_)th2 771'3|:a3¢NéN§_

i=l k=0 k,=0 a=1

a h k 1) Fkik h+_ lk”ah sk, ks,
B IR P 3D M L e TR RPN leNa)]

a=1 a a=ls,=k,+1 a

=, a
a

kiky 2 Ng+2 ks, otk kiky
SRS WHID IR [CE QP @D s (1= D 5) oy by
a=l1 Sg =k,

ok, 1 ok, Kk, kk ok,
where N7, =max N7, a=

ki< a=12, ¢; (yy:) = (6 (Vg2 ) 0, (Vga) +d O N2)+dﬂ QNN
Ik, - a h kyky 2 Nmax 1 .
dij(leNZ):_z ( )(k DVNNZ Z Z —(S + F(}ﬁ—( l)k“+“/’l )X
P a= lsa=ka+1h
sk 3—iyi N . ks ks,
- a)vNNz +(a— DVNNZ) ( 2) Z};h_ (1 (=1)" +k; N2- l)VNNz +(i- I)VNNz)

Kk

Vaing =0, k> N1 or k, > N, , 1=1,2,3, and similarly we can obtain expressions for

Rigng o Prgng) = npng - Dy 19 @z G Papag) =4 Cpag @y ) - The linear forms

Ly, L‘Igvg are defined by the right-hand sides of the equations (6), (7) and are given by

1 1 oy ke (e K k! .
NNZ(VNNZ) ZZZ ki + 2 jhlh N'N% f gl|r“ +gl|r2* +
hy

i=1 k}=0k7=0
7 o K e 1 klkz e
+gl 7T ED g T ED e Y oy SN |
Xy=hi >0 1712
N(} N() 1 h‘:r l rlrz& Hry 1 +N +ﬁ n N0+ﬁ
_ Rty
Ly Bype) = ZOZO(rI J( 2}] hlhzf Oxini 3 hz; (1+(-1) ) [0+
i N9+ﬁrz iy v N N9+a,1g§+ﬂ iry
n+Ng+ n+Ngt+a H+tNg+
+(1+(=1) ) SO ot 4h1h2 ;1(1 (1) )1+ (=1) ) ST Py (s,
a
ke hy
where 3t Ig, s (X5, X3) P, (za)dxa , a=3-a, a=12, g; |Fl,i:gi(h1i(x3),x2,x3),
h{X
K2 Iy’ hy
8 Iy = i (x3),33) s 7 =1+ U)o v = [ [V (2P (zy)dxidxy , for v=f; or v=g,(x;,xy,h5)
hy by

0<kf <N7,i=123, a=12.

i »

For the obtained one-dimensional initial-boundary value problems (10)-(12) the following existence and
uniqueness theorem is proved.
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Theorem 1. If the functions h and hy are such that Q is a Lipschitz domain, conditions (9) are fulfilled,
K2 i KB

Vane (D, wyy eHNNz(I) ;NNOEHNNZ(I) and the functions fl , 1Y fl, 8ilpas are such that

ki
£ e X(0,T;12(I), 0<k® <N, a=12,i=123,

leNZ

1
Jih,

k_3—11
e VO gl 7T DY e 2012 (1)), r =011,

sl

1 rlrza 1 +N3 +4 v N9+ﬁ +N) +p N9+ﬁ E
—|f ‘EZ U+ (D= 7 Qe ()T
hh, B=1
1 2 1 , Ny+a,Na+p
+7 DA+ )T A+ (=N e 0,117 (1)), 0<r, SN, a=12,

a,p=1

then dynamical one-dimensional problem (10)-(12) possesses a unique solution.
In the next theorem we present the results of investigation of the relationship between the constructed one-
dimensional hierarchical model and the original three-dimensional problem, but in order to formulate it let us define

the following anisotropic weighted Sobolev space
HZI;SZ’Q(Q) ={ve H'(Q); 05 ve H?(Q), 0:h50,0,0%ve I(Q),0<k <s-2,

O;hid*ve X (Q),1<k<s,a=12}), seN,s>2,
which is a Hilbert space equipped with the norm

2
j”Z{%Z‘Q) N ;[Z( OV Lzm)
+Z(||a Bk ;(m)].

Theorem 2. If u, € V(Q), u, € L*(Q), 6, eLz(Q), f=(f)L, e [*(0,T; L*(Q)), 9.9’ L*(0,T; L**(I1)),
fg el’ (O,T;L(’/S(Q)), conditions  (9) are fulfilled and the vector-functions W, € VN‘NZ(Q)’

+||ah 0,0,0"v

o)
@)

+||ah 0,0,0"v

H(Q)

+ oy oty

’(Q)

W in2y € HN'N2 (Q), EHfngg (Q) corresponding to the initial conditions v_{)N'NZO EVNINZ(I),

N C:N};Ng 0

Wyineg € I:ININZ(I), EN;Ngo € ﬁf/loNé (I) of one-dimensional problems, tend to U, U, and 6, in the spaces H'(Q)

, Lz(Q) and LZ(Q), respectively, as N, —mln{N-l,Nl-z,Né,Né}—mo, then the vector-function W . (t) and

1<i<3
function &\, (t) restored from the solutions WNINZ and g: viy2 Of the reduced one-dimensional problem (10)-(12),
otve 0V

tend to the solution of the original three-dimensional problem (6)-(8),

W2 () = U() in H'(Q),
Wi () = U'(0) in L>(Q), forall ¢ [0,T],
Sz =0 in I*(0,T;H'(Q)), as Ny, -

In addition, if d”u/dt” e I*(0,T; (HS” *2(Q))?), s,eN, p=012, sy=s 25,22, 5,23, 0eL’(0,T;
HZI";’S‘/’}J(Q)), 0' e I*(0,T; H;gz’s" (Q), s¢=s50>2, s >3, then for suitable initial data Wynzor Wiz @nd

é—’ NIN20 the following estimate is valid
o0ve
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