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As in the finite dimensional case, the Ito formula plays an important role in the infinite dimensional stochastic
analysis. For the cases when the Banach spaces have  special geometrical properties, the Ito formula was proved in [1],
[2]. For the Wiener process in an arbitrary separable Banach space, the Ito formula was proved in [3]. The main problem
to prove this formula for nonanticipating functions with values in an arbitrary Banach space is to find such a sequence
of step functions converging to the integrand function that their stochastic integrals converge to the  stochastic integral
from the integrand function. It turns out that it is possible to weaken the convergence to prove the Ito formula. As we use
the concept of the generalized random element, and the Ito formula will be useful for the generalized random processes,
we prove the Ito formula first for the generalized random processes and as a consequence for the Banach space valued
random process.

Let X be a real separable Banach space, *X - its conjugate, B(X) - the Borel -algebra of X, (,B,P) - a probability
space. The continuous linear operator ),,(: 2

* PBLXT   is called a generalized random element (GRE). Denote by

)),,(,(: 2
*

1 PBLXLM   the Banach space of GRE with the norm 
21

*
1*sup:

LxM TxT  . A random element (meas-

urable map) X:  is said to have a weak second order, if for all ** Xx  , 
2*, xE  . We can realize the random

element   as an element of **
1 ,: xxTM    (Continuity of T  follows from the closed graph theorem). Denote by M2

the linear space of all random elements of the weak second order with the norm  T . Thus, we can assume

12 MM  .

Let ]1,0[)( ttW  be the one-dimensional Wiener process, ]1,0[)( ttF  an increasing family of -algebras such  that  a)

tW  is tF -measurable for all t[0,1]; b) Ws-Wt-is independent of the -algebra Ft for all  s>t. Ft contains all P-null sets in
B. Let ]1,0[)( ttT  be a family of GRE. We call it a generalized random process (GRP). If we have a weak second order random

process ( ]1,0[) tt , Xt : , it will be realized as a GRP: ** , xxT tt
  .

Definition 1. The GRP ]1,0[)( ttT  is called nonanticipating with respect to ]1,0[)( ttF , if for all ** Xx   the real

random process *xTt  has a stochastically equivalent  (t,w)- measurable modification and for all t[0,1] *xTt  is Ft-
measurable.
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By TM1 we denote the linear normed space of nonanticipating GRP ]1,0[)( ttT ,  for  which

  

1

0

2
1

2
1* )*)((sup dtxTET txt . For all ** Xx   we can define the scalar stochastic integral.

Definition 2. For any ]1,0[)( ttT TM1, the operator 
1

0

**)(I tt dWxTxT  is called the generalized stochastic integral

(GSI) of ]1,0[)( ttT .

It is easy to see that  I(T)M1 and 11:I MTM   is an isometric operator..

Lemma 1. Let  the nonanticipating GRP  ]1,0[)( ttT  be such that 1]1,0[: MT   is separable valued and

 dttT M

1

0

2

1
)( , then there exists the sequence of nonanticipating step functions 1]1,0[: MTn   such that

0)()(
1

0

2

1
 dttTtT Mn  and  0)()(

1
 MnTITI .

Proof. It is easy to see that we can assume that T is bounded. If  1]1,0[: MT   is continuous, then

0)()(
1

1

1

0
],( 







M

n

k
n
k

n
k

n
kITtT ,  when .n  As CIT

M

n

k
n
k

n
k

n
k 







1

1

1

0
],()( ,  by the Lebesgue theorem,

0)()(
1

0

2

1
 dttTtT Mn , where 






1

0
],( 1)()(

n

k
n
k

n
n

k
n
kITtT . In this case the sequence Nnn tT ))((  satisfies the conditions

of the lemma. Let now T(t) be arbitrary. For all ** Xx   and ),,(2 PBLg  , 
2

,)( *
L

gxtT  is measurable and linear

bounded functionals ,:),({: 1
* RMgxf   },,

2

*
L

gTxTf   are total in *
1M , therefore, as 1]1,0[: MT   is

separable valued, by the Pettis theorem (see [4] prop.1.1.10) it follows that T is measurable. Hence, the Bochner integral


t

s

duuT )(  exists. Let  



t

t
m

m

dssTmtT
0)( 1

)()( . )()( tTtTm   a.s. when m  (see [5] corr.2 Theor.3.8.5). By the Lebesgue

theorem,  
1

0

2 0)()(
1

dttTtT Mm . As )(tTm  is continuous,  there exists the sequence of nonanticipating step func-

tions nmT , , n=1,2,... such that 0
1

0

2
,

1
 dtTT

Mnmm . Consequently, we can find the sequence of nonanticipating step

functions Tn, n=1,2,... such that 0
1

0

2

1
 dtTT Mn . Then 0)()(

1
 Mn TITI .   

Remark. If ]1,0[)( ttT  is such that 2MTt  , then the step functions Tn in the lemma 1 can be found X valued.

Definition 3. A random element X:  is called the stochastic integral of ]1,0[)( ttT  (if such an element exists),

if ** )(, xTIx   a.s. and denote 
1

0

: tt dWT .

Definition 4. A nonanticipating GRP is called the generalized Ito process, if there exist nonanticipating GRP

]1,0[)(  ttaa  and ]1,0[)(  ttbb  such that, for all ** Xx  ,
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 
t

s

t

t dWxsbdsxsaxTxT
0

*

0

**
0

* )()(   a.s..

Lemma 2. Let the Ito process  
t

s

t

t dWxsbdsxsaxTxT
0

*

0

**
0

* )()(  be  such that a:[0,1] 1M  and b:[0,1] 1M

are separable valued and ,)(
1

0

2
1

 dtta M   
1

0

2
1

)( dttb M . Then there exist the sequences of  nonanticipating step

functions Nnna )(  and Nnnb )(  such that  
1

0

2 0)()(
1
dttata Mn ,  

1

0

2

1
)()( dttbtb Mn  and 0

2)(

1


Mtt

n TT

uniformly for t, where

 
t

sn

t

nt
n dWxsbdsxsaxTxT

0

*

0

**
0

*)( )()(

Proof. Using the lemma 1, we can find nonanticipating Nnna )(  and Nnnb )(  such that  
1

0

2 0)()(
1
dttata Mn ,

 
1

0

2 0)()(
1
dttbtb Mn . Then

 
2*

0

*
1

2)( ))())()(())()(((sup *
1

sdWxsbsbdsxsasaETT n

t

nxMtt
n

  

t

nx

t

nx
sdWxsbsbEdsxsasaE

0

2*
1

0

2*
1

))())()(((sup2)))()(((sup2 **

  
dsxsbsbEdsxsasaE nxnx

1

0

2*
1

1

0

2*
1

)))()(((sup2)))()(((sup2 **

0)()(20)()(2
1

0

2
1

0

2
11

  dttbtbdttata MnMn .

Theorem 1(Ito’s Formula). Let  
t

s

t

t dWxsbdsxsaxTxT
0

*

0

**
0

* )()(  be a generalized Ito process, where a and

b are separable valued nonparticipating GRP such that   
1

0

2

1
)( dtta M ,   

1

0

2

1
)( dttb M . Let  f:[0,1] 11 MM   be

such that the derivatives 11]1,0[: MMft  , ),(]1,0[: 111 MMLMfT   and )),(,(]1,0[: 1111, MMLMLMf TT 

are continuous. Then

 
t

sTs

t

tt dssaTsfdsTsfTfTtf
00

0 )(),(),(),0(),( 1
,2

0 0
( , ) ( ) ( ) ( , ) ( ) ( )

t t

T T s T sf s T b s b s ds f s T b s dW s   .

Proof. At first we show  that it is enough to prove this Theorem for the step functions a and b. Indeed, let )(san  and

)(sbn  be the sequences of step functions such that 0)()(
1

0

2

1
 dttata Mn  and 0)()(

1

0

2

1
 dttbtb Mn ,  then,  by
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the Lemma 2 , 0
2)(

1


Mtt

n TT  uniformly for t, where

 
t

sn

t

n
n

t dWxsbdsxsaxTxT
0

*

0

**
0

*)( )()( .

Let the Ito formula be true for the step functions:

 
t

n
n

sT
n

s

t

t
n

t dssaTsfdsTsfTfTtf
0

)()(

0
0

)( )(),(),(),0(),(

)()(),()()(),( )(

00

)(
,2

1 sdWsbTsfdssbsbTsf n
n

s

t

T

t

nn
n

sTT   .

As  ),( )(n
st Tsf   are continuous functions on [0,1] converging to the continuous function ),( st Tsf  ,  they are

bounded. Thereby, by the Lebesgue theorem, we have a convergence dsTsfdsTsf s

t

t
n

s

t

t ),(),(
0

)(

0
  . Further, we have

1 1
( ) ( ) ( )

0 0 0
( , ) ( ) ( , ) ( , ) ( ) ( ) ( ) ( , ) ( , )

t
n n n

T s n T s s T s n T s T sf s T a s f s T a ds f s T a s a s ds a s f s T f s T ds           

 

1 1
2 21 1 1 22 ( )

1
0 0 0

( ) ( ) ( ) ( , ) ( , ) ) 0;n
n T s T sC a s a s ds a s ds f s T f s T ds

           
   
   

  

In principle similarly we can prove  
t

sTT

t

nn
n

sTT dssbsbTsfdssbsbTsf
0

,2
1

0

)(
,2

1 )()(),()()(),(  and

)()(),()()(),(
0

)(

0

sdWsbTsfsdWsbTsf s

t

Tns
n

t

T   . Therefore, it is enough to prove the Ito lemma for the step func-

tions  and, by additivity of integrals, we need  to prove it when tt bWatTT  0 , where a and b are the elements of M1.

For simplicity, we can assume that T0=0. Then the function ),(),( tt bWattfbWtu   has the same smoothness as f and

so, it is enough to prove the Ito formula for function ),( tbWtu .  Let  ],2[ tl n  
nn

kk WWW
2

)1(
2

 , 
n2

1
 , ,2,1n .

Then, by the Taylor’s  formula, we have

),
2

1(),
2

()0,0(),(
2

1
2 nn

knk
lk

nt bWkubWkuubWtu 



  + ),

2
(),(

2n
lnt bWlubWtu  =

=


 


lk
nknnt dsbWsku

n 2
1),

22
1(

2
1

1

0

+


 


lk
knT WbbWku

n

),
2

1(
2

1 +

+ WdsWbbWsbbWkus
lk

knTT
n





 ),

2
1()1(

1

0 2
1 + ),

2
(),(

2n
lnt bWlubWtu  =

=


 


lk
nknt

n

bWku
2
1),

2
1(

2
1 + dsbWkubWsku nkn

lk
tknnt

nn 2
1)],

2
1(),

22
1([

2
1

2
1

1

0




 


  +

+ 
 


 WbbWku

n
kn

lk
T ),

2
1(

2
1 


 


lk

knTT WbbbWku
n

2

2
1 )()],

2
1(

2
1

+

+


 



lk

knTTknTT dsWbbbWkuWbsbWkus
nn

2

2
1

1

0 2
1 )()],

2
1(),

2
1()[1( +
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+  ),
2

(),(
2n
lnt bWlubWtu 





 




lk
knT

lk
nknt WbbWkubWku

nn

),
2

1(
2
1),

2
1(

2
1

2
1 +

+ nnnkn
lk

TT BAWbbbWku
n


 


 2

2
1 )(),

2
1(

2
1

,  where

dsbWkubWskuA nkn
lk

tknntn
nn 2

1)],
2

1(),
22

1([
2

1
2

1

1

0




 


 ,




 



lk

knTTknTTn dsWbbbWkuWbsbWkusB
nn

2

2
1

1

0 2
1 )()],

2
1(),

2
1()[1(

),
2

(),(
2n
lntn bWlubWtu  .

Denote by 
1

),
2

1(),
22

1(usup:
2

1
2

1t

M

kntknnlkn
nn

bWkubWsk



  and

1

)],
2

1(),
2

1()[1(sup:
2

1

1

0 2
1

M

knTTknTTlkn bbdsbWkuWsbWkus
nn



  .

By continuity of  u, tu , Tu  and TTu   we have the convergence of n , n  and n  to 0 when n . Therefore,

0
1

 nMnA  ,  0)(
2

1

2

2
1

2
1

 


 tWWB n
k

kknMn

n

nn

 .

Now, if we act ** Xx   to  both sides of the equality (1) and pass to the limit in probability, using the one-
dimensional technique, we get

* * * * *

0 0 0

1( , ) (0,0) ( , ) ( , ) ( , ) .
2

t t t

t t s TT s T s su t bW x u x u s bW x ds u s bW bbx ds u s bW bx dW       
Let us now return to the function f and remember that ),(),( tt bWtubWattf  ,  then

abWattfbWattfbWtu tTtttt ),(),(),(  . Therefore, we have

0
0 0 0 0

1( , ) (0, ) ( , ) ( , ) ( ) ( , ) ( ) ( ) ( , ) ( ) .
2

t t t t

t t s T s TT s T sf t T f T f s T ds f s T a s ds f s T b s b s ds f s T b s dW          

Let the generalized Ito process  
t

s

t

t dWxsbdsxsaxTxT
0

*

0

**
0

* )()(  be such that there exists the X-valued

process ]1,0[)( tt  with property *, xt = *xTt  for all Xx * . That is,  
t t

tt dWtbdtta
0 0

0 ),(),(  , where

Xa ]1,0[: ,  Xb ]1,0[:  are ),( t -measurable, Ft-adapted and  



t

dPdtta
0

2),(  ,

 



t

dPdttb
0

2),(  . Let also f:[0,1] XX  , be such that   f:[0,1] 1 1M M  ,  ,tf    Tf   and TTf   are continuous  by

the norm of 1M .  Then, taking into consideration the remark of the Lemma 1, we have

  *

0

*
0

* ,),(),,0(),,( xdssfxfxtf s

t

tt 
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+  
t

sT xdssasf
0

*,)(),(  +  
t

sTT xdssbsbsf
0

*,)()(),(
2
1  + .),(),(

0

* 
t

ssT dWxsbsf 

The first five members of the afore-mentioned equality are functionals from the X-valued processes. Therefore, the

stochastic integral sst dWsbsf )(),(
1

0

   as the X-valued random process exists. Consequently, we have received the Ito

formula for the Banach space valued Ito processes.

Theorem 2. Let   
t

s

t

t dWsbdssa
00

0 ),(),(  , where Xa ]1,0[: , Xb ]1,0[:  be ),( t  measur-

able, Ft-adapted and  



t

dPdtta
0

2),(  ,  



t

dPdttb
0

2),(  . Let  f:[0,1] XX   be such that  f:[0,1] 1 1M M  ,

,tf   Tf   and  TTf   are continuous,   then

0
0 0 0 0

1( , ) (0, ) ( , ) ( , ) ( ) ( , ) ( ) ( ) ( , ) ( ) .
2

t t t t

t t s T s TT s T s sf t f f s ds f s a s ds f s b s b s ds f s b s dW               
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maTematika

itos formula banaxis sivrceSi

b. mamforia

niko musxeliSvilis saxelobis gamoTvliTi maTematikis instituti, saqarTvelos teqnikuri universiteti,
Tbilisi.

(warmodgenilia akademikos n. vaxanias mier)

miRebulia itos formula ganzogadoebuli SemTxveviTi procesebisa da banaxis sivrceSi
mniSvnelobebis mqone  SemTxveviTi procesebisaTvis.
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