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ABSTRACT. Ito’s formula for the generalized random processes and for the random processes with values in a
separable Banach space is proved. © 2011 Bull. Georg. Natl. Acad. Sci.
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As in the finite dimensional case, the Ito formula plays an important role in the infinite dimensional stochastic
analysis. For the cases when the Banach spaces have special geometrical properties, the Ito formula was proved in [1],
[2]. For the Wiener process in an arbitrary separable Banach space, the Ito formula was proved in [3]. The main problem
to prove this formula for nonanticipating functions with values in an arbitrary Banach space is to find such a sequence
of step functions converging to the integrand function that their stochastic integrals converge to the stochastic integral
from the integrand function. It turns out that it is possible to weaken the convergence to prove the Ito formula. As we use
the concept of the generalized random element, and the Ito formula will be useful for the generalized random processes,
we prove the Ito formula first for the generalized random processes and as a consequence for the Banach space valued
random process.

Let X be a real separable Banach space, X Toits conjugate, B(X) - the Borel o-algebra of X, (Q2, B, P) - a probability
space. The continuous linear operator 7 : X T L,(€), B, P) is called a generalized random element (GRE). Denote by

M, =L(X",L,(Q,B,P)) the Banach space of GRE with the norm ||T || w, = SUP)
1 <

.
Tx “ . Arandom element (meas-
LZ

£ £ * 2 .
urable map) & : QQ — X issaid to have a weak second order, ifforall x e X |, E <§, X > <o . We can realize the random

clement & asan element of M : T x = <§, x*> (Continuity of 7; follows from the closed graph theorem). Denote by M,
the linear space of all random elements of the weak second order with the norm ||§|| = ”Tg” . Thus, we can assume
M,cM,.

Let (W,),c0.17 be the one-dimensional Wiener process, (F}),co1; an increasing family of o-algebras such that a)
W, is F,-measurable for all 7€[0,1]; b) W-W -is independent of the c-algebra F', for all s>7. F contains all P-null sets in
B.Let (T}),0,1 bea family of GRE. We call it a generalized random process (GRP). If we have a weak second order random
process (&, )iefo.17> & 1 Q@ — X , it will be realized asa GRP: T, X' = <§,,x*> .

Definition 1. The GRP (7}),; is called nonanticipating with respect to (£;),o,; , if for all x €X" the real

random process T,x* has a stochastically equivalent (¢,w)- measurable modification and for all 7€[0,1] T,x* is F-
measurable.
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By TM, we denote the linear normed space of nonanticipating GRP (7}),q;, for which

1 1
"Tt" = SUD| v (I E(T,x”‘)zdt)2 <o Forall x* € X" we can define the scalar stochastic integral.
0

Definition 2. For any (7}),c9; €TM,, the operator I(T)x* = IT,x*d W, is called the generalized stochastic integral

0
(GSI)of (T, )tE[O,]] .

It is easy to see that I(T)eM, and 1:TM, — M, is an isometric operator.

Lemma 1. Let the nonanticipating GRP  (1}),qo1 be such that T :[0,1]]—> M, is separable valued and

1
2 .. . .
I"T(t)"M dt <o, then there exists the sequence of nonanticipating step functions T, :[01]—> M, such that
1
0

1
ﬂm04uw;ma0deU%Kﬂmﬂﬁﬁ

Proof. It is easy to see that we can assume that 7 is bounded. If T :[0,]] > M, is continuous, then

n—1

2 T g sy

k=0

—>0, when n—>ow. As <C, by the Lebesgue theorem,

n—l
702 T i
k=0

M, M,

n—l

j ||T ®»-T (t)|| dt—>0 where T, (t) = ZT (+ )I(k sy - In this case the sequence (7,(¢)),.y satisfies the conditions
k=0

of the lemma. Let now 7(¢) be arbitrary. Forall x* € X~ and g e L,(Q,B,P), <T (t)x , g>L is measurable and linear
2

bounded functionals I" == {f(x*,g):Ml — R, <f T) <Tx*,g> } are total in M] , therefore, as T :[0,1] > M, is
separable valued, by the Pettis theorem (see [4] prop.1.1.10) it follows that T'is measurable. Hence, the Bochner integral

jT(u)du exists. Let 7,,(t)=m JT(s)ds T, (t) > T(t) a.s. when m — o (see[5] corr.2 Theor.3.8.5). By the Lebesgue
s (t—=L)v0

m

1
theorem, I ||Tm - T(t)” u 2dt >0.As T, ., (2) is continuous, there exists the sequence of nonanticipating step func-
1

0
1

tions 7, , n=1,2,... such that .”|T’” -7,
0

2 S
dt — 0. Consequently, we can find the sequence of nonanticipating step

1
functions 7, #=1,2,... such that [T, =7}, d 0. Then |1(7,)~1(T)],, —0.

Remark. If (7)) is such that 7, e M, , then the step functions T in the lemma 1 can be found X valued.

Definition 3. Arandom element & : QQ — X is called the stochastic integral of (7} ), (if such an element exists),

1
if <<§,x*> =I(T)x" a.s. and denote & = IT,dW, .
0

Definition 4. A nonanticipating GRP is called the generalized Ito process, if there exist nonanticipating GRP

a=(a,) g,y and b = (b,),o,7 such that, for all xeX”,
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t t
Ttx* = Tox* + Ia(s)x*ds +Ib(s)x*dWs a.s..
0 0
t t

Lemma 2. Let the Itoprocess 7,x = Tyx" + ja(s)x*ds + jb(s)x*dWS be such thata:[0,1] > M, and 5:[0,1] > M,
0 0

1 1
are separable valued and I"a(t)” M 2dt < o, I"b(t)” M 2 dt < o0 . Then there exist the sequences of nonanticipating step
1 1
0 0

—0

1 1
functions (a,),.y and (b,),cy such that j"an - a(t)";I dt—0, j"bn 3] —b(t)”;I dt - o« and “T(”)t -T, ?
0 0

M,

uniformly for ¢, where
t t
TWx" =Tyx" + I a,(s)x"ds+ .[b” (s)x"dW,
0 0

1
Proof. Using the lemma 1, we can find nonanticipating (a,),.y and (b,),cy such that I"an - a(t)"L dt—0,
1
0

1
[, b, @t 0. Then
0

o

" 2 Sy E( J' (a,(s)—a(s))x"ds + J' (b, (5)—b(s))x"dW (s))* <
0
25up) 1, E( I (a,(s)—a(s))x"ds)* +2 S 1 EC I (b, (5)—b(s)x"dW (s))* <
0 0
1 1
2509, B I ((a, (s)—a(s)x")2ds + 250p) ., B I (b, (5)—b(s)x")2ds <
0 0

1 1
2[[la, ) =a)],, >dt — 0+2[ b, )=, *dr 0.
0 0

t t

Theorem 1(Ito’s Formula). Let T,x" = Tyx" + ja(s)x*ds + jb(S)x*dWS be a generalized Ito process, where a and
0 0

1 1
b are separable valued nonparticipating GRP such that J."a(t)”L dt <o, J."b(t)"LI dt <. Let f:[0,1]xM; —> M, be
1
0 0

such that the derivatives f:[0,]]xM | — M, f7 :[0,]]xM| — L(M,,M,) and f7r :[0]]xM — L(M,,L(M,M,))
are continuous. Then

t t t t
F@T) = FOT)+ [ £ Tds + [ 7 (5. T)a(s)ds + L[ 17 (. T)bs + [ f7 (5T )b()dW (s)
0 0 0

0

Proof. At first we show that it is enough to prove this Theorem for the step functions @ and b. Indeed, let a, (s) and

1 1
b,(s) be the sequences of step functions such that I"an - a(t)"L dt - 0 and I"bn ) —b(t)"fwl dt — 0, then, by
1
0 0
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2
the Lemma?2, “T("), - T,H — 0 uniformly for ¢, where
M,

t

T(")x =Tyx +ja ()x ds+jb (s)x"dw, .

Let the Ito formula be true for the step functions: 0

ST ") = £0.T)+ j ST yds + j (5.1, (s)ds +

j S (T ")b, (b, (5)ds + j S T )b, ()W (5)

As ft (s,T, (")) are contmuous functions on [0,1] convergmg to the continuous function ft (s,T,), they are

t t
bounded. Thereby, by the Lebesgue theorem, we have a convergence j G, TS("))ds - j f/(s,T,)ds . Further, we have
0 0

t
-[HfT (S,T(”)S Ya, (s)— fr (5,7, )a
0

1
ds <[ H fr (5,T,")
0

‘fT (S’Ts(n))_fT (Sst) ds <

1
"an (s)— a(s)"ds + j”a(s)"
0

1 1 %e )
SClHIan(s)—a(s)IIds{Illa(s)llzds} {j”fr ()= 1 (5.1, ds)} >0
0 0 0

t t
In principle similarly we can prove %I fT’"T(s,TS("))bn(s)bn(s)ds—>‘5I f7(s,T,)b(s)b(s)ds and
0 0

t t
I fr (s, T ON )b, (s)dW (s) —> I S (s, T,)b(s)dW (s) . Therefore, it is enough to prove the Ito lemma for the step func-

tions and, by additivity of integrals, we need toproveit when 7, = Tj +at +bW, , where a and b are the elements of M.

For simplicity, we can assume that 7,=0. Then the function u(z,bW,) = f(t,at + bW,) has the same smoothness as fand

s0, it is enough to prove the Ito formula for function u(¢,bW,). Let [ =[2"¢], AW = WL Wiy, A= Ln ,n=12....

Then, by the Taylor’s formula, we have 2” 2”

u(t,bvrf,)—u(o,()):zu( bW )~ u(2 ka1)+u(th) u( bW | )=
k<l 2’1 oM o

_ZI” ( ka 1) 2—ds+ZuT( bW, AW

k<l ¢ k<l on

+ZI(1 s)uTT( ka | +SBAW bbAWAWdSs +u(t,bW,) — u( bW )=
k<l g 2" 2"

=Sl - kal)_+Zju( ka]) u( ka])]z—du

k<l k<l o 2"

+;uT( kal)bAW+5;uTT(2 W] b(AW) 1
< 2’1 2!1

+Zj(l—s)urr( bW,y +bsAW) - uw(2 W )bb(AW) ds +
k<l 2"

on
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/ , k=1
Fu(t, b)) ~u(=—,bW | )= Y 4l +§ T( L ow, yoaw 4
2 > k= 2 2" ksl 2"

1
+22uTT( TR DBB(AW)Y? + 4, +B, +35, , where
k<I X

gl

kal) u( ka])]

2n o

1

B, =ZI(1 s)[uTT( Low, | +bsamy—uly =1 - L oW bb(AWY ds
k<l 0 o o

6, =u(t,bW,)— u( 1 ).
o

Denote by @, =5sup,,

, k- 1
uy(—— ka 1)—u ( ka 1)
2" 2 o 2" o

‘ and
1

By =suprg

1
j(l—s)[uTT( Dy ) - o (E21 > L bw, | Ybbds
0

o o

Ml
By continuity of u, u;, uy and uy; we have the convergence of 6,, , and S, to 0 when »n — oo . Therefore,

on

[ 4.0y, < >0, [Bully, < Bu- 2 W4 ~Wi)* =Bt >0.

k=1 on on

Now, if we act x"eX" to both sides of the equality (1) and pass to the limit in probability, using the one-
dimensional technique, we get

t t t
u(t,bW,)x" =u(0,0)x" + [ui(s.bm, )x ds +% [ugr (s, bW, Yobx"ds + [ug (s,W, Yox dW.
0 0 0
Let us now return to the function f and remember that f(¢,at+bW,)=u(t,bW,), then

u,(t,bW), = f(t,at + bW,)+ f7(t,at +bW,)a . Therefore, we have

t t t t
ST = £O0,Ty)+ [ £(s, T, )ds + fT'(s,TS)a(s)ds+%J‘ Fir (s, TOb()b(s)ds +[ f(s, T, b(s)dIV.
0 0 0 0

t

t
Let the generalized Ito process T,x* = Tox* +Ia(s)x*ds+jb(s)x*dVT/s be such that there exists the X-valued
0 0
t

t
process (&;),q0,) With property <§,,x*> =Tx forall x" e X . Thatis, & =&, +ja(t,a))dt+jb(t,a))dW, , where
0

t
a:[0l]xQ—> X, b:[0]]xQ—>X are (t,0)-measurable, F -adapted and II”a(l,w)szPdt <o,

t
II”b(t, a))”2 dPdt < o . Letalso fi[0,1]xX — X ,besuch that fi[0,1]xM, > M, f,, f; and f7, arecontinuous by
Qo

thenorm of M. Then, taking into consideration the remark ofthe Lemma 1, we have

(1)) <f(0,éfo),x*>+<jf/(s,é§s)ds,x*>+
0
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+ J.fT'(s,fs)a(s)ds,x* + %.([fr”r(safs)b(s)b(s)ds,x* +£<f;(s,§s)b(s),x*>dm.
0

The first five members of the afore-mentioned equality are functionals from the X-valued processes. Therefore, the
1
stochastic integral I S{(s,E)b(s)dW, as the X-valued random process exists. Consequently, we have received the Ito

0
formula for the Banach space valued Ito processes.

t t
Theorem 2. Let &, =&, + Ia(s,co)ds + | b(s,0)dW, , where a:[01]xQQ2 — X, b:[0,1]xQ — X be (t,w) measur-
0 0

t t
able, F-adapted and II”a(l‘,@)”z dPdt < oo, II”b(r, a))||2 dPdt <o . Let f:[0,11xX — X besuch that £[0,11xM, —> M,
Qo Qo0

f, fi and f7; are continuous, then

t t t t
S0E) = £0,60)+ [ £(s,6)ds+ [ f7.(s,&)a(s)ds +%j S0 (s,E)b()b(s)ds + [ f(s,E,)b(s)dW.
0 0 0 0
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