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ABSTRACT. The nonclassical problems for abstract second-order evolution equations with nonlocal initial
conditions are considered. The existence and uniqueness results for general nonlocal in time problems are proved
in suitable spaces of vector-valued distributions with values in abstract Hilbert spaces. An iteration algorithm of
approximation of solution to nonclassical problem by a sequence of solutions to corresponding classical problems is
constructed and investigated. Applying general results obtained for nonclassical problems in abstract Hilbert spaces,
nonlocal in time initial-boundary value problems for hyperbolic equations and systems are studied.  © 2011 Bull.
Georg. Natl. Acad. Sci.
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Nonclassical initial-boundary value problems for partial differential equations with nonlocal initial conditions arise
in various fields, particularly, in metereology, since long-term weather forecasting is more reliable if time-averaged data
rather than the classical initial ones are used [1]. Nonlocal initial conditions are used for investigation of radionuclides
propagation in Stokes fluid and problems of predicting geophysical fields [2,3]. Such type initial-boundary value prob-
lems, where instead of classical initial conditions a dependence of values of the unknown function at various time
moments is given, are called nonlocal in time problems. These problems are generalizations of classical and periodical
with respect to the time variable initial-boundary value problems and can be also considered as problems of controllabil-
ity by initial conditions. Nonlocal in time problem with particular discrete nonlocal initial condition for parabolic equation
was studied in [4]. Later on, initial-boundary value problems with nonlocal initial conditions were investigated for
various time-dependent partial differential equations and systems [5-7].

In the present paper we investigate nonclassical problems for abstract second-order evolution equations with initial
conditions involving general nonlocal operators. Note that the papers, where nonlocal in time problems for hyperbolic
equations are considered, mainly deal with specific nonlocal initial conditions. We obtain results on the existence and
uniqueness of solutions to the nonclassical problems for second-order evolution equation in abstract Hilbert spaces
with general nonlocal initial conditions. We construct an algorithm of approximation of solution of the nonclassical
problem by a sequence of solutions to corresponding classical problems and investigate the convergence of the con-
structed algorithm. On the basis of the obtained general results we study nonlocal in time problems for hyperbolic partial
differential equations and systems.

Let V and H be separable Hilbert spaces, V is dense in H and continuously embedded in it. We identify the space H
with its dual by using the scalar product (.,.)H in H and hence we have V H V    with continuous and dense
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embeddings, where V   is the dual space of V. For Banach spaces X and Y, we denote by ( ; )L X Y  the space of linear

continuous operators from X to Y. 0 ([0, ]; )C T X  is the space of continuous vector-functions on [0,T] with values in  X,

by 2 (0, ; )L T X  we denote the space of such measurable vector-functions : (0, )g T X  that 2 (0, )
X

g L T . WeWe

identify each vector-function 2 (0, ; )g L T X  with a vector-valued distribution on (0, )T  ranging in X, and we denote its

derivative in the sense of distributions by = / (0, ; ) = ( (0, ); )g dg dt D T X L D T X   [8], where (0, )D T  is the space of

infinitely differentiable functions with compact support in (0, )T . We denote by pR , pN , the p-dimensional space of

vectors =1= ( ) p
k kx x  with the scalar product 

=1
( , ) =

p

p j j
j

x y x yR

 
, and with the norm 2|| || = ( , )p px x x

R R

   , , px yR  , p pR  is

the space of p p  matrices with real entries, and by || || p pM R
 we denote the spectral norm of a matrix p pM R .

Let ( ; )A L V V   be a self-adjoint strongly coercive operator, i.e. the corresponding bilinear form ( , ) = ,a v w Av w 
satisfies the following conditions

2

( , ) = ( , ), ( , ) || || || || ,
, ,

ˆ ˆ( , ) || || , , = > 0,
a V V

a V a a

a v w a w v a v w c v w
v w V

a v v c v c c const


 


(1)

where by .,.   we denote the duality relation between the spaces V   and V. Moreover, we assume that the set of

eigenvectors { }k k Nv   of the operator A corresponding to the eigenvalues 2{| | }k k N   is complete in the space V and
orthonormal in H.

We consider nonclassical problem with nonlocal initial conditions for an  abstract second-order evolution equation,

which admits the following variational formulation: Find the unknown vector-function 0 ([0, ]; ),u C T V
0 ([0, ]; ),u C T H  satisfying the equation

( (.), ) ( (.), ) = ( (.), ) , ,H H
d u v a u v f v v V
dt

    (2)

in the sense of distributions on (0, )T  and the following nonlocal initial conditions

1 2 3 4
0 1(0) = , (0) = ,u B u B u u u B u B u u      (3)

where 1 0( ([0, ]; ); )B L C T V V , 2 0( ([0, ]; ); )B L C T H V , 3 0( ([0, ]; ); )B L C T V H  and 4 0( ([0, ]; ); )B L C T H H , 0u ,

1u , f are given vector-functions from suitable spaces.
The operators B1, B2, B3 and B4 in the nonlocal initial conditions (3) define linear continuous functionals

1 1( ) = ( ( ), )jk k jb B v v  ,  2 2( ) = ( ( ), )jk k jb B v v  ,  3 3( ) = ( ( ), )jk k jb B v v  ,  4 4( ) = ( ( ), )jk k jb B v v  ,  for all ,j kN ,
0 ([0, ])C T  , which permits one to construct the operators 0: ([0, ]; ) ,p p p p

pB C T  R R  1p  , = 1, 2,3,4  such that

0

=1
( ) = , = ( ), = ( ), = ( ) ([0, ]; ),

p
p p

p jk jk jr rk rk
r

B F G G G G b F F F C T    R

where , = 1,...,j k p . Applying the operators 1
pB , 2

pB , 3
pB , 4

pB  for each invertible diagonal matrix p pQ R  we define

the following matrices
1,2 1 2( ) (cos( )) (sin( ))p p pB Q B Qt B Qt Q  ,     1,2 1 2ˆ ( ) (sin( )) (cos( ))p p pB Q B Qt B Qt Q   ,

3,4 1 4 3( ) ( (sin( )) (cos( )))p p pB Q Q B Qt Q B Qt  ,   3,4 1 3 4ˆ ( ) ( (sin( )) (cos( )) )p p pB Q Q B Qt B Qt Q  .

By pA  we denote the diagonal matrix of order p with (j,j)-th entries | |j , and by ( )ph A  we denote the diagonal

matrix with entries (| |)jh   (1 )j p  , for any analytical function : 0, )h   R[ .
The following theorem is valid for the nonlocal in time problem (2), (3).
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Theorem 1. If 2
0 1, , (0, ; ),u V u H f L T H    the nonlocal operators B1, B2, B3 and B4 are compact and there

exist constants = > 0const  and sR , 0s   such that the following condition is valid

1
1,2 1,2 1

13,4 3,4

2 2

ˆ( ) ( )0 0
< , ,ˆ0 0( ) ( )

s
p p p pp p

s
p pp p p p p p

I B A B AA A
p

A AB A I B A



 

 



    
              

R

N




then the nonlocal in time problem (2), (3) has a unique solution and the mapping 0 1{ , , } { , }u u f u u  is linear and

continuous from the space 2 (0, ; )V H L T H   to the space 0 0([0, ]; ) ([0, ]; )C T V C T H .
Note that the existence and uniqueness result for the nonclassical problem (2), (3) is also valid in the case of

noncompact nonlocal operators B1, B2, B3 and B4.

Theorem 2. Let the linear functionals 1
jkb , 2

jkb , 3
jkb  and 4

jkb  defined by the operators 1 0( ([0, ]; ); )B L C T V V ,
2 0( ([0, ]; ); )B L C T H V , 3 0( ([0, ]; ); )B L C T V H  and 4 0( ([0, ]; ); )B L C T H H  satisfy the following conditions

1 2 3 4 0jk jk jk jkb b b b    ,  for all <j k , k N , 2k  , and there exists a constant = > 0const  such that

1
1,2 1,2 1

13,4 3,4

2 2

ˆ( ) ( )0 0
< , .ˆ0 0( ) ( )

p p p pp p

p pp p p p p p

I B A B AA A
p

A AB A I B A









    
              

R

N




If 0u V , 1u H  and 2 (0, ; )f L T H , then the nonclassical problem (2), (3) has a unique solution and the following
estimate is valid

0 0 0 1 2([0, ]; ) ([0, ]; ) (0, ; )
|| || || || (|| || || || || || )V HC T V C T H L T H

u u c u u f    . (4)

For nonlocal in time problem (2), (3) we can construct an iteration algorithm of approximation in corresponding
spaces of solution of the nonclassical problem by solutions of classical problems. We consider the following sequence

of problems with classical initial conditions: Find a vector-function 0 ([0, ]; )pw C T V , 0 ([0, ]; )pw C T H  , which

satisfies the following equation in the sense of distribution on (0, )T  and in suitable spaces the initial conditions

1 2 3 4
1 1 0 1 1 1

( (.), ) ( (.), ) = ( (.), ) , ,

(0) = , (0) = , 1,

p H p H

p p p p p p

d w v a w v f v v V
dt

w B w B w u w B w B w u p   

   

       (5)

where 0 0w  . For arbitrary operators 1 0( ([0, ]; ); )B L C T V V , 2 0( ([0, ]; ); )B L C T H V , 3 0( ([0, ]; ); )B L C T V H ,
4 0( ([0, ]; ); )B L C T H H  and vectors 0 ,u V 1u H , we have (0)pw V , (0)pw H   and by Theorem 2, if

2 (0, ; ),f L T H  then the classical problem (5) has a unique solution for each pN . The following theorem gives

conditions on the nonlocal operators B1, B2, B3 and B4 for which the sequence of vector-functions =1( )p pw   converges to
the solution of the nonclassical problem.

Theorem 3. Suppose that the operators B1, B2, B3 and B4 satisfy the following conditions 1 2 3 4 0jk jk jk jkb b b b    ,

for all <j k , k N , 2k  , and there exists constant 0 < < 1  such that

1,2 1,2 1

13,4 3,4

2 2

ˆ( ) ( )0 0
< , .ˆ0 0( ) ( )

p p p pp p

p pq p p p p p

B A B AA A
p

A AB A B A








    
              

R

N




If 0 ,u V  1u H  and 2 (0, ; ),f L T H  then the nonlocal problem (2), (3) has a unique solution u and the sequence

=1( )p pw   of solutions of problems (5) tends to u in the space 0 ([0, ]; ),C T V  and =1( )p pw   tends to u  in the space
0 ([0, ]; )C T H .
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It should be pointed out that the approximation algorithm (5) of the solution of the nonlocal in time problem by
solutions of classical problems permits one to investigate the nonclassical problem (2), (3) if the operator A satisfies only
self-adjointness, continuity and strong coerciveness conditions (1), and the spectrum of the operator A does not satisfy
any additional conditions required in previous theorems, which hold if the embedding of the space V in H is compact [9].

Theorem 4. If 0u V , 1u H , 2 (0, ; )f L T H , the operator ( ; )A L V V   satisfies conditions (1) and the norms of

the operators 1 0( ([0, ]; ); )B L C T V V ,  2 0( ([0, ]; ); )B L C T H V , 3 0( ([0, ]; ); )B L C T V H  and
4 0( ([0, ]; ); )B L C T H H  are such that

  1 2 3 2
1

2

1 ˆ1 || || 1 || ||a L L ac B B c 


 
    

 
,    2 2 4 2

2
1

11 || || 1 || || 1a L Lc B B 


 
     

 
,

for some 0 < <1 , 10 < < 1 , 20 < < 1 ,  then the nonclassical problem (2), (3) has a unique solution and the
estimate (4) is valid.

Now let us consider some applications of the general results obtained for abstract nonclassical problems to nonlocal
in time problems for hyperbolic partial differential equations and systems. Let n  R , nN , be a bounded domain

with boundary  of the class 1,1rC  , rN  [9]. By ( )kH   we denote the Sobolev space of order k based on 2 ( )L  . WeWe

denote the closure in ( )kH   of the set ( )D   of infinitely differentiable functions with compact support in  by

0 ( )kH   and its dual space we denote by  kH   . We set 0 0( ) = [ ( )]k k NH H , 2 2( ) = [ ( )]NL L  and consider the
2rth-order elliptic operator

   ...1
...1

=0
1 1

1 ,
... ...

j jr n nj j
q q j

j n n q qj j

A A x
x x x x

    
    
 

 

where the summation in the inner sum is performed over all possible sets of indices 1,..., ,jn n 1,..., jq q  each of which

independently ranges over the values {1,..., },p   ...1
...1

n nj
q q j

A x  is a square matrix of order N that is not changed under any

permutation of subscripts or superscripts, and the replacement of the superscripts by the subscripts gives the adjoint

matrix. We assume that the entries of the matrices belong to ( )L   and the inequalities

  
  

... 21
... ... ... ...1 1 1 1

...1
... ... ...1 1 1

, || || ,    = > 0,

, 0,   = 0,1,..., 1,

n nr
q q q q n n q q NNr r r r

n n j
q q q q n n Nj j j

A x b b c b c const

A x b b j r



 

 


RR

R

  

  (6)

are valid for almost all x , ...1q q j
b


 is an arbitrary N-component vector that is preserved under a permutation of

1,..., jq q  ( = 1, )j r . Partial derivatives in the definition of A are treated as generalized derivatives with respect to the

corresponding variables. Note that the jth-order ( = 1,..., )j r  partial derivative of a function in 2 ( )L   belongs to the

space ( )jH   ( = 1, )j r . Since the multiplication of a function in the space 2 ( )L   by a function in ( )L   leaves it in
2 ( )L  , for each vector-function 0 0( ) = ( ( ))r r Nv H  H  we have ( ) = ( ( ))r r NAv H   H . The elliptic operator A is

a continuous operator from 0 ( )r H  to the space ( )r H , which, by virtue of (6), satisfies the following self-adjointness
and strong coerciveness conditions

2
0( )

, = , , , || || , , ( ),r
r r r rAv w Aw v Av v v v w


         

H
H

where = > 0,const  .,. r   is the duality relation between the spaces ( )r H  and 0 ( )r H . The bilinear form

( , ) = , ra v w Av w   corresponding to the operator A is of the following form
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 ...1
...1

=0
1 1

( , ) = ,
... ...

j jr n n j
q q j

j q q n nj j N

v wa v w A x dx
x x x x

   
    
 


R

and satisfies conditions (1). Since the continuous embedding of 0 ( )r H  in 2 ( )L  is compact, it follows from properties
of self-adjoint coercive operators mapping a Hilbert space into its dual [9] that there exists a system of orthonormal in

2 ( )L  and complete in 0 ( )r H  eigenfunctions 1{ }n nv 
=  of the operator 0: ( ) ( )r rA   H H  corresponding to the

eigenvalues 2
1{| | }n n 

= , such that 1 20 ...    , n   as n  .
Let us consider the nonclassical problem for hyperbolic system of partial differential equations

2

2 = ( , ),    ( , ) (0, ),u Au f x t x t T
t


 


(7)

with the nonlocal initial and homogeneous boundary conditions

1
1 0

=1 0

2 3
2 3 1

=1 =10 0

( ,0) = ( , ) ( ) ( , ) ( ),
     ,

( ,0) = ( , ) ( ) ( , ) ( , ) ( ) ( , ) ( ),

Tm

j j
j

T Tm m

j j j j
j j

u x u x T u x d u x
x

u u ux u x T u x d x T x d u x
t t t

    

         

 


  

   
  

 

   (8)

1

1( , ) = ( , ) = ... = ( , ) = 0, ( , ) (0, ),
r

r

u uu x t x t x t x t T




 


 ν ν (9)

where ν  is the unit normal to the boundary  , 1 2 3, ,j j j   R  0 < jT T  ( = 1, )j m  and 1
1 2 3, , (0, )L T    . Note

that vector-functions defined on (0, )T  can be identified with vector-functions defined on (0, )T  and ranging in the

corresponding function spaces on  . Hence, the nonlocal in time problem (7)-(9) can be stated as the problem of finding

a vector-function 0
0([0, ]; ( ))ru C T H , which satisfies equation (7) in the space (0, ; ( ))rD T  H  of distributions on

(0, )T  ranging in ( )r H , where the partial derivative 2 2/u t   is treated as second-order generalized derivative
2 2

0= / (0, ; ( ))ru d u dt D T  H . In addition, we seek for 0
0([0, ]; ( ))ru C T H  such that 0 2([0, ]; ( ))u C T L  , u

satisfies conditions (8) in the spaces 0 ( )r H  and 2 ( )L , respectively, and boundary conditions (9) are valid, since for

each vector-function in 0 ( )r H , the traces of its generalized derivatives of order not exceeding r–1 vanish on the

boundary of the domain  . Thus, the nonlocal in time problem (7)-(9) is a particular case of the nonclassical problem (2),

(3), with 0= ( )rV H  and 2= ( )H L . To formulate the corresponding theorem on the existence and uniqueness of
solution of the nonlocal in time problem (7)-(9) we use the following notations

,
=1 0

,
=1 0

= cos( ) ( ) cos( ) ,

= sin( ) ( )sin( ) ,

Tm
i

i q j q j i q
j

Tm
i

i q j q j i q
j

T d

T d

       

       





 

 
    1,2,3,   i q N .

Theorem 5. If 0 0 ( ),ru  H  2
1 ( ),u  L  2 2(0, ; ( ))f L T L  and there exists a constant > 0  such that

1, 3, 2, 1, 3, 2,
1 1(1 )(1 ) ( ) > , ,q q q q q q

q q

q      
 

      N (10)

then the nonclassical problem (7)-(9) has a unique solution 0
0([0, ]; ( )),ru C T H  0 2([0, ]; ( ))u C T L  and the

following estimate is valid
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0 0 2 0 1 2 2 2([0, ]; ( )) ([0, ]; ( )) ( ) ( ) (0, ; ( ))0 0
( || || || || ).r rC T C T L T

u u c u u f
    

   
H L H L L

Moreover, solution of the nonlocal in time problem (7)-(9) is unique if and only if condition (10) is valid for 0  .

Applying the latter theorem we can obtain sufficient conditions on the coefficients 1 2 3, ,j j j    ( = 1, )j m  and weight

functions 1 2 3, ,   , for which there exists a unique solution of the nonclassical initial-boundary value problem (7)-(9).

Corollary 1. If 0 0 ( ),ru  H  2
1 ( ),u  L  2 2(0, ; ( ))f L T L  and 1 2 3, ,j j j    ( = 1, )j m , 1 2 3, ,    satisfy the

condition

1 2 3
1 2 3

=1 1 10 0 0

1 1(| | | | | |) < 1 | ( ) | | ( ) | | ( ) | ,
T T Tm

j j j
j

d d d           
 

       
then the nonlocal in time problem (7)-(9) has a unique solution.

Corollary 2. If 0 0 ( ),ru  H  2
1 ( ),u  L  2 2(0, ; ( ))f L T L 1 3=j j j    ( = 1, )j m ,  1 3     and satisfy

the condition

2
2

=1 =1 =110 0 0

2| |< 1 | ( ) | | | | ( ) | | | | ( ) |
T T Tm m m

j j j
j j j

d d d           

  

       
  

     ,

then the nonlocal in time problem (7)-(9) has a unique solution.

Now let us consider the nonclassical problem (7)-(9) with 1 3=j j j   , 2 = 0j  ( = 1, )j m , and 1 2 3 0     .

By Corollary 2, if 
=1

| |< 1
m

j
j

 , then the nonlocal problem has a unique solution for all 0 0 ( ),ru  H  2
1 ( ),u  L

2 2(0, ; ( ))f L T L . If 
=1

| |= 1
m

j
j

 , then it follows from Theorem 5 that the nonlocal in time problem has at most one

solution if and only if | | (2 1 ( ))q j jT k       for at least one value of  j ( = 1,..., )j m  and for all ,q k N , where

(.)  is Heaviside function, (0) = 0 . For these coefficients j  the following existence theorem is valid, where by

Int( )y  we denote the integer part of a real number y.

Theorem 6. Let 1 3=j j j   , 2 = 0j  ( = 1, )j m , 1 2 3 0     , 
=1

| |= 1
m

j
j

  and for some {1,..., }j J m 

there exist positive constants ˆ > 0jc  and nonnegative integers ˆ {0}js  N  such that

ˆ

ˆ
| | (2 1 ( )) , ,

| |
j

q j j s j
q

c
T k k q   


     N . (11)

If ˆ( 1)
0 0 ( ) ( ),r s ru    H H  ˆ

1 ( ),sru  H  ˆ2 (0, ; ( )),srf L T H
0

ˆ ˆ= min{2, },js s m
0

ˆ ˆ= { },minj j
j J

s s


0 ,Au ... ,

ˆInt( /2)
0 0 ( )s rA u  H  and 1 ,u 1,Au ... ˆInt (( 1)/2)

1 0, ( ),s rA u  H f, Af..., ˆInt(( 1)/2) 2
0(0, ; ( ))s rA f L T  H  for ˆ 1s  , then the

nonlocal in time problem (7)-(9) has a unique solution and the following estimate is valid

ˆˆ( 1) ˆ0 0 2 0 1 2( )([0, ]; ( )) ([0, ]; ( )) ( ) (0, ; ( ))0
( || || || || ).srs r srrC T C T L T

u u c u u f    
   

HH L H H

Using the latter theorem we investigate the dependence of the existence and uniqueness of solution of nonlocal in time
problem on algebraic properties of numbers characterizing the geometric shape of the spatial domain and values of time
variable in the nonclassical initial conditions. Let us consider the nonclassical problem for one-dimensional wave equation

2 2

2 2 = ( , ), ( , ) (0, ) (0, ),u u f x t x t l T
t x

 
  

 
(12)
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with homogeneous boundary and nonlocal initial conditions

(0, ) = ( , ) = 0, (0, ),u t u l t t T (13)

0
=1

1
=1

( ,0) = ( , ) ( ),
(0, ),

( ,0) = ( , ) ( ),

m

j j
j

m

j j
j

u x u x T u x
x l

u ux x T u x
t t








 


 




(14)

where 0j   are given real numbers, 0 < jT T  ( = 1,..., ),j m  1
0 0 ( ),u H   2

1 ( ),u L   2 2(0, ; ( )),f L T L   and u is

the unknown function in the space 0 1
0([0, ]; ( ))C T H   and 0 2([0, ]; ( ))u C T L  . If 

=1
| |< 1

m

j
j

 , then the nonlocal in

time problem has a unique solution, and in the case of 
=1

| |= 1
m

j
j

 , the problem has at most one solution if and only if at

least one of the points jT  (1 )j m   is such that the ratio /jT l  is irrational or can be represented as a ratio of even and

odd numbers, when < 0j . Note that the condition of irrationality of the numbers /jT l  is insufficient for the existence

of a solution even for analytic given functions u0, u1, f. If < 0j  and 1/ = 2 /(2 1)jT l n n  , for some 1,n n N , then /jT l

satisfies condition (11) with ˆ = 0js  and, consequently, the nonlocal in time problem has a unique solution. So, in the case

of positive coefficients j  for the nonlocal in time problem to be solvable, it is necessary to impose constraints on the

order of approximation of at least one irrational /jT l  ( = 1, )j m   by rational numbers. Theorem 6 with ˆ{ } = 1, 2min j
j J

s


implies the following results on the existence of a solution to the nonclassical problem (12)-(14).

Theorem 7. If 
=1

| |= 1,
m

j
j

   for at least one 
0
/jT l  0(1 )j m   there exists a positive constant c>0 such that

0
2 , ,

jT k c k q
l q q
   N , (15)

and 2 1
0 0(0, ) (0, )u H l H l  ,  1

1 0 (0, )u H l , 2 1
0(0, ; (0, ))f L T H l  for m=1,  or 3

0 (0, )u H l   1
0 (0, )H l ,

2 1
1 0(0, ) (0, )u H l H l  , 2 2 1

0(0, ; (0, ) (0, ))f L T H l H l  , 2 2 1
0 0/ (0, )u x H l   ,  for 2m  , then the nonlocal in time

problem (12)-(14) has a unique solution.

Theorem 8. If 
=1

| |= 1,
m

j
j

  for at least one 
0
/jT l  0(1 )j m   there exists 0 < < 1  and corresponding positive

constant ( ) > 0c   such  that

0
2

( ) , ,
jT k c k q
l q q 


   N , (16)

and 3 1
0 0(0, ) (0, )u H l H l  , 2 1

1 0(0, ) (0, )u H l H l  , 2 2 1
0(0, ; (0, ) (0, ))f L T H l H l  , 2 2 1

0 0/ (0, )u x H l    for = 1m ,

or 5 1
0 0(0, ) (0, )u H l H l  ,  2 2

0 /u x  , 4 4 1
0 0/ (0, )u x H l   ,  4 1

1 0(0, ) (0, )u H l H l  ,  2 2 1
1 0/ (0, )u x H l   ,

2 4 1
0(0, ; (0, ) (0, ))f L T H l H l  , 2 2 2 1

0/ (0, ; (0, ))f x L T H l   , for 2m  , then the nonlocal in time problem (12)-(14)
has a unique solution.
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Note that the set of numbers 
0
/jT l  satisfying condition (15) contains all irrational algebraic numbers of degree 2, and,

by the generalization of the Liouville theorem on the approximation of irrational numbers by rational ones [10], each
irrational algebraic number 

0
/jT l  satisfies inequality (16).
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maTematika

araklasikuri amocanebi aralokaluri sawyisi
pirobebiT abstraqtuli meore rigis evoluciuri
gantolebebisaTvis

g. avaliSvili*, m. avaliSvili**

* i. javaxiSvilis sax. Tbilisis saxelmwifo universiteti
** saqarTvelos universiteti, Tbilisi

(warmodgenilia akademiis wevris r. bancuris mier)

gamokvleulia araklasikuri amocanebi abstraqtuli meore rigis evoluciuri gantolebebi-
saTvis aralokaluri sawyisi pirobebiT. damtkicebulia arsebobis da erTaderTobis Sedegebi
zogadi droiT aralokaluri amocanebisaTvis Sesabamis veqtoruli ganawilebebis sivrceebSi,
mniSvnelobebiT abstraqtul hilbertis sivrceebSi. agebuli da gamokvleulia araklasikuri
amocanis amonaxsnis Sesabamisi klasikuri amocanebis amonaxsnebiT aproqsimaciis iteraciuli
algoriTmi. abstraqtul hilbertis sivrceebSi araklasikuri amocanebisaTvis miRebuli zogadi
Sedegebis gamoyenebiT Seswavlilia droiT aralokaluri sawyis-sasazRvro amocanebi hiperboluri
gantolebebisa da sistemebisaTvis.
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