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On an Integral Square Deviation Measure with the Weight
of “Delta-Functions” of the Rosenblatt-Parzen Probability
Density Estimator
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ABSTRACT. The limit distribution of an integral square deviation with the weight of “delta-functions” of the
Rosenblatt-Parzen probability density estimator is defined. Also, the limit power of the goodness-of-fit test
constructed by means of this deviation is investigated. © 2008 Bull. Georg. Natl. Acad. Sci.
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1. Limit distributions of some global measures of distributions of estimates f,,(x) of the density f(x) such as,

for example, an integral square deviation constructed by means of the so-called weight function W(x) not depending

on n were studied in P. Bickel and M. Rosenblatt [1], E. Nadaraya ([2, 3]), P. Hall [4] and other works. .
The theory of the asymptotic behavior of an integral mean-square error

R(f, f:W,) = E[W,(x\f, (x)= /(x)) dx, (1)

is developed in the work of T. T. Cai and M. G. Low [5], where W, (x)=a,W(a,(x~¢,)), {a,} is a sequence of

positive numbers, W(x)ZO is a Borel-measurable function and ¢, is some fixed point. If in (1) we put
W(x)z%](—lﬁxsl) and pass to the limit as a, > for fixed n, then, roughly speaking,

R(f,, f:w,)=E(f,(£4)- f(t, ))2 .If, however, we put a, =1 in (1) for all n, £, =0 and assume that W(x)> 0 is
an arbitrary bounded function, then R(f,, f;W, )= E||f, - f||i v)- Thus the value R(f,,/;W,) can be considered
2 n

as a generalization of a measure of density estimation accuracy which contains a mean-square deviation of the
estimate f,, (x) of the density at the point and an integral mean-square deviation. Therefore it is natural to pose the

question on the limit distribution of the value ||/, — f "i () P (x)=a,W(a,(x~¢,)). In the present paper this
2\"n

question is considered for the case where f, (x) is a nonparametric estimate of the Rosenblatt-Parzen density and
a, = as n — . The case a, — a, <oo is of no interest because it follows from the results of the works [1-4].

Let X, X,,...,X, be independent, equally distributed random values having the unknown probability density
function f (x) and consider the Rosenblatt-Parzen nonparametric estimator f, (x) of the density f° (x)

£(5) =2 Y (2 - ,).

where K (x) is a function belonging to the class
© 2008 Bull. Georg. Natl. Acad. Sci.
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1 {6 [ K1 k)= Kok swlk(e] <z, 5*K(o)e 1,0

and {/ln } is a sequence of positive numbers converging to infinity.
Notation.

1) = n"f Ef"L (W ) n = EUrgl)a

a, (x,7)= 2, [K(2, (x=y))- EK (%, (x - X, ))}

On —ZH[EO‘ (1, X Jar (MZ’XI)] (e W, () ey

) =2n" J J n (x)dx,
J=
é:(n Zn(n , — é:l(n) — 0’ éj(fl(n) — 0’ ] >n,

.7-",5 " = olo: X, X,,...X,).
Lemma 1. The stochastic sequence («f]("),f}"))

o Isa difference-martingale.
J=

Lemma 2. Let K(x)e H, f (x) e I (F is the set of bounded functions on R = (— o0, oo) which have bounded

derivatives up to second order inclusive), W(x) be bounded and W € L, (R) If 2, >, a, >0 and 50 as

n— o, then
o, )02 > 27200 ) KEEME[ W2 (K, Ky = KK, £(04)#0

Theorem 1. Let K(x)e H, f(x)eF, W(x) be bounded and W e L(R). If A, =, a, =, Y50 and

n
n'A,a -0 as n— o, then G;I(U,Sl) - An)——d—> N(O,l), where d denotes the convergence in distribution, and

N (0,1) is a random value having a normal distribution with a zero mean value and variance 1.

Proof. We have
o' (0" -a,)= ‘/ Uiy (O Zg ()

Jj=1
and also

VarH,gz):o(Mjm(nlonz), e, HO 750,
n

The asymptotic normality of H W) takes place [6] if for each ¢ € (O,l] and n — ©

n

E[CRRCE

> 8) / F ,E’i 2 }—P>0 (the Lindeberg condition)
and
v =3 el 7 ).
=

First let us verify that Vn2 —% 51. For this, taking the definition of 55-") into account, we can write Vn2 in the

form

Y. ¢ ) Vi V2

nl

=348

It is not difficult to show that

164, | & R
VarV,, =——"2|>"(j-1)E(e, -5,)° +2> EZ}(n—i)|= B, + B,

j=2 i=2

(’71/ )2|X1’ ’ 11J+2iEZ 2(7711 ’7"

= =l =i+l

Bull. Georg. Natl. Acad. Sci., vol. 2, no. 4, 2008



10 Elizbar Nadaraya

and also

BN S)

nf oo

= 24,7 [[ e X Yo, (v, X, )0, (e, 0, (e, (v ey,
K (4, (x -

S

@, (x, ) ))( o= X0)) - EK (4, (v = X, )JEK(2, (v - X)),

z I CD x,y Wn(x Wn( )dxdy
i=1

1
Therefore VarV,; — 0. On the other hand, EV,; =1—— —1. Therefore V', —L1.
n
Now let us consider V,,, . Taking into account the inequality
2 2
n n ) ]/2
43| <[Sle)”)
i=1 i=1
which is easy to verify and performing some simple calculations, we obtain

EVY = 0(“-”} .
Ay

Now we will establish the validity of the Lindeberg condition. For this, it suffices to make sure that

Therefore V7 —£—1.

1 4
Z E(;I(f’)) — 0. Simple calculations show that

=l
n 2
> ) = 0[—@ ~
j=1 "
Therefore
o (U -, s N(0.1).
Theorem 2. Let K(x)e H, f(x)e F, W(x) be bounded, W(— x):W(x), xeR, and sz(x)e L (R) I
2
A, > ®©, a, > o, j—”—)O L —0 and A,a,’ =0, then
. n
(,a") 2 6 (U@ - A(F)— N(0a), UD = 2100,

= f()[ K> (hu[w(x)dx, o?(f)=212(¢, )| K3 ()dz[ > (v)av,  f(¢4)%0

Proof. Lemma 2, Theorem 1 and the representation An( f ): A, [A( f )+ O(a;2 )+ 0( ;l)] provide the proof of
the theorem.

Theorem 3. Let K(x), f(x), W(x) satisfy the conditions of Theorem 2. If A, — ®©, a, —> o, Z_"—”)’

Ayl -5 na, —1/2 ,-9/2
—= >0, 4,a,” >0, —5——0 and na,’"4,"" >0, then
n lﬂ

(') o7 (1)U, - A(F)—> N O,).

)0, -0 fefo, 1)
0, =5 [ ()= S (), (),
R, =2 [(, ()= 57, (N7, (x) = 1 (o, (e

n

Proof. We have
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By virtue of the generalized Minkovski inequality and
max|Ef,, (x)— f(x] = O(/lﬁ2 ),
we obtain ’

n n

(/'L . )1/2E|R |— ( na, /1;5/2)
and also
(/1 a, )1/2 0,= O(na,fl/2 /1;9/2 ) .

n—n
The theorem is proved.
2. The assertion of Theorem 3 enables us to construct goodness-of-fit tests of the asymptotic level o for testing

the hypothesis H,, :f(x) =/ (x), fo (EO ) # 0 . For this it is necessary to reject H,, if

1 -1/2
U, 24, <a>=A<f0>+( j eolfy). ™

n

where ¢, is the quantile of the level & of a standard normal distribution.
Theorem 4. Let all the conditions of Theorem 3 be fulfilled. Then T1 (fl) {U >d (a)}—)l as n—> .

Therefore the goodness-of-fit defined in (*) is consistent against any alternative H, : f (x) = 1(x), i (x) = fo (x)
on the set of a positive Lebesgue measure, f; (é 0 ) = 1o (f 0 )
It is not difficult to show that

m,(f,)=# {(z o' )2 o (1 Nus - A2 ——Z—=(o" ()R, +0, 1))},

Up =02, = Al o)

Since for the hypothesis H; we have

/—’1" o' (A, )(U,’; ~A(f ))—>"’ N(0J), nA 2a;? o0
an
and

R, > (fi(¢ o) [ (x)x >0
we conclude that IT, (fl) —1.
Now let us introduce into the consideration the sequences of locally close alternatives ([ 7], [8])

i, :ﬁn<x>:fo<x>+an¢(jf" j+o<anyn>,

n

0, =ly+ o(;/n ), (p(x) eF, J(p(x)dx: 0.
Theorem 5. Let K(x), fl,,(x), W(x) A, and a, satisfy the conditions of Theorem 3. Let, in addition, W(x) be

continuous at the point 0 and W(0)> 0, a7, = o(n_l/2 ) ni, /2 1/2}/,,0(,, =7, >0, La,'a> >0, 4,7, >,

n

a,' 2, > 0and a,y, — 0 as n—> . Then

P, U, 2 d, (e} 1-0le, ~ 7w (0} (1) 0 (ehs).
Proof. We have

P{ A ly® —a(n b ()2 ) o o [Pt a5, 4, +Az,1]},

a, O-(fln ) a
3) = ﬂ'_] "f fln || 7,
Aln = ”/1;1 "fln - f() ||iZ(Wn)’ - }’lﬂ I n fln( ))(fln (x)_ fO(x))Wn (x)dx'
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From Theorem 3 it follows that

(a2 (09 = A0 (1) —2> N (021)

for the hypothesis /7|, . Let us now show that

i_nail(fln )A2n —P) 0.

n

Indeed,
‘/ﬂv_TE‘|AZn|S ()+ (n)9
al’l

also
19 = 0la27)

n n“"n

and
Lg)Scna,l,/2 ]/205 X
/2

2
dt dzjl

1
1 2 u—~t, 2 1,2 (1)[”‘%} zt
x9—| flu du+y, " n" A, u)du| | | [t|[K(¢ — |+
R o e 1 e
Hence by virtue of the generalized Minkovski inequality we obtain

1/4
0 =0z al* )+ 0(7/;1/1;1 (j—]

Bl a 1/4
\/%EIAZ,A:O ( 7 ] J+0(a;%;2)-

ni, l/zal/zyna —>7>0

(fln )‘/7’41;1 —)}/0W f() j(/) u u, W(O)io

a, and y, are fulfilled if, for example, we assume that

_ _ 9 2 1 1 11 1
€ a —— fi == == ==+ — << —" = =—
, Y, =n or a=%. B = StE <3 A=, s G’

Therefore

Furthermore, using the condition

it is not difficult to establish that

The theorem is proved.

The conditions of the theorem as regards 4,, a,,

1 1 1
O=—+¢, —< 6‘<g and so on.

5 20
It is well-known that for some ¢, g and §, for which a+ #>1/2, 1-2a - = 5/2, the limit power of the

Rosenblatt-Bickel goodness-of-fit ([2], [7], [8])
T, = [ folehlx)dx[ K (u)du + 2, 2,00,

7, =n! [ (1, ()= 13 () wlw) .
b —2J.f02(x)w deKO dx
fo(x) against the alternative

Zn } gn :£0+0(7/n)

n

**)

used for testing the hypothesis H, : ( )
fln( ) fO(x)+ O.’ngp[

(/1,1 =n’, a,=n"" and y, = n’/”)

is equal to
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Ar)= 1_q>(ga _%o) o (u)du],

while the limit power 7(U ) of the goodness-of-fit (*) is equal to one for a, =n", 0< ¢ < . Further, for some « ,
B, 6 and ¢, for which a+ f>1/2, 1-2a -+ &/2 = §/2, the limit power of the goodness-of-fit (*) is equal by
virtue of Theorem 5 to

Ao)=1-of o, -2 )

while the limit power )/(T ) of the goodness-of-fit (**) is equal to 1— q)(ga ) Moreover, the calculation of the right-
hand side of (*) becomes essentially simpler as compared with (**) and therefore when choosing between the
goodness-of-fit tests we will give preference to the goodness-of-fit test based on U, .
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