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ABSTRACT. In the present paper nonclassical problems for nonlinear first order evolution equations in
abstract spaces are considered. Nonclassical problem with time nonlocal initial condition is studied for the first
order evolution equation with semicontinuous and monotonic nonlinear operator. In suitable spaces the exist-
ence of solution of the nonclassical problem is proved. An iteration algorithm for approximation of solution of
the time nonlocal problem by solutions of classical problems is constructed. Under suitable conditions on
nonlocal operators and given vector-functions in the initial conditions it is proved that the nonclassical problem
possesses a unique solution and the sequence of solutions of the constructed classical problems converges to the
solution of the time nonlocal problem. The application of the obtained general results for investigation of time
nonlocal problems for nonlinear parabolic equations is considered. © 2008 Bull. Georg. Natl. Acad. Sci.
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Time nonlocal problems are nonclassical problems which are used for mathematical modeling of various physi-
cal, chemical and other processes, when it is impossible to determine the initial state of the dynamical system, but
the dependence of the initial values of the unknown function on its values at later times is given. Time nonlocal
problems are generalizations of problems periodic with respect to the time variable and can be treated as control
problems with initial conditions. Time nonlocal problems arise in mathematical modeling of processes of radionu-
clides propagation in Stokes fluid [1], diffusion and flow in porous media [2-4].

The nonclassical problems with discrete nonlocal initial conditions for parabolic equations were considered and
studied in [5]. Later on, linear time nonlocal problems for some equations of mathematical physics were studied in
[6-9]. Time nonlocal problem for nonlinear Navier-Stokes equations with linear discrete and integral nonlocal initial
conditions were considered in [10]. Further, nonclassical initial boundary value problems for nonlinear Navier-Stokes
equations with nonlinear discrete-integral time nonlocal conditions were studied in [11].

The present paper is devoted to the investigation of time nonlocal problems for nonlinear evolution equations.
We consider a nonclassical problem for the first order evolution equation in abstract spaces with semicontinuous and
monotonic nonlinear operator and nonlinear nonlocal initial condition. In suitable spaces of vector-valued distribu-
tions we investigate a time nonlocal problem and prove the existence of solution of the nonclassical problem.
Moreover, we construct an iteration algorithm which permits one to approximate a time nonlocal problem by classical
problems. Under corresponding conditions on nonlocal operator we prove the uniqueness of solution of the time
nonlocal problem and show that the sequence of solutions of the constructed classical problems converges to the
solution of the nonclassical problem. We consider some applications of the obtained general results for investigation
of time nonlocal problems for nonlinear parabolic equations.
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For bounded domain Q cR”, n>1, with Lipschitz boundary I'=06Q we denote by L” (Q) the space of
functions in Q integrable to the p -th power in the Lebesgue sense and let W“"”(Q), seR,s20,1< p<Loo, be
the Sobolev space of order s based on L” (Q) For any Banach space X, C°([0,7];X) denotes the space of
continuous vector-functions on [0,7] with values in X, L?(0,7;X) is the space of such vector-functions
2:(0,T) > X that ||g(t)||X eL?(0,T), 1< p<w. We denote by g’'=dg/dt the generalized derivative of
ge LP(0,T; X) in the sense of distributions D'((0,7); X) on (0,7) with values in X .

Let A be Hilbert space and V; (i= L_n, n € N) be reflexive Banach spaces, which are dense in H and are
continuously embedded in it. We denote by V = rnwl V; the space equipped with the norm |v], = Zn:”v”’/ , for all

i= =1

veV , and assume that V' is separable space dense in H . By identifying the space H with its dual by using the
scalar product in H we obtain V¥ < H c V' and V; € H c V/ with continuous and dense embeddings, where V',

V! are dual spaces of V' and V;, respectively (i = I,_n). Let A; be nonlinear operators from V; to its dual space V;,

which are semicontinuous and monotonic operators, i.e. the function <Ai(v+ W), wl>' of the variable y is
1

continuous and (Ai v)—4;,(w),v— w)i >0, for all v, w, w e V;, where (.,.)i denotes the duality relation between the

spaces V; and V;, i =1,n.In addition, we suppose that the operators 4, :V; — V; satisfy the following conditions
i+
[4: 05, < M5

denotes a seminorm in the space V; for which there exists A, such that [.], + 4, |||| ,; 18 equivalent to the norm ||||V

' 4;(),v). 2¢, [v]{/’f”, ¢y, ¢y =const>0, p,eR, p; 20, forall veV,, where [.],

i

in the space V;, i =1,n. Note that under the latter conditions the nonlinear operators 4,, i = 1,7, are continuous if

1

the space V; is considered with respect to the strong topology and the dual space V; with respect to the weak

topology.
Let us consider a time nonlocal problem for a nonlinear first order evolution equation: find

n
uel=nL""%0,T; V.) NL*(0,T;H) , which satisfies the equation
i=1

d n n
WOy + D (A4 w).v), =D (1), VeV, (1)
i=1 i=1
in the sense of distributions on (0,7") together with the following nonlocal initial condition

w(0)=>" g, @)w(T)).h;)yhs + Y |18 ;@) w(e).h; (D) y B ()T +uq, ()
j=1

J=1

S =N

where hy b e H , by Ry e 215, |, <10 1] <1

i j(t)HH <1, “i;jl-(t)“H <1, for almost all 7 € [0,7],

0<7,<T, j= I,_m, g,;:U—>R are weakly continuous and gj :U — L['(0,T) are continuous when U is

equipped with weak-* topology and the space L'(0,T) is considered with respect to the strong topology, i.e. if

{Wy}ys converges to W weakly in each of the spaces L2 (0, V), i=1n, and weakly-* in the space

L*(0,T;H), then g;(wy)—>g,;(w) and g;(wy)—>g;(w) strongly in the space L'(0,T), as N — w0, jzl,_m.

Note that each operator 4; can be considered as operator from L’ 2 (0,T;V;) to the space L” / 0, 7;v)),

bl =(p; +2)/(p, +1), i=1 n. Therefore, if f, €L” (0,T;V)), i=1Ln, then u'ezn:LPf*(o,T;V;)cLP*(o,T;V'),
i=1

p" =min p; , and since ueU < LP**(0,T;V), p= max{p;}, applying the embedding theorem we obtain that
I<i<n

1<i<n
ueC°([0,T]; H) , which permits one to interpret the initial condition (2) as equality in the space H .
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For time nonlocal problem (1), (2) the following existence theorem is proved.

2
* n vl
Theorem 1. [f uy e H, f;,eL” (0,T;V])), i=1,n, and there exists positive constant §<ZEA (inf _” "V ,
“ovel; (Vi
HM g

when p, =p,=..=p, =0 or arbitrary { € R, when at least one p; >0, such that the following inequality is
valid

i=1

m T
D (supd] g; (w) | we CO([0, 7L )}e ™" + [supi] &, (w) | (7):we CO(O.TLV e <7 dr) <1,
J=1 0
then the nonclassical problem for nonlinear first order evolution equation (1) with nonlocal initial condition (2)
possesses the solution ueU .

For practical solution of nonlinear time nonlocal problem (1), (2) one can construct an algorithm for
approximation of the problem by a sequence of classical problems. Let us consider the following sequence of
classical problems for the first order nonlinear evolution equation: find a vector-function wy €U, N =1, which

satisfies the equation in the sense of distributions on (0,7) and the initial condition

CARO XA =X e 3)
m m T N A
Wy (0) =Yg, - Yy (1), 1))y 1y + D (12, 0wy DI 0y (2,5 (2) gy 1) (D) T+, 4
Jj=1 Jj=1o

where w, =0. For arbitrary operators g, :U —>R and g U —1N0,T) (j :1,_m) in the nonlocal conditions
classical problem (3), (4) possesses a unique solution [12] for each n e N . The following theorem gives conditions
on g;and g; (j= I,_m), ensuring convergence of the sequence of solutions {wy } s, of the classical problems to
the solution of the time nonlocal problem.

Theorem 2. If the operators g; and g; (j :L_m) in the nonlocal conditions (2) satisfy the following

conditions

18,0010 =18, OO < e [wi) - w' o)

1 1
w—-g.(w)Lc, HW—W ,
g,00-g, 0 ey fo-w],

for almost all t € (0,T) and for all w,w eCO([O,T];H), Cgv €4 =const >0, j=1,m, and

&
m T

> (sup{ g; W) :we C° (0.7 H)y + [sup{| &, )| (2):w e CO(0.T]: H)ydr) <1,

J=1 0

then there exist neighborhood of zero D, in the space H and neighborhoods of zero D, in the spaces

L (0,T;V,) such that, for uy €D, and f; €D, (i= l,_n) nonclassical problem (1), (2) possesses a unique solution
u eU and the sequence of solutions {Wy } ., to problems (3), (4) of the constructed iteration algorithm tends to

the solution u in the space C°([0,T];H).

Let us consider now some applications of the obtained general results for time nonlocal problems in the case
of parabolic equations. We study a time nonlocal problem for the following nonlinear parabolic equation

; p
o aj uf on =/, (x,1) € 2x(0,T), %)
ot = ox; ox;| Ox;

with mixed Dirichlet-Neumann boundary conditions

n ol a
ux,H=0, (el x(0T), Yaj— v =c, (nnel}x(0,T), (6)
=

and the following nonclassical initial condition
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m T
u(x,0)= sin" [ j J.u(a,t)lyj (a, r)dadzJ( j wa,T))E; (a)danj. (x) +

Jj=1 0Q Q

m T . .
+> j i (x)[ j u(e,0é;(a, t)dan} (x, 1)dt + 1y (x), xeQ, (7
0 Q

Jj=

where k; e NU{0}, j =Lm,T=0Q= Iyuly, vuli, Iy "I} =T, , is a Lipschitz dissection of the boundary I",

v =(v;); is the unit outward normal to T =0Q, f,o,u, and S (:1]4, n;, (fj, éjl, ﬁj (j:I,_m) are given
functions from suitable spaces. Note that, if all the functions in equation (5) are smooth enough, then multiplying
both sides of equation (5) by arbitrary smooth function v vanishing on I',, integrating over domain Q and
applying Green identities we obtain

j —(x £W(x)dx +Zja (x ) ﬂﬂdx j F(x,tw(x)dx +j o (x,t)W(x)dx . (8)
J=la / axj ﬁxj T

Moreover, it can be proved that each smooth enough solution # of equation (8) is a solution of equation (5) and
satisfies boundary conditions (6). So, in the spaces of smooth enough functions the problem (5)-(7) is equivalent to
equation (8) with initial condition (7), and, consequently, the weak solution of the problem (5)-(7) can be defined as

follows: find u e LP*2(0,T; er(;’”z Q) NL”(0,T;L*(Q)), p >0, which satisfies the equation

d _ 1Lp+2

WO g, + A = () g (tr (V)>r1 . Welt (),
in the sense of distributions in (0,7) and the initial conditions (7), where er(;’] Q) = vew Q) trr, (v) =0},
fel’(0,T;LF(Q), ocel” 0,T;w """ (), p'=(p+2)Ap+1), <"'>F1 is the duality relation between

wVPP () and W PSP, wVPP(T)) s the dual space of W'/ P*2(T,), which is the space of traces on
I, of the functions from W"*2(Q), oy, WP Q) 5wV PP s the trace  operator,

a(v ,v)= Zja (x)

j=lg

a

—i aLﬂdx, for all v',vewW'"*?(@Q). If a,2c,, ¢, =const>0, a;eL”(Q)
Yj OXj

(j= l,m), then the operator A, corresponding to the form a(.,.), a(vl,v) =<Avl,v> , 1s semicontinuous and
Q

monotonic from Wl””z(Q) to its dual space [Wl”’+2 @7, <,> is the duality relation between [Wll{’)””2 (©Q)]" and

1‘”2 (Q),and A satisfies the following conditions ||Av|| WW” @1 < <¢q ||v||W1p+2 @

»
ov| ov 8v

(Avv> =a(v,v)= Zja() o ZJ.

Jj=10 xj x j=lQ J

Therefore we can use Theorem 1 to obtain the correspondlng result for the time nonlocal problem (5)-(7).

Theorem 3. If u,el’(Q), felL’(OT:;L7(Q), oL/ OT;W P (T), ¢&,.& e’ (Q),
n; eL'(0,T; L*(Q)), g‘gj,géjl- e L”(0,T;L*(Q)), n; e L'(0,T) , and the following condition is fulfilled

+2

_ p+2
dv=c 102

Bv

1/2 1/2 T 1/2 1/2
{jw (x) de {jw}(x)f dx} +jﬁ,-<r)[j|é,-<x,r>|2 de {ﬁé}(x,mz de dr|<1,
/1 Q 0 Q Q

then the time nonlocal problem for nonlinear parabolic equation (5) with nonclassical initial condition (7) is
solvable in the space LP** (O,T;er(;p+2 Q) NL°(0,T;L*(Q)).

Note that a similar result can be obtained for a parabolic equation with different powers in the nonlinear term
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n

8t zzﬁx

Time nonlocal problem for equation (9) with initial condition (7) and homogeneous boundary condition
u(x,t)=0 on I'x(0,T) is a particular case of abstract problem (1), (2), where H = L*(Q), V, is the closure of the

1

a“ —f. (n)eQx(0,7). ©)
6x

set D(€Q) of infinitely differentiable functions with compact support in Q in anisotropic Sobolev space
Wt (Q) = {v|ve IPH2(Q),0v/ox, € LP*2(Q)}, p, 20, i=12..n, the seminorms [.], are given by

v]; = ||6v / Ox; i= I,_n, and we can use the general results obtained for the abstract time nonlocal problems.

"LF"*Z(Q) >

3.)07(7(7.)& 049

a\)ﬁmom bﬁog:)m dog\n'ﬂﬁ)o bamGosaboB '3315.51‘)36 cbmaoaﬁ)mo
.)(4).596%030 agmg'ago?]ﬁo 6.)6&0)Q360150m3015
3- gPezodgogro, 3. ygderodgzomo

0. Jq{.)(y.)bog(yogols mdo@ol&olﬁ Zmlﬁ(ygu?ﬁ’ogm ;76—05(7{6[60@(7@0
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%’bﬂ)amgaasog 65963 3o 3.35130;3?];30.5 bﬁ)odgo'lmd"‘r]&m .)307(3.55360 .56.56613030 30(4)33Q0 ﬁmaols
absém;gababolmmf;ols. Bah%gogmob 360 JQQBO d"aﬁ)o oameoso Q&)mom o&)on d"Q"{]&m Boﬁ’aolm 3omdom
30633;20 606013 mmg'aeo'aﬁo 6.55&07Q350150m301s 1)330'8683;](50 > amsméms'ﬂﬁm m336o®mt¢mm. Bamﬁa;gm
150360336'30 Qbaédoeab’agob o&)odgohodm&)o oameosols .53('76.515156015 oﬁlsabmbo. oaameoo Qﬁ)mom
bﬁbgmm déQ‘a&m .5307006015 oamsoBBSOB JQ.ﬂm 6'360 oameosaaok .)3076.)151353600) .)3607(-]1503.500015 oéaébeoggo
bgmamﬁomao. B.)Vao'ls 30607585'30 '383.53.5Q aéon doQ'aﬁ 07336.)6(‘7686%3 Q.) 3('7(333"{]Q %'36(-](3036153 'aa‘lsoaoaols
306(')335'30 Qoaé doeab‘aggoo, Amd 36 dg:)o'lm 6'36 éamebs.ﬂs 8.5.5560.) 360).5Q36m0 33mbsblbo Qo oaa&ag:m
dggblmd'aﬁo oameéS{]Bol} oamso‘blsE;aBo'ls 303Q336m6.§ 3001596.5133015 Q&)mom oéoggmdogg'aﬁo oameoﬁols
bﬂmEbbl&SoBbdas. abs'bogg"aggoo 30Q36~ag30 %ma&go '83;3333601; 8.530783585.5 06.59693030 306.&307(;2'360
absémggababolmmaol} Q&)mom b&)bg{)m d.)g;r:]&)o oamoésabols 3.)3('715.) 639333‘5‘3'

REFERENCES

. V.V. Shelukhi (1993), Dynamics of Fluids With Free Boundaries: Inst. of Hydrodynamics, 107: 180-193.
. C.V. Pao (1995), J. Math. Anal. Appl., 195, 3: 702-718.

. R.E. Ewing, R.D. Lazarov, Y. Lin (2000), Computing, 64: 157-182.

R.E. Ewing, R.D. Lazarov, Y. Lin (2000), Numer. Meth. Partial Diff. Eq., 16: 285-311.

. D. Gordeziani (1989), Rep. of Enlarged Sess. of the Sem. of I. Vekua Inst. Appl. Math., 4: 57-60.

. G Avalishvili (2002), J. Appl. Anal., 8, 2: 245-259.

D. Gordeziani, H. Meladze, G. Avalishvil (2003), J. Comput. Appl. Math., 88: 66-78.

. D.G. Gordeziani, GA. Avalishvili (2005), Diff. Eq., 41, 5: 703-711.

. D.G. Gordeziani, GA. Avalishvili (2005), Diff. Eq., 41, 6: 852-859.

10. D.G. Gordezian (1993), Rep. of Enlarged Sess. of the Sem. of I. Vekua Inst. Appl. Math., 8, 3: 17-19.
11. D. Gordeziani, M. Avalishvili, G. Avalishvili (2002), Appl. Math. Inform., 7, 2: 66-77.

12. J.-L. Lions (1969), Quelques méthodes de résolution des problémes aux limites non linéaires, Dunod, Paris.

Received June, 2008

Bull. Georg. Natl. Acad. Sci., vol. 2, no. 4, 2008





