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ABSTRACT. In the present paper nonclassical problems for nonlinear first order evolution equations in
abstract spaces are considered. Nonclassical problem with time nonlocal initial condition is studied for the first
order evolution equation with semicontinuous and monotonic nonlinear operator. In suitable spaces the exist-
ence of solution of the nonclassical problem is proved. An iteration algorithm for approximation of solution of
the time nonlocal problem by solutions of classical problems is constructed. Under suitable conditions on
nonlocal operators and given vector-functions in the initial conditions it is proved that the nonclassical problem
possesses a unique solution and the sequence of solutions of the constructed classical problems converges to the
solution of the time nonlocal problem. The application of the obtained general results for investigation of time
nonlocal problems for nonlinear parabolic equations is considered. © 2008 Bull. Georg. Natl. Acad. Sci.
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Time nonlocal problems are nonclassical problems which are used for mathematical modeling of various physi-
cal, chemical and other processes, when it is impossible to determine the initial state of the dynamical system, but
the dependence of the initial values of the unknown function on its values at later times is given. Time nonlocal
problems are generalizations of problems periodic with respect to the time variable and can be treated as control
problems with initial conditions. Time nonlocal problems arise in mathematical modeling of processes of radionu-
clides propagation in Stokes fluid [1], diffusion and flow in porous media [2-4].

The nonclassical problems with discrete nonlocal initial conditions for parabolic equations were considered and
studied in [5]. Later on, linear time nonlocal problems for some equations of mathematical physics were studied in
[6-9]. Time nonlocal problem for nonlinear Navier-Stokes equations with linear discrete and integral nonlocal initial
conditions were considered in [10]. Further, nonclassical initial boundary value problems for nonlinear Navier-Stokes
equations with nonlinear discrete-integral time nonlocal conditions were studied in [11].

The present paper is devoted to the investigation of time nonlocal problems for nonlinear evolution equations.
We consider a nonclassical problem for the first order evolution equation in abstract spaces with semicontinuous and
monotonic nonlinear operator and nonlinear nonlocal initial condition. In suitable spaces of vector-valued distribu-
tions we investigate a time nonlocal problem and prove the existence of solution of the nonclassical problem.
Moreover, we construct an iteration algorithm which permits one to approximate a time nonlocal problem by classical
problems. Under corresponding conditions on nonlocal operator we prove the uniqueness of solution of the time
nonlocal problem and show that the sequence of solutions of the constructed classical problems converges to the
solution of the nonclassical problem. We consider some applications of the obtained general results for investigation
of time nonlocal problems for nonlinear parabolic equations.
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For bounded domain ,nR⊂Ω  1≥n , with Lipschitz boundary Ω∂=Γ  we denote by ( )ΩpL  the space of 

functions in Ω  integrable to the p -th power in the Lebesgue sense and let ( ),, ΩpsW  R∈s , 0≥s , ∞≤≤ p1 ,  be 

the Sobolev space of order s  based on ( )ΩpL . For any Banach space X , )];,0([0 XTC  denotes the space of 

continuous vector-functions on ],0[ T  with values in X , );,0( XTLp  is the space of such vector-functions 

XTg →),0(:  that ),0()( TLtg p
X ∈ , ∞≤≤ p1 . We denote by dtdgg /=′  the generalized derivative of 

);,0( XTLg p∈  in the sense of distributions ));,0(( XTD′  on ),0( T  with values in X . 

Let H  be Hilbert space and iV  ( ni ,1= , N∈n ) be reflexive Banach spaces, which are dense in H  and are 

continuously embedded in it. We denote by i
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Vv ∈ , and assume that V  is separable space dense in H . By identifying the space H  with its dual by using the 
scalar product in H  we obtain VHV ′⊂⊂  and ii VHV ′⊂⊂  with continuous and dense embeddings, where V ′ , 

iV ′  are dual spaces of V  and iV , respectively ( ni ,1= ). Let iA  be nonlinear operators from iV  to its dual space iV ′ ,

which are semicontinuous and monotonic operators, i.e. the function 
ii wywvA 1),( +  of the variable y  is 

continuous and 0),()( ≥−− iii wvwAvA , for all iVwwv ∈1,, , where i.,.  denotes the duality relation between the 

spaces iV ′  and iV , ni ,1= . In addition, we suppose that the operators iii VVA ′→:  satisfy the following conditions 
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iAc , 0>= constc
iA , R∈ip , 0≥ip , for all iVv ∈ , where 

iV[.]

denotes a seminorm in the space iV  for which there exists iλ  such that HiVi
.[.] λ+  is equivalent to the norm 

iV.

in the space iV , ni ,1= . Note that under the latter conditions the nonlinear operators iA , ni ,1= , are continuous if 
the space iV  is considered with respect to the strong topology and the dual space iV ′  with respect to the weak 
topology.   

Let us consider a time nonlocal problem for a nonlinear first order evolution equation: find 
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in the sense of distributions on ),0( T  together with the following nonlocal initial condition 
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For time nonlocal problem (1), (2) the following existence theorem is proved.
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then the nonclassical problem for nonlinear first order evolution equation (1) with nonlocal initial condition (2) 
possesses the  solution Uu ∈ . 

For practical solution of nonlinear time nonlocal problem (1), (2) one can construct an algorithm for 
approximation of the problem by a sequence of classical problems. Let us consider the following sequence of 
classical problems for the first order nonlinear evolution equation: find a vector-function UwN ∈ , 1≥N , which 
satisfies the equation in the sense of distributions on ),0( T  and the initial condition  
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where 00 ≡w . For arbitrary operators R→Ug j :  and ),0(:ˆ 1 TLUg j →  ( mj ,1= ) in the nonlocal conditions 
classical problem (3), (4) possesses a unique solution [12] for each N∈n . The following theorem gives conditions 
on jg  and jĝ  ( mj ,1= ), ensuring convergence of the sequence of solutions 1}{ ≥NNw  of the classical problems to 
the solution of the time nonlocal problem.  
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then there exist neighborhood  of zero 0D  in the space H  and neighborhoods of zero iD  in the spaces 
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i
p VTL i ′  such that, for 00 Du ∈  and ii Df ∈  ( ni ,1= ) nonclassical problem (1), (2) possesses a unique solution 

Uu ∈  and the sequence of solutions 1}{ ≥NNw  to problems (3), (4) of the constructed iteration algorithm  tends to 

the solution u  in the space )];,0([0 HTC . 
 Let us consider now some applications of the obtained general results for time nonlocal problems in the case

of parabolic equations. We study a time nonlocal problem for the following nonlinear parabolic equation  
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with mixed Dirichlet-Neumann boundary conditions 
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and the following nonclassical initial condition 
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where }0{∪∈ Njk , mj ,1= , 1010 Γ∪Γ∪Γ=Ω∂=Γ , 0110 Γ=Γ∩Γ , is a Lipschitz dissection of the boundary Γ , 
n
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functions from suitable spaces. Note that, if all the functions in equation (5) are smooth enough, then multiplying
both sides of equation (5) by arbitrary smooth function v  vanishing on 0Γ ,  integrating over domain Ω  and 
applying Green identities we obtain 
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Moreover, it can be proved that each smooth enough solution u  of equation (8) is a solution of equation (5) and
satisfies boundary conditions (6). So, in the spaces of smooth enough functions the problem (5)-(7) is equivalent to 
equation (8) with initial condition (7), and, consequently, the weak solution of the problem (5)-(7) can be defined as 
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Therefore we can use Theorem 1 to obtain the corresponding result for the time nonlocal problem (5)-(7). 
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then the time nonlocal problem for nonlinear parabolic equation (5) with nonclassical initial condition (7) is 
solvable in the space ))(;,0( 2,12

0
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Γ
+ pp WTL  ))(;,0( 2 Ω∩ ∞ LTL .  

Note that a similar result can be obtained for a parabolic equation with different powers in the nonlinear term
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Time nonlocal problem for equation (9) with initial condition (7) and homogeneous boundary condition
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maTematika

droiT aralokaluri amocanebis Sesaxeb zogierTi
arawrfivi evoluciuri gantolebisaTvis

g. avaliSvili, m. avaliSvili

i. javaxiSvilis Tbilisis saxelmwifo universiteti

(warmodgenilia akademiis wevris r. bancuris mier)

warmodgenil naSromSi ganxilulia araklasikuri amocanebi arawrfivi pirveli rigis
gantolebebisaTvis. Seswavlilia araklasikuri amocana droiT aralokaluri sawyisi pirobiT
pirveli rigis evoluciuri gantolebisaTvis semiuwyveti da monotonuri operatoriT. saTanado
sivrceebSi damtkicebulia araklasikuri amocanis amonaxsnis arseboba. agebulia droiT
aralokaluri amocanis amonaxsnis klasikuri amocanebis amonaxsnebiT aproqsimaciis iteraciuli
algoriTmi. sawyis pirobebSi Semaval aralokalur operatorebze da mocemul funqciebze Sesabamis
pirobebSi damtkicebulia, rom araklasikur amocanas gaaCnia erTaderTi amonaxsni da agebuli
klasikuri amocanebis amonaxsnebis mimdevroba miiswrafvis droiT aralokaluri amocanis
amonaxsnisaken. ganxilulia miRebuli zogadi Sedegebis gamoyeneba arawrfivi paraboluri
gantolebebisaTvis droiT aralokaluri amocanebis gamosakvlevad.
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