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ABSTRACT. The problems of finding of the martingale measures for some class of stochastic processes in
discrete time are investigated. A special class of densities is introduced and minimal relative entropy martin-
gale measure for the process represented by exponential Gaussian martingale is constructed.  © 2008 Bull.
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On the filtered probability space ),)(,,( 0 PFF Nnn ≤≤Ω  consider the stochastic process of discrete time with real 
values  

 NnMSS nn ,...,1},exp{0 == , (1)

where 00 >S  is deterministic, 0,),( 00 =≤≤ MFM Nnnn , is a Gaussian martingale with quadratic characteristic 

.2
nn EMM =〉〈  We describe the evolution of a risky asset by this scheme. 

    Now we construct the density process .,...,1,0, NnZ n =  Define  
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where Nnnn F ≤≤0),(ψ  is some stochastic sequence. It is clear that  ψ
nZ  is nF  measurable.  

Let  
,}exp{ ∞<nE ψ  then NnnN FZ ≤≤0),( ψ  is P  martingale. 

Consider the measure 
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which is equivalent to P . 
If ),( nn Fψψ =  satisfies  

 ),.(],/}[exp{]/}[exp{ 11 saPFEFME nnnnn −=Δ+ −− ψψ  (4)

then ψQ  is a martingale measure for S , i.e. ψQ is equivalent to P  and S  is ),( ψQFn  martingale.  
Really,  from (1),(2)  we have 
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and  using (4) we have 11)/( −− = nnn
Q SFSE ψ . 

Consider the case when ),( nn Fψψ =  is the sequence of discrete stochastic integrals 
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with predictable )(kϕ , i.e. )(kϕ  is 1−kF  measurable. Then from (2), (4) the measure *Q with density  
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is the martingale measure for S , which is ).( saP −  unique among equivalent to P  measures with density process  
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This density coincides with the density obtained by conditional Escher transform 
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where c  is some constant (see [2], p.540). 
Let nnn MbMa Δ+Δ= 2ψ , where a  and b  are constants, nψ  is nF  measurable for each n . In this case the 

condition (4) has the form  
}exp{})1(exp{ 22 MbMaEMbMaE nn Δ+Δ=Δ++Δ , 

which is fulfilled if  
2
1

−=b  and for any constant a  the class of martingale measures for S  is defined by the 

density process 
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Let us consider the class of martingale measures aQ  )( Ra ∈ with density (5), i.e.  
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Now we find the constant *a  and corresponding probability measure *
aQ  which minimizes the relative entropy. 

Recall that the relative entropy of probability measure Q  with respect to probability measure P  is defined as 
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So we have to find the constant *a  and corresponding measure *
aQ  with density (6) for which 

.min),( * →PQI a  

Let us compute ].~ln~[ NNP ZZE  In the beginning consider 
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where 
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1 . So, we have that 
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Consider the mathematical expectation 
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using (7) and (8 ) we obtain for the relative entropy the following representation 
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Now we find the parameter a  for which the ),( PQI a  takes minimum. Consider the derivative  
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Assume that kM 〉〈Δ =1, i.e. kM k =〉〈 , then from (9) we obtain the quadratic equation for a  
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Solutions of this equation are 
4

31
1

+
=a  and 

4
31

2
−

=a . Recall that 
kM

a
〉〈Δ

<
2

1 , if  1=〉〈Δ kM , then 

2
1

<a  and the constant 
4

31* −
=a . This is the point of minimum, because 0),(

2

2
>

da
PQId a  in *a . 

So, we have proved the following    
 
Theorem. Let ,0,,...,1},exp{ 00 >== SNnMSS nn where 0,),( 00 =≤≤ MFM Nnnn  is the Gaussian martingale 

with quadratic characteristic .2
nn EMM =〉〈  In the class of martingale measures with densities defined by (6) the

minimal relative entropy martingale measure has the density 
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maTematika

martingaluri zomebi geometriuli gausis
martingalisaTvis

o. Rlonti, z. xeCinaSvili

i. javaxiSvilis Tbilisis saxelmwifo universiteti

(warmodgenilia akademiis wevris e.nadaraias mier)

napovnia martingaluri zomebi eqsponencialuri gausis martingaliT warmodgenili SemTxveviTi
mimdevrobisaTvis. miRebulia agreTve fardobiTi entropia-minimaluri martingaluri zomis
simkvrivis gamosaxuleba.
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