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The current state of infinite dimensional analysis makes it possible to consider many fundamental problems
of statistics in more general terms. The theory of smooth measures [1] provides vast opportunities in this
direction. In the present paper, the realization of one of such opportunities is illustrated by an example of
generalization of the Cramer-Rao (C-R) inequality and formulation of the maximum likelihood principle in the
infinite dimensional case. This approach was actually suggested by E. Gobet in [2] and is based on the
Malliavin calculus theory [3, 4]. In [5], the Malliavin calculus was used in the finite-dimensional (more
precisely, one-dimensional) case. In this paper, we use the technique of smooth functions which enables us
to formulate a general approach to problems for the Cramer-Rao inequality and tackle the questions associated
with them. In [6], the theory of smooth measures was applied to the estimation of the logarithmic derivative

of a measure.

1. The Logarithmic Derivative of a Measure.
Let {Q, 3, P} be a complete probability space. Consider a random element X =X (w;@) with parameter

0 € ® ,where ©® c E is a subset of a separable real Banach space = with norm || : ||E .Let X = X(w;60) have

values in a linear space E.

The primary goal of statistics is to estimate an unknown parameter 6 . The estimation is based on (iid)

observations X, X,,...,X,,... of the given random variable. We must construct a statistical function
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T=T(X,,X,,....X,) such that estimates the parameter 0.

Usually, in this situation we obtain the sequence of statistical structures {N R, ( P(6;-),00 )} , where
N=E" (n =1,2, ...,oo) is the linear space generated by the sequence of random variables X, X,,...,X,,
R isthe o-algebra generated by observable sets and {P(Q; -),0 € G)} is the family of probability measures
(distributions) generated by the vector Y= (Xl . Y. ¢

n) with the help of the relation
P(6;4)= P(Y_] (A)), AeR. In classical statistics, the structure {N,*R,(P(Q;-),Q € ®)} is the main

object of investigation.

On the other hand, there are a wide range of problems in which it is more convenient to operate with the
function X = X (w; 9) ifwe impose on it the condition of smoothness (regularity condition) ofthe parameter
@ . Thus this is a good chance to apply the tool of stochastic calculus of variations.

We in fact use two calculi: one is based on studying the properties of the statistical structure
{N,‘R,(P(@;'),@ € 9)} where the family of measures P(0,-) is assumed to be smooth, and the other
employs direct stochastic methods for which the object of investigation is the function X (®,0) .

Thus the family of distributions {P(@; A),H €0,4¢ ER} is interesting for us in terms of smoothness

imposed on the two parameters 0 and 4 .

Let us assume that N is a separable real reflective Banach space. For every fixed § e ®, P(Q,') isa
positive measure. If 4 €N is some vector, then we denote by F, (G;A) the measure obtained by the shift
P, (9; A) = P(G; A+ h) . We say that the measure P(Q, ) is differentiable along the vector /4 if there exists a
bounded linear functional on & denoted by th(Q;') such that for every 4 € R the following equality is
true

B, (0;4)-P(6;4) =d,P(0;4)h+a (0, 4;h),
where (0, 4;h) is a function such that « (0,4;th)=0(t), teR.

In the case where N is a separable real Hilbert space with scalar product ( C )N and norm ||h||N,
heXN,we write B, (0;4)—P(0;4)= (th(Q;A),h)N +a(0,4;h) and sometimes (when it does not lead
to confusion) under the derivative d, P (9; ) we will understand an element of the Hilbert space. Clearly, the
function d hP(Q; ) h is a o-additive (alternating) measure on R .

The function v (t) = P(Q, A+ th) is nonnegative and everywhere differentiable. If P(Q; A) =0, AeR,
then ¢ =0 is the point of a minimum for functions v, (¢) . Therefore d),P(0;4)=0. Thus, by the Radon-

d,P(6;dx)

Nikodym theorem, there is a measurable function S, (x;h) such that I (9 y )
sdx

= By (x;h) . This function

is called the logarithmic derivative of the measure P(€; - ) alonga vector 4 e X . The logarithmic derivative

By (x;h) is linear on the second argument. A vector / is called an admissible direction for the measure
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P(Q; ) . The set of all admissible directions is called an admissible subspace.

Example 1.Let H, < H c H_be three Hilbert spaces, the enclosure operator i : H, — H be the Hilbert-
Schmidt operator. Such a triple is called the Hilbert-Schmidt structure. Let y, be a Gaussian measurein y,
with the correlation operator equal to / in A and an average 9, 6 € H_. If he H, then the logarithmic
derivative of the measure y, along his (6 —x,h) i

In the theory of differentiable measures the fact that the integration by parts formula is fulfilled is very

important. Let N be a separable real Hilbert space and f (x) be a functional on it. Suppose that f (x) has
a derivative along a vector heN:d, f(x)= linét"l [f (x+th)—f(x)] and d,f(-) e L, (P(@;-)) for fixed
t—

0 € © . In that case, if the measure P(9 ) is differentiable along /4, then

[(d1°(x).), P(633x) = jf x)d,P(0;dx) = jf (x) By (x;h) P(0;dx). (1)

N

We can define the logarithmic derivative along some changeable direction (the so-called logarithmic
gradient). Equality (1) can be considered on the basis of such a definition or we can act as when defining the

derivative measure along a constant direction.

Let z( ) N — N bea differentiable vector field with a bounded derivative sup |z " " <o . Denote the

xeN

. . . ds
integral stream corresponding to z(x) by S, , ¢ € R . This means that —- = z(S

0l ,), So=1.

According to the transformation P, (6;4)= P(Q;S,_] (A)) , AeWR, to the family of measures
(P(Q; -),0 ¢ @) there corresponds a class of measures (P, (0:),0€0,te R). The measure P(Q;') is
differentiable along the vector field z(x) if there is a measure (necessarily alternating) D, P (9; A) such that
for any bounded and differentiable function @ :N — R, ¢ e C' (N; R) we have

jgo DPde J.go 6’dx)
N

If DZP(Q; ) < P(Q; ) , then the Radon-Nikodym density is called the logarithmic derivative of P(Q; )

long the vector field =(x): i (x:) = 222 (Z5k)
along the vector field z(x): X;z)=—7—7"——+.
g 0 P(6;dx)
Let H be embedded in the Hilbert space N, where the embedment operator is the Hilbert-Schmidt

operator. Then we can consider the Hilbert-Schmidt structure X* < H < X . Let us choose a class of measures

£ for which there exists a measurable, locally bounded function A:N — N such that for each constant

direction /s eN" there exists a logarithmic derivative along 4 which has the form

By (x:h)=2(0;x)h= (/l(@,x),h)H . In this case we say that the measure has the logarithmic gradient

i(@;x) If P(G) € £ and the vector field z: N — N" and its derivative is bounded, then the measure P(Q)
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has a logarithmic gradient and
By (x; z (x)) = <l (9; x) ,Z (x)> +trz' (x)
By the principle of continuity, this functional can be extended to smooth vector fields z(x) N> H.

Example 2. In the conditions of Example 1, consider the vector field z(x) :H_— H_ with abounded

derivative sup ||z’(x)||<oo. If z:H —>H, then the logarithmic gradient exists and
xeH_

By (x;z) = (9 -Xx,z (x))H + trz'(x).
We need to show the smoothness of measures with respect to the parameter. Assume as above that we
have {N,‘R,(P (6::).6 € 9)}, where N is a separable real Banach space, and @ is a smooth manifold

embedded into another separable real Banach space = . For every fixed 4 € R anda vector 9 € =, consider

the derivative of the function (9) = P(9; A) at apoint 6 along J . Denote this derivative by ng(Q; A) 9.
For fixed 6 and 9, itis an alternating measure. It is easy to see that ng(Q, ) I« P(9, ) and, by the Radon-

deP(0;dx)9

O The function /, (x;9) is

Nikodym theorem, there exists a measurable function /g, (x;S) =

called the logarithmic derivative of the measure P (9, ) with respect to the parameter.
When Z is a separable Hilbert space, we denote by J¢ the space of measures, for which the logarithmic

derivative with respect to the parameter is represented as the scalar product /, (x; 9) = (fé(x, 9) , 9)5 . Thus
we call £ (x, 9) a vector logarithmic gradient. For Examples 1 and 2 we have A(x,0)=0-x and
3 (x, 9) =x-0.

For the family of measures (P (9; ) ,0 e ®) with the logarithmic derivative with respect to the parameter

along 9 thereexists a measure v dominating this family. Asis known [7], all measures P (9; ) are equivalent

P(0O,;d
to one another and ( 2 x)

P(6;;dx)

6,
= exp I Iy (x;9)d0 .
0,

2. Regularity Conditions
We present the following regularity conditions.
Condition . For X (0) =X (0;0):@xQ —X thereisa derivative X'(0) on 6 along 9 € E,, where
E, < Z is asubspace of Z. Itisalinear mapping = — N for every 6 € ® . Thus forany 9 € £ and 6 € ©®
we have "X'(Q)S"N eL,(Q,P).
Condition II. E{X'(9)9 | X(0)= x} is a strongly continuous function of x forany $€ &, 0 €© .
Condition III. The family of measures (P (0:).0€ ®) has a logarithmic derivative with respect to the

parameter along a constant direction from a subspace =, — £ and
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Bo(x:h)e Ly (N.P(0)), 9eE,, 0€O.

Condition IV. The family of measures (P (0:).0€ ®) has a logarithmic derivative with respect to the

parameter along a constant direction of subspace 4 €, and
Bo(x:h) € Ly (N.P()), heX,, 0€O.

Condition V. For the statistic T =T (x) :X = R the following equality is valid
dng P(63dx) = [T (x)dyP (0dx).
N

Lemma. Under the regularity conditions 1-1V for the logarithmic derivatives By (x;h) and ly(x;9) the
following equality is true

Iy (:9) =By (x: Ky 9 (%)), Q)

where

Ky o () = E{j—@X(@)S x(0) =x},

Proof. By definition, P(6;4) = P(X - (B;A)) . Let f(x) be a bounded, continuously differentiable

along h e N real function. Using the formula of the change of variables, we obtain
jf P(6:dx) = Ef (X (6)).
Consider the derivatives on both sides of 8 along 4. Then we obtain

;[f(x)ng(H;dx)SzE%f()((@)) d

EX(H)S

or

[ £ ()19 (x:8) P(03x) = [ 1/(x) E{x"(0)81 X (0) = x} P(636k) .

N N

Denote Ky 4(x)= E{%X(Q)S | X(0)= x} , then we write

[ 7(x) Koo (x) P(6:0x) = If x) By (. Ky g (x)) P(650kx).
e
Since f (x) is arbitrary, we obtain (2). m

3. The Cramer-Rao Inequality

Let {N,‘R,(P(Q, -),06@)} be the statistical structure corresponding to a random element

X (a)) =X (9,60). Here N is a separable real reflective Banach space, R is a o -algebra of Borel sets,

® c E is an open subset of the separable real Banach space = . Assume that regularity conditions I-IV are
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fulfilled.

Suppose that g (9) =K, (T (X )) ,where T : N — R is a measurable mapping (a statistical function). For
the statistical function we have one more regularity condition.
Theorem 1 (Cramer-Rao inequality). Let regularity conditions I-V be fulfilled. Then

(g5 (0))

Proof. Consider the derivative of g(@) along 9 € =. Then

dyEoT (X)=dy [ T (x)P(0:0x) = [T (x)dyP(0:dx)9 =

= [ (x)1y (x.9)P(0:) = EyT (X )y (X:9).
Thus s\
dgE)T(X)=E,T(X)ly (X;9). @
Put T (x) =1 in (4). We obtain Eyly (X;3)=0. Therefore

dyEy (T (X)) =E, ((T(X)_g(g))le (X?‘g))

and
(a0 (1(x))) < B, (1(X)-2(0))" £33 (x:9).
Hence
0]
VarT (X)2 Eof; (X:E(Xx'(0)8] X)) -
Therefore

4. Maximum Likelihood Principle

Let {N,‘R,(P(Q),@E@)} be the statistical structure corresponding to a random element

X=X (9) =X (Q,a)) , @€ Q,where N is aseparable real Banach space, SR is a o-algebra of Borel subsets,

® is an open subset of another separable real Banach space =. Assume that the family of measures

(P (9, -),9 € @) has a logarithmic derivative /, (x, .9) with respect to the parameter along 9 € =. Then,

according to Theorem 1, there is a logarithmic derivative with respect to the measure and

Iy (%,9) ==, (x. E{x"(0)8] X(0) = x}).

Consider the structure of the repeated sample

{N.9,(P(0),0 @)} :{Nn’mn’(Pn (0).0< ®)}.
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Theorem 2. If the logarithmic derivative /, (x, .9) with respect to the parameter exists in the statistical

structure {N,‘R, (P (0).6€ 9)} , then there also exists the logarithmic derivative L ((x],...,xn ),9") with
respect to the parameter along 9" dif(g,,.,,g) for the structure {N,ER,(P(H),H € ®)}n of the repeated

sample and

n

L, ((x],...,xn),S") = ZZQ (xk,9) = —kiﬁg (xn’E{XIL (9)‘9 | X (9) =xk})' ©

k=1

Proof. Since there exists dg P(H) by condition, it is easy to show that there also exists

9,9 pi NPT s
dy"P (‘9) = zde (xk"g)HP(‘g)
k=1 j=1
J#k
which is absolutely continuous with respect to P” (9) . The validity of the theorem and formula (6) follow

from the Radon-Nikodym theorem. m

According to Theorem 2, we can formulate the maximum likelihood principle as follows.

Let X|,X,,...,X, be a sample of random variables X (9) . Here 6 is the unknown parameter to be
estimated using the sample. Assume that for a distribution P(Q) of X (9) , there is a logarithmic derivative
Iy (x,:9) with respect to the parameter along any vector 9 € Z, and I, (x,9) = <l (x,@),9> .Here £, isa
dense subset of =.

As is known, all measures P(6) are equivalent to one another. Let 6, € £, bea fixed point. Consider the

likelihood function 55((2))) (x)=p(x,0).

It is easy to see that if p e £, then

Py (x.0)9
p(x.0)

For the sample X, X,,..., X, thelikelihood function is

=lp(x.9).

L(X,,... X,,0:8) = [ p(X,.0).
k=1

By the likelihood principle, a value 6 = 6 for which the likelihood function takes a maximum value (provided

that the parameter 0 has such a value) is called a maximum likelihood estimate. Since
n
nL(X;,..n X,,0,9) = ZIHp(Xk,Q),
k=1

the condition for a maximum makes it possible to formulate this definition in terms of a logarithmic derivative
with respect to the parameter.
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A solution (if it exists) of the equation

D lp(x,9)=0,  VIeg, @®)
k=1

d
with respect to 6, is called a maximum likelihood estimate if %l (x, 0 ) is negatively determined.

Example 3. Let us consider the sample X, X,,..., X, ofa canonical Gaussian variable with an unknown

average @ in the equipped Hilbert space H, « H < H_. Then
Bo(x,h)=(0-x,h), , he H, .
It is obvious that X (9) = N+0, where Nisa canonical Gaussian variable with an average, is equal to 0.
X'(0)=1, X'(0)h=h and therefore
E{X}(0)h| X, (0)=x}=h.
So (9) becomes

n

(Q—xk,h)H =0.
k=1
From here
(é,h)H == (Xph),, 0==D" X=X
S S
and
2 gt 2
L (-0, =l <.

=
As an application we consider a random process x(¢) = @(¢)+w(t) where w(¢) is a standard Wiener
process, ¢ € C[0,00) =Z is an unknown component of the observable process. Clearly, Ex(f)=¢(¢). In
this case H, = C'[0,00), H_=L,[0,0).If x;(¢),x,(¢),....,x, (¢) are observations, then
. 1
o(1) = 2 x (1).

If H=R" is of finite dimension, then we obtain a maximum likelihood estimate along any vector

h=(hyseshy):
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