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ABSTRACT. In this paper the definition of A- independence  of X and Y random variables is introduced
and the example of A-independent random variables is constructed. Regression of X on  Y and  regression
of Y on X are investigated. Also the joint characteristic function of this random variables is obtained.
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Introduction. One of the important and fundamental problems of probability theory is independence of
random variables. In this paper we introduce the definition of partial independence of two random variables.
Using the standard bivariate normal distribution density we construct a nontrivial example of joint probability
distribution density for such partially independent random variables.We investigate the properties of this
distribution, find the conditional probability distribution density and calculated regressions. Also we give
the expression for characteristic function  of this joint probability distribution.

1. A-independent random variables.

Definition. We say that real random variables X and Y on the probability space ),,( PF  are A-independent

(A  is the subset of 2R ) if and only if )()(),( yFxFyxF YxXY   for  all Αyx ),( ,  where

),(),( yYxXPyxFXY   is the joint probability distribution function of X and Y, )(xFX  and )(yFY  are

the probability distribution functions of X and Y respectively.
It is clear that independence in the usual sense (see definition, for examples, in [1]) of random variables X

and Y coincides with  2RΑ  -independence.
If  there exists the joint probability distribution density ),( yxf XY , then we say that X and Y are A-

independent if and only if ( , ) ( ) ( )XY X yf x y f x f y  for all Αyx ),( , where )(xf X  and ( )yf y  are the

probability distribution densities of X and Y respectively.
We begin to construct a special example of A-independent random variables using the joint standard

normal distribution density
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It is known (see, for example [2]) that ),/()()/()(),( yxfyfxyfxfyxf 

where )(xf  and )(yf  are the standard normal distribution and
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(the values of )(   can be found from tables of standard bivariate normal distribution, see, for example,

[3]-[5]);

C  and C  are some constants.

Denote
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After substitution )(xu  and )(xu  from (2) and (3) in ( 5) we obtain

2
1

  CA  and 2
1

 CA . (6)

Let us choose C  and C  in such a way that 0,0   CC  and
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From (1)-(3), (8), (9) it is clear that )()(),( ygxgyxg   on     and really

),()(),()()(),(),(),(),(),(),( 22 ygxgyxIygxgyxIyxfyxICyxfyxICyxg
  

Thus we have proved the folloving

Theorem. The real function ),( yxg  defined on 2R  by (1) is the probability distribution density with
marginal distribution densities )(xg  and )(yg  of same form, defined from (8).The random variables X and

Y with this joint distribution density ),(),( yxgyxf XY   are   ΑΑ  independent.

3. Regression.

Suppose the random variables X and Y are   ΑΑ independent and have the joint probability distribution

density ),(),( yxgyxf XY  , where ),( yxg  is defined by (1). It is not difficult to obtain the conditional

density
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From these expressions we see that on the set     the conditional distribution density

)/( yYxf X   is  the function  only of x and )/( xXyfY   is the function only of y. It is natural because x
and y are independent on this set .

Using (10) and (11) we find regression of X on Y and Y on X.
Regression of X on Y:
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It is clear that
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Representations  (15) and (16) show that regression  of X on Y and  regression of Y on X are not linear.
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Then we can rewrite (10)  in the following form
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Note that )/( yxf  and )/( yxf  defined by (17) and (18) are conditional densities.

3. Joint characteristic function.
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Assume that the random variables    and    with values in ),0[   and in )0,( , respectively, have the
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probability distribution densities :
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Then, it is clear that the joint characteristic function corresponding to ),(* yxg  has the form
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where ),( 21 zzUV  is the  characteristic function  corresponding to joint density (23), )(z  and )(z  are

the  characteristic functions corresponding to densities (24) and (25) respectively.

Remark 2. If in (26) 01 z  and 02 z , we obtain .
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maTematika

nawilobriv damoukidebuli SemTxveviTi sidideebi

o. Rlonti

i. javaxiSvilis sax. Tbilisis saxelmwifo universiteti

(warmodgenilia akademiis wevris e. nadaraias mier)

statiaSi gansazRvrulia X da Y SemTxveviTi sidideebis A-damoukideblobis cneba da
A-damoukidebeli SemTxveviTi sidideebis magaliTi aris agebuli. ganxilulia regresia X-
sa Y-ze da Y-sa X-ze. napovnia aseTi SemTxveviTi sidideebis maxasiaTebeli funqciis saxe.
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