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ABSTRACT. In this paper the definition of 4- independence of X and ¥ random variables is introduced
and the example of 4-independent random variables is constructed. Regression of Xon Y and regression
of Y on X are investigated. Also the joint characteristic function of this random variables is obtained.
© 2012 Bull. Georg. Natl. Acad. Sci.
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Introduction. One of the important and fundamental problems of probability theory is independence of
random variables. In this paper we introduce the definition of partial independence of two random variables.
Using the standard bivariate normal distribution density we construct a nontrivial example of joint probability
distribution density for such partially independent random variables. We investigate the properties of this
distribution, find the conditional probability distribution density and calculated regressions. Also we give

the expression for characteristic function of'this joint probability distribution.

1. A-independent random variables.
Definition. We say that real random variables X and Y on the probability space (€2, F', P) are A-independent
(A is the subset of R? ) if and only if Fyy(x,y)=F.(x)Fy(y) for all (x,y)eAd, where
Fyy(x,y) = P(X £ x,Y < y) is the joint probability distribution function of Xand Y, F, (x) and Fy(y) are
the probability distribution functions of X and Y respectively.

Itis clear that independence in the usual sense (see definition, for examples, in [1]) of random variables X
and Y coincides with 4 = R? -independence.

If there exists the joint probability distribution density fy,(x,y), then we say that X and Y are 4-
independent if and only if £, (x,y)= f,(x)f,(y) for all (x,y)e A, where fy(x) and f (y) are the

probability distribution densities of X and Y respectively.
We begin to construct a special example of 4A-independent random variables using the joint standard

normal distribution density
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2 2
! exp{—(x * _gxyp)},/p/<1.
27y1- p? 2(1-p?)

Itisknown (see, for example [2]) that f(x,y) = f(x)f(y/x)= f(¥) f(x/ ),

where f(x) and f(y) are the standard normal distribution and

f(x, )=

o=t e ET Y (- 0o
V2r(-p?) 2(1-p%) V2r(-p?) 2(1-p%)
Let
A, ={(x,y)eR*:x20,y>0},,A  ={(x,y)eR*:x<0,y<0},
A, ={(x,y)eR*:x20,y<0},A_, ={(x,y) eR*:x<0,y>0},
and

g(x,))=Cly (), 0)+C2 5 (e f () +1a (62, () f(u_(3) f () +
In () (x)f G, (0) (), (1)

Where /, (x,y) is the indicator of 4 and

1 0
u,(x)=a 2C+jf(x/y)dy, if x>0 and u, (x)=0, if x<0, 2)
0
10
u (x)=a 2C_ Jf(x/y)dy, if x<0and u, (x)=0, if x>0. 3
Here
0 ® 0 0
a=[[feeydy= [ [fxy)dsdy @
00 —0—00

(the values of o = a(p) can be found from tables of standard bivariate normal distribution, see, for example,

(315D

C, and C_ are some constants.

Denote
0 0
A, = ju+(x) F)dx, A = ju_ (x) f (x)dx. ®)
0 —0

After substitution u, (x) and u_(x) from (2) and (3) in ( 5) we obtain

i
A, =C,a? and 4. =C_a?. ©)

Let us choose C, and C_ in such a way that C, >0, C_>0 and
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1

C,+C_=a ?
(for example, C, =C_=——or C, =L], C_ =L]). Then from (6):
2a? 3.2 302
A +4 =1 ™
and if
g(x) =u(x)f(x), ®)
where
_Ju (x) if x20,
u(x) = u_(x) if x<0, ©)
we have
0 o0 0 o0 0 0
j g(x)dx = ju(x) £ (x)dx = ju(x) F(x)dx+ ju(x) F(x)dx = ju_(x) F(x)dx + ju+ () f(x)Mx=A_+4, =1.
—o0 -0 —0 0 -0 0

Therefore g(x) isa probability distribution density.

Now we can verify that

]O Tg(x, y)dxdy =1,

where g(x,y) is defined by (1).
Really, from (1)-(4)

j jg(x, V)dxdy =(C? +C2)a +2aC,C_=a(C> +C*+2C,C ) =a(C, +C_)* =1.

—00 —00

We show that marginal distribution densities of g(x,y) are g(x)=u(x)f(x) and g(y)=u(y)f(»):

[ e, )y = 10, () [ 206 90y + 1)) [ 2, )y =

—00 —00 —0o0

) 0
Houoy GICEF QO S/ y +10, (6) AT+ Ly IC2 L @) [ F (0 0ly +u_(6) £ ()4, 1=
0 —o0

1 1
11y (OC.0 21, () f ()2, (). () AT+ L ) (V)[C Zu_ () f () +u_ () () 4. ] =
1 1
Ly O, () S (X)Cr? + AN+ Ly g (O () f (N(C_r? + 4,)] =
Ty (001 (6.1 () ) (O () () = ().

Similarly
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[ 2(x.)dv=g(»).

—0

From (1)-(3), (8), (9) it is clear that g(x,y) = g(x)g(») on A+_U A_, andreally
g, y)=CH, (. Nf)+C2 Ly () f(x))+1, (6,08 +1, (x,1)g(x)g(y),
Thus we have proved the folloving

Theorem. The real function g(x,y) defined on R? by (1) is the probability distribution density with
marginal distribution densities g(x) and g(y) of same form, defined from (8). The random variables X and

Y with this joint distribution density fyy(x,y)=g(x,y) are A+_U A_, — independent.

3. Regression.

Suppose the random variables Xand Yare 4, _ U A_, — independent and have the joint probability distribution

density fy(x,¥)=g(x,y), where g(x,y) is defined by (1). It is not difficult to obtain the conditional
density

N ETD SR (G2 NGy S A G50 BN R A G5 B
FuaI¥ =)= BB, (50) S C () ES T (5 (9 9+
I G @@=, @)L @l D o, 0G0+
u,(y) u_(y)
f(x/y)

Iy (6 () f(x) =1, (x, Y)Cﬂ% M +1, (x,y)C,a% v %

[ £t yyu [ £l yydu

I, (x, y)qa’lz f(x)T Sl x)du+1, (x, y)Cfa% f(x)f f @/ x)du.

So
Sl Y=y)=1, (x, J’)Cﬂ% M+1A” (x,y)C_a% M+
J £t [ s yydu
I, (s )C,a fOf flu/x)du+1, (x,3)C.a [ )| [/ x)du (10)
and
1 1
fr@/ X =x=1 (xyC.a? M‘FIA__ (x,7)C_a’? M+
J £/ v [ £/
1 ® ' 1 0_0O
In, (3)Coa 2| f@! y)du+1y (6 9)Ca 2 /() [ f(u! yxdu (1)
0 —00
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From these expressions we see that on the set AJr_UA_+ the conditional distribution density

fx(x/Y =y) is the function only ofx and f,(y/X =x) is the function only of y. It is natural because x
and y are independent on this set .

Using (10) and (11) we find regression of Xon Yand Y on X.
Regression of X on Y-

0

" 1 fo(x/y)dx
E(X /Y =y)= [xfy(x/Y = p)dx = Ijg ) (0)C,0% &t
e Jf(u/y)du
0
0
1 fo(x/y)dx e Y
Lany (D)€ _a? 2t gy ()Cr > [3f o[ f () )+
[ 1@/ yydu oo
B 10 0
InoyCa 2 [xf ([ fu) x)duya. (12)
Note that here
]Ef(u/y)du =;Te_(;(;‘p;2;du =L T e_%du =1-O( Py )
2 2r(1-p%)% V2r Ji-p*"
[ fu = o =EL),
_J; J1-p°
]E f / V) 1 h (pzyzl) {1 ( —pPYy )J (13)
uf (u/ y)du =—(1- p*)—=—=—=—=—==¢ """ + py| 1-O ,
0 \V27(1-p*) J1-p?
g ) 1 gran —py
uf (u/ yydu =(1- p*)—=—=—=e """ + py®(—=—=),
-jm \V27(1-p*) J1-p?
Denote
1w "
K. =Coa 2 [xf (o] f(u/ x)duya,
0 0
19 0
K =Ca 2 jx £ j £/ x)du)dx (14)
It is clear that
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0

K, =K.(p)=[xg()dxK_=K_(p)= [xg(x)dx,
0 —o0

and

K, +K_= jxg(x)dx =EX.

—0

Using (13) and (14) from (12) we obtain:

1 iy

1 p
E(X/Y =y) =I5, (NC,a?[(p* - 1)) ——e ') +
V27(1-p?)
o 1- (=2 - (=2 +
{ ‘\'1‘/J J vl—p2
: S (15)
[(—w,O)(y)C—az[(l—Pz))ﬁ 20-p%) +py(1)(\/1 \/1 P ]_] +
m(l-p
T ,0) (DK, + T o) (VK.
Similarly
1 p ¥
5 1
E(Y/X =)=l (0)C,a[(p’ —D)ﬁ 20 +Py{1 (= )J][l D(——= )]“ +
27(1-p%) 1-p? 1-p?

(16)

1 JER
Iy ()C_a2[(1= p ) 2P 4 gy
m \/1 \/1

Representations (15) and (16) show that regression of X on Y'and regression of Y on X are not linear.

)] 10 K+ 11 ooy (VK.

Remark. Denote
M’ x> 0’
S (x/y)= j f(uly)du -
0, x<0
and
M’ x< 0’
F )= [l vy a8)
0, x=>0.
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Then we can rewrite (10) in the following form

1 1
fx(x/Y=y)=1, (x,y)Coa?f(x/y)+1x (x,y)C_a?f(x/y)+
1 1 0

In (x0)Coa 2f(x) j f/x)du+1, (x,y)C.a 2f(x) j f(u/ x)du. (19)
0

Note that f, (x/y) and f_(x/y) defined by (17) and (18) are conditional densities.
3. Joint characteristic function.
Let

=C_ =~ then from (1:

2a5

C

+

D) = LGNSty DD () (08 0+ (g (g (), Q)

where g*(x) and g*(y) are defined by (8), (9), (2)and 3) with C, =C_ =—.
202

Denote

) 0
B=[g dxy= [g*(xdx  (B+y=1). @1
0 —o0
And rewrite (20) in the following form

LI 1 LD g Gy FWeo,
a

gr(x,y) =1, (x,y)z 5

Iy (% y)ﬂyg—(x)%y). 22)

Note that here

0000 0 0
o =[[reeydsdy = [ [ fx )y
00

—00 —00

Let the random variables U and V defined on (Q,F,P) with values in A++UA__ have the joint

probability distribution density

S (xo3) = f%ay) )AL JA

fUV(x,y)=0, (xsy)CA+7UA7+- (23)

Assume that the random variables & and 77 with values in [0,00) and in (—,0) , respectively, have the
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probability distribution densities :

fi=5 D xz0

Se(x)=0,x<0 (24)

and

f,,(x)=m, x<0,
/4

S, (x)=0, x20. (25)

Then, it is clear that the joint characteristic function corresponding to g~ (x, y) has the form
T —i(zx+z2; * 1
0(z,2,) = J. J. et “y)g (x, y)dxdy =E§DUV(21322)+ﬂ7/[§D§(ZI )QD,,(Zz)'FQDg(Zz)@q(Z] )1, (26)

where @y (21,2,) isthe characteristic function corresponding to joint density (23), ¢;(z) and @, (z) are

the characteristic functions corresponding to densities (24) and (25) respectively.

Remark 2.1fin (26) z, =0 and z, =0, we obtain Sy = % Reallyin this case, when C, =C_ = ;] we
2a5
have:
B =" v =[u" @) f )y =— [(] F 1)) f @) =— [ [ 1 x, y)dy =
2a 20 2
0 0 00 00
and
0 0 1 0 0 1 0 0 1
y= L g (x)dx = L u"-(x) f (x)dx = Z_[O (_L S/ x)dy)f (x)dx = Z_[O L S )dndy =

Therefore g =y =% and By = %
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