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ABSTRACT. The paper presents the direct and inverse theorems of trigonometric approximation in

closure of L, (1 <p< oo) by the norm of weighted grand Lebesgue spaces. The rate of deviation by

summation means of Fourier trigonometric series is derived. © 2073 Bull. Georg. Natl. Acad. Sci.
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The paper deals with basic approximation problems such as direct and inverse theorems of constructive

theory of functions in certain subspace of weighted grand Lebesgue space. The estimates of deviations from

the operator defined by summing means of Fourier trigonometric series are derived.

Let T=(-m,7) and 1< p <o, @ >0 . The weighted grand Lebesgue space of Lfv)’g (T) is defined as

a set of measurable functions for which the norm

L

pP—€

g’ -
"f"p),e,w = 0<S;$_1 Ea’; |f(x)|p ‘ w(x)dx <o

Here w is a weight function, i.e. an almost everywhere positive integrable function.

Lﬁ)’e is Banach function space, nonreflexive and nonseparable. It is easy to check that the following

continuous embeddings hold

o o 1, 0O<e<p-l.

Grand Lebesgue spaces on the bounded sets of R" were introduced by T. Iwaniec and C. Sbordone [1].

The closure of L (1 <p< oo) by the norm of the grand Lebesgue spaces does not coincide with the latter

© 2013 Bull. Georg. Natl. Acad. Sci.



12 Nina Danelia, Vakhtang Kokilashvili

space. Let us denote this closure by L ﬁ)’e . It is known that this subspace of L 0

" 1is a set of functions for
which

lim geﬂf(x)r_s w(x)dx =0.
T

e—0

A weight function w is said to be of the Muckenhoupt class 4, (1 <p< oo) if

sup{ﬁjw(x)dx}{ﬁjw]_p' (x)dx} <o,

where the supremum is taken over all intervals with length less than 27 .
For f S Lf:))’a and W€ Ap we set

h

(Shf)(x)=2LhJ'f(x+t)dt, O<h<rm, xer.

—h

The operator S, is bounded in Lfv)’e uniformly by # .

The f -th order generalized moduli of smoothness is defined as

k

Q (f’5)p),a,w =sz‘€5 ([_Shi )f

1<i<k

, 0>0, k=1,2,...

i=1 p),@,w

For f e Lﬁ)’e by E, ( f ) we denote the best approximation by trigonometric polynomials

p).0.w
En (f)p)’g’w = inf"f_T"p),&,w’

where the infimum taken over all trigonometric polynomials 7" of order not greater than .
Further by f(a) we denote fractional derivative of order o >0 .
The following theorems are valid.

Theorem 1. Let 1< p <o and 0 >0. Let we 4,. Thenfor felL ﬁ)’e the following inequality

. 1
E, (f )p),@,w Sefy (f’mjp),e,w

holds with a constant ¢ > 0 independent of f and n.

Theorem 2. Let 1< p <o and 0> 0. Let WeAp.Iff(“) eLﬁ)’e then we have

_ ¢ () _1
Eu(F) o ST @ (f ’ j
( )p),@,w (I’l +1)a k n+1 p),@,w

with a constant ¢ > 0 independent of f and n .

Both these theorems are Jackson type theorems.
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Theorem 3. Let 1< p <o and 9 > 0. Let we A,,. Suppose that for f e L P27 we have
zva—lEv (f)p)’g’w <. )
v=1

Then f(“) c i ﬁ)’e and the following estimate
E ( (“)) <c|nE + > velg
() )t S )
holds.
Now we focus on the inverse inequalities.
Theoremd. Let 1 < p<oo and §>0.Let we A,. Then for feL ﬁ)’e we have
(2) 1 L N 2k+a-1 - a-1
Qk (f “n+1 =¢ n*k Zv E, (f)p)ﬁ,w+ z VR (f)p)ﬂ,w
P),Q,W v=l v=n+l
with a constant ¢ >0 independent of [ and n.
Theorem 5. Under the conditions of Theorem 3 we have the estimate
(2) 1 L N 2k+a-1 - a-1
Qk (f “n+1 =¢ n** Zv E, (f)p)ﬁ,w+ z vk (f)p)ﬂ,w
P),Q,W v=l v=n+l

with a constant ¢ >0 independent of [ and n.

Note that analogous estimates for generalized, so-called (a,w) derivatives due to A. I. Stepanets [4] are
valid.

The direct and inverse theorems of approximations in classical function spaces were proved by S. B.
Stechkin [5] and by A. F. Timan and M. F. Timan [6].

Let fel (T) and

f(x)~ a70+i:(av (f)cosvx+bv (f)sinvx)

is its Fourier series.

We denote by o/ (f,x) (B>0), 25 (f,x) and u,(f,x) the Cesaro, Zygmund and Abel-Poisson
summation method, respectively. L
The following statements are true:

Theorem 6. Let 1< p <o and 0 >0.Let we A,,. Then there exists a positive ¢ such that for arbitrary

fe i ﬁ)’e and n the following estimate

AORAGE I (f’*J oo

n+1 »

holds.
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Theorem 7. Let 1 < p <0 and 0 > 0. Let W€ A,,. Then there exists a positive ¢ such that for arbitrary

fe i ﬁ)ﬁ and n the inequality

, X vE . 1
f(')_Z{l_ k}(av cosvx+b, smvx) <cQy (f,mjp)ﬁ,w.

1
(I’l * ) p).0,w

Theorem 8. Let 1< p <o and 6 >0. Let we A,. Then for f e L ﬁ,)’e we have

||f( N-u, (f, ')",,),e,w <cQ(f,1 —r)p)’e’w’

where c is independent of f and r, 0<r<l1.
In I? (1 <p< oo) spaces, employing classical moduli of continuity, a similar problem was studied e.g. in

[7] (see also the references therein).
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