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ABSTRACT. The paper deals with optimal control problems whose behavior is described by Helmholtz
equations with Bitsadze-Samarski nonlocal boundary conditions. A theorem about a necessary and sufficient
condition of optimality is given. A numerical algorithm of the solution of an optimal control problem by
means of the Mathcad package is presented. © 2073 Bull. Georg. Natl. Acad. Sci.
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Nonlocal boundary value problems are a very interesting generalization of classical problems and at the
same time they are obtained in a natural manner when constructing mathematical models of real processes
and phenomena in physics, engineering, sociology, ecology and so on [1-3]. The Bitsadze-Samarski nonlocal
boundary value problem [4] arose in connection with mathematical modeling of processes occurring in
plasma physics. Intensive studies of Bitsadze-Samarski nonlocal problems [5] and its various generalizations
began in the 80s of the last century [4-8].

The present paper deals with optimal control problems whose behavior is described by Helmholtz equa-
tions with Bitsadze-Samarski nonlocal boundary conditions. Necessary optimality conditions are estab-
lished by using the approach worked out in [9,10] for controlled systems of general type. Nonlocal boundary
value problems and conjugate problems are solved by using the algorithm of reducing nonlocal boundary
value problems to a sequence of Dirichlet problems [5].

In the paper the Bitsadze-Samarski boundary value problem for Helmholtz equations is considered. An
optimal control problem is stated for a nonlocal boundary value problem with an integral quality test. A
theorem about the necessary and sufficient optimality condition and a theorem about the existence and
uniqueness of a solution of the adjoint problem are proved. A numerical algorithm of the solution of an

optimal control problem by means of the Mathcad package is presented.

© 2013 Bull. Georg. Natl. Acad. Sci.
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1. Statement of an Optimal Control Problem

Let the domain G be rectangular, G =[0,1]x[0,1], T be the boundary of the domain G, 0<x, <1,
Yo ={(30:0): 0y <1h, y={(Ly): 0y <1}, a(x,y).b(x.y).c(xr).d(xy)eL,(G), p>2,
0<g(x,y)eL,(G), U=[-L1], Q be the set of all admissible control functions (x,y): G —>U .

For each fixed ® € Q in the domain G , letus consider the Bitsadze-Samarski boundary value problem for
Helmholtz equations

0*u  du

ot ma(ru=alxy)e(ny)+b(xy). (vy)<G. A

u(x,y)=0, (xy)el\y,
u(l,y)=cm(xo,y), 0<y<l, o>0.

Consider the function

I((o):H[c(x,y)u(x,y)+d(x,y)0)(x,y)}dxdy (12)

G

and state the following optimal control problem: Find a function o, (x, y) € Q) , for which the solution of
problem (1.1) gives a minimal value to functional (1.2). A function ®, (x, y) € Q) will be called an optimal
control, and the corresponding solution u, (x, y) an optimal solution.

Theorem 1. Let V,, be a solution of the adjoint problem

dy &
6x_\g+ ay\f—q(x,y)w—c(xsy), (x.7)e G\,
y(x,y)=0, (x,y)el, (13)
6\u(x0,y)_6\v(xa,y)zﬁa\v(l,y)’ 0<y<l
Ox Ox Ox

then for (uo, 0)0) to be optimal it is necessary and sufficient that the principle of minimum

ing[d(x,y)+ a(x,y)\uo (x,y)](o = [d (x,y) + a(x,y)\uo (x,y)] , (14)

be fulfilled almost everywhere on G.
2. Algorithm of the Solution of an Optimal Control Problem

The scheme of the solution of an optimal control problem is as follows:

- tofind a solution v, (x, y) , we first solve the adjoint problem (1.3);
- using the function v, (x, y) from (1.4), we construct the optimal control , (x, y) ;
- tofind an optimal solution u, (x, y) , we solve problem (1.1).

A solution of the conjugate problem (1.3) is written in the form W = w+w"  where w" is the solution of
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the Dirichlet problem

2 % 2 %
ow  oOw

?+?—q(x,y)w* =—c(x,y), (x,y)eG, 2.1

w'(x,y)=0, (xy)eT,

And w is the solution of the nonclassical boundary value problem

o*w  O*w

+
ox* o

_Q(xa)’)W=0, (xay)EG\yOs

w(x,y)=0, (x,y)eT,

ow(x;.y) ow(x;.) _ owlly) o (ly) y<l 22)
ox 0x ox o T

Asis known [11], problem (2.1) has a unique solution that belongs to the space W ;(G ). To solve problem
(2.2) we consider the iteration process
P P! »

o +?—‘1(x’y)w

0, (x,y) eG\y,,

W (x,y)=0, (x.p)el,

MH +’ MH —’ k
& y)— [ y)=c‘3w (l’y)+(p(y), 0<y<l, k=0,1,2,..., 2.3)
Oox ox ox

ow" (1

S (Ly)
Ox

Problem (2.3) is equivalent to the following problem [12, 13]

where ¢(y) = , w’(x, ) is the initial approximation which is assumed to be equal to zero.

P Gk 3 o Ly
—axz +?—6](x,y)wk ! =8(xo —x)(c#ﬂp(y)} (x,y)eG, (24)

w! (x,y) =0, (x,y) el, k=0,12,...,

where 8(x, —x) is the Dirac function.

oG (1,y,x,,m)

Let us introduce the notation g o =1/ 2
X

, where G(x,,,1) is the Green’s func-

Ly([o.1]0.1])
tion of problem (2.4).

Theorem 2. Let 0 < 6 < G, then the solution of problem (2.4) exists, is unique and belongs to the space
WGy, ) A |(G)-

To solve problem (1.1) we consider the iteration process
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aZukH aZukH

axZ ayZ

k+1

—q(x,y)u =a(x,y)0)+b(x,y), (x,y)eG, (2.5)

u(x,p)=0, (x,y)el\y,
u“l(l,y):cuk(xo,y), 0<y<l, >0, k=0,1,2,....

3. Numerical Realization of the Problem by Means of the Mathcad

To obtain a numerical solution of problems (2.4) and (2.5), at each iteration step we use the built-in
function relax(a, b, ¢, d, e, f, u, rjac) in the Mathcad [14, 15].

The function relax returns the square matrix, where the position of an element in the matrix corresponds
to its position inside the square domain, while the value corresponds to an approximate solution at this point.

The arguments of the function relax are as follows:

a, b, ¢, d, e are square matrices of one and the same size, containing the coefficients of a differential

equation. In particular, for a Helmholtz equation the coefficients are @, , =b,, =¢,, =d, , =1, ¢, =-4—¢

i,j?
where ¢, ; are the values of ¢ (x, y) in the respective node inside the square domain;

f is a square matrix containing the values of the right-hand part of the equation in the respective node
inside the square domain;

u is a square matrix containing the boundary values of the function at the domain edges, and also the
initial approximation of the solution in the interior nodes of the square domain;

rjac is the parameter controlling the relaxation process convergence. It may vary in the range from 0 to 1,

but an optimal value depends on the particulars of the problem.

Asan example let us consider problems (2.1) and (2.5), where ¢ (x,y)=x+y, a(x,y) =1, b(x,y) =0,

c(x,y)=1,d(xy)=1, x,=1/2.

The results of the numerical solution of problems (2.1) and (2.5) are graphically shown in Figures 1 and 2.
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Fig. 1. Fig. 2.
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