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Problem of Elasticity and Plasticity for a Plate with a
Shape of n-Angle Weakened by n-Holes
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ABSTRACT. We consider a homogeneous, isotropic plate with a shape of rectilinear n-angle weakened
by n-cyclic symmetric holes. The plate is in a stressed state; a region of plasticity contains only contours
of holes and does not spread inside of the plate. A problem of elasticity and plasticity for this plate is
reduced to a boundary problem of linear relationship for a unit circle with sectionally constant coefficients.
The equation of unknown contours of holes is presented; the solution of this problem is obtained.
© 2014 Bull. Georg. Natl. Acad. Sci.
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Let us consider homogeneous, isotropic plate with a shape of a rectilinear n-angle weakened by n-similar
holes. The contours of the holes are symmetric with respect to radii.

Denote by S the region of complex plane z = x+iy , occupied by plate. We suppose without limiting the
generality that the center of a polygon is in the origin of coordinates and one of the radii is on the OX axis. Let
L, be outer and L = ULk inner boundaries. Here L, (k=1, 2, ...,n) is a smooth contour of the k" hole. Assume

k=1

that the region S is cyclic symmetric to the origin of coordinates by a cyclic symmetric angle S = il
n

Let us consider the following problem: determine the stressed state of the plate and a shape of contours
of holes [1], when the normal displacement on the boundary L, is constant and the tangent stress is zero.
u,=const, t, =0,tel. 1)
Contours of the holes are under the normal stress and the tangent stress is zero too.
=0,tel. @

Contour L is in a plastic state, which does not spread inside the plate [2-4]:

o-nz_p’ 7

tn
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(Ut—an)2+4z'; =4k*,telL. 3
where o, is tangential normal stress. Suppose that L, (k=1; ... n) are smooth curves.

On the basis of Kolosov-Muskhelishvili formulae [5] we obtain the following:

o, +it, = 0(z)+ B(2) - (207(2) + ¥ (2)), @
2u(u —iu)) =% ®d(z) - D(z) + e > (zq)'_(z)+%) ’ ®)

where ®(z) =¢'(z), Y(z) =y'(2) . ¢(z) and w(z) are holomorphic functions in region S. a(¢) is the angle
between axis OX and an outer normal of the contour at the point .

Because of cyclic symmetry of the problem the normal displacement and tangent stress on apothems and
radii of the polygon will be zero, therefore it is sufficient to consider only the shading part of region S (see

Figure). Denote this part by D.

Fig. Cyclic symmetric polygon.

From (1)-(5) it follows that the complex potentials satisfy the conditions:

(D(z)=a,ZES,a=k_Tp’ ©
eZia(t)\P(t)zb’ teLl',bZka (7)
Im ezta(t)\}j(t) =0,te Lz, ®)

where L is a part of L, and L, is the broken line A 4,A4,4,A4; (see Fig.). Function a(¢) is sectionally
constant on L, and unknown continuous on L/ . Function W¥(z) is continuously extendable to the bound-

ary of region D, except may be point 4, , where the following inequality holds

const
|\I"(Z)|<—ga0Se<l. ©)

|24,

In addition to the equalities (7) and (8) let us consider the equation of contour L, :
Re(t-e ") =Re(A(t)-e ™). (10)

A(?) is sectionally constant function and has the form
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A=A, te A4, k=1234.

+1°

Denote the unit half-circle of the complex ¢ -plane by D, , where.
D, ={c:l¢|<1,Img >0}
Let function z = @(g) conformally map region D of the z plane onto region D, of the ¢ plane; let a, be
the images of points 4, . Without loss of the generality we suppose that
a=1,a,=i,a,=-1.

(7), (8), (10) equalities turn into the form

ez:‘ag(o')\ljo (O') =b, e ll ; (11)
Ime*™ ¥ (6)=0, o€l,; (12)
Re(e’i“(’(")a)(a)) =Re (e’ia(’(")Ao(cr)), cel, (13)

where /, and /, are images of L/ and L, contours, respectively;
¥, () =Y (a(9)), a,(0) =a(w(0)), 4,(c) = A(w(c)) = 4,. @,(c) is aknown sectionally constant func-
tion on contour /, and unknown on contour /, because contour L, itself is unknown.

At the conformal mapping z = @(g) expression ¢** () will have the following form [5]:

Qo) _ '(0) oel
CO,(G) > 1. (14)

Taking into account (14) in equation (11) and differentiating (13) we get

w'(0)-¥,(0)=ba'(c), o €l,; (15)
Ime " “cw'(c)=0,0 €l,; (16)
Ime* ¥ (6)=0,0 €l,. (17)

The task is reduced to the problem of finding unknown analytical functions ¥ (¢) and () in unit semi-

circle.

Let us introduce the function

ba'(s), ls| <1, Im¢ >0
W)= L ()
w'(g).\yo (E)’ | <1, Img <O0.
From (15) and (18) we have
W (c)=W (o), o€l
and, consequently, the function W (¢) is analytic in the unit circle |g| <l1.
Using formulae (16), (17), (18) we obtain
Ime ™ W' (6)=0, cel, (19)

where / is a circumference |g| =1.
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Rewrite equality (19) as follows

e e W (o) = e (o), ocel, (20)
Define the function

s W) gl <1

F(g) = l.W[i} 51 1)
S S

Function F(¢) is analytic inside and outside curve / and by virtue of (20), taking into account (21), it
satisfies the equality

F'(o)=e"™F (6), ocel. (22)

Thus our problem comes to boundary problem of linear relationship for unit circle with sectionally con-
stant coefficients [5].

The solution of problem (22), at the same time, is the solution of Riemann-Hilbert problem (19) if the
following condition is satisfied [6]:

F(g)=F (% (23)
S
Find a solution F(¢) such that
F(¢)=0, when ¢ =0. (24)
For the index of problem (22) we have [6]:
®=3. (25)

Taking into account equalities (23), (24), (25) for the solution F(g) of problem (22) we will finally get
F§)=2(5)(es” +ag). (26)
% (6) is the canonical solution of the same (22) problem and in this case has the following form:

1 j InG(o)do

21©)=e“T[(s-a)" 7)==

2riy  o-¢ 27)

where G(o) is a coefficient of the boundary problem of linear relationship (22) ( g%«(@) in this case),
a, (k=1;2;3;...8) arenodes of contour / .

A=A =4,=4=0;4 =24 =-1;4 =-1; 4 =1.
Taking into account (18), (21), (26), we will finally get

= 0(0) =1 | £()(cis +5 )de +C. 8)

where ¢ €/ ,1.e. the integration occurs on the valid axis. Equality (28) is the equation of the required contour.

We can calculate constant C in (28) based on the condition that point a; = —1is an image of point 4; ,
17 -
A= [1@)(es+q)ds +C,
-1

the integral on the closed line will be equal to zero and therefore we will have 4, =C.
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For calculation of a constant ¢, we use a condition that point a; =i is image of point A,.
4= lj 2(6)(ag +¢)ds +C
e .

Knowing w(¢), from equality (18) we can determine ¥ (¢) and also ‘¥(z), which with function ®(z)

determines the stressed state of a plate.
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