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m
ABSTRACT. Let G be multiply connected domain with boundary, I" = U Iy, where I',, k=0,m are

k=0
simple closed rectifiable curves such that I';,....,I', lie outside each other, but all of them lie

inside of I';. The paper introduces the Smirnov classes E’B(')(G) with variable exponent

@)= (py (@), py(),..., p,, (1)) , where p,(¢), k=0,m are given positive measurable functions on T, .
The properties of functions from these classes are established, in particular: an expansion theorem,
representability by a Cauchy integral, generalizations of Smirnov’s and Tumarkin’s theorems, related to
simply connected domains for multiply connected domains. Also, the question of belonging of Cauchy

type integrals with a density from L” (") to the class E PO(G) is investigated. © 2015 Bull. Georg.
Natl. Acad. Sci.

Key words: Lebesgue space with variable exponent; Smirnov classes of analytic functions with variable

exponent; multiply connected domain; Cauchy type integral.

1. Introduction. Let G be a simply connected domain bounded by a closed rectifiable Jordan curve. In [1]

V. 1. Smirnov introduced the class £7(G), p >0 ofanalytic in G functions ®(z) such that

sup [ |0() 7| dz < e,

0<r<i¥!,
where I, is the image of the circumference | w|=r for the conformal mapping ofa circle U = {w wi< 1}
on G.

When G is a unit circle, the class E” (G) coincides with the Hardy class H” .

Vast literature is dedicated to the investigation of such classes.

For multiply connected domains, classes E” (G) were studied in [2-5] and other papers.
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Classes E” play an important role in mathematical analysis, which in particular concerns the representa-
tion of analytic functions by the Cauchy integral. Owing to this fact they found applications in the theory of
boundary value problems for harmonic and analytic functions (see e.g. [6]).

Boundary value problems in various fields of mathematics have recently begun to be considered under
the assumption that the sought function or its boundary values must be Lebesgue-summable with a variable
exponent. The interest is due to the fact that such a formulation of problems enables one to investigate them
more thoroughly taking into account the local behavior of given functions and their influence on the charac-
ter of solvability.

Their various generalizations can be obtained by introducing Smirnov classes with variable exponents.
The natural, as we think, generalizations of these classes were introduced and studied in [7-9]. Smirnov
classes with variable exponent have found useful applications in the investigation of boundary value prob-
lems for analytic and harmonic functions and the cases were successfully investigated when the boundary of
the domain, in which the problem is posed, admits cusps (see [ 10-12] and other papers).

In the present paper, we continue the investigation of Smirnov classes with variable exponent in arbitrary
finitely connected domains G.

The properties of functions from these classes are established. In particular: it is proved that functions
from the class E7®) (G) are representable by a Cauchy integral with a density from 77®) (") ; an expansion

theorem and its corollaries are obtained; the generalizations of Smirnov’s and Tumarkin’s theorems are

generalized for the case of multiply connected domains; the conditions are found, under which a Cauchy type

integral with a density from 77)(T") belongs to the class E7)(G).

2. Main Definitions and Notation

m
2.1. Standard domains and curves. Let I" = U I'y, where I'y ,k = 0,m are simple closed rectifiable curves
k=0

such that I';,I",,...,I",, lie outside each other, but all of them lie inside I', . Then I is the boundary of some

domain G which we will call standard, and I" a standard curve.

m
Ify= U v;,where ¥;, j=0,m are circumferences, is the boundary of the standard domain X, then we
j=0
will call K a standard circular domain.

For any standard domain G of the plane z there exists a standard circular domain K of the plane § that

m
contains the points £ =0, ¢;, j =1,m ,and has the standard boundary y = U Vi Where yo ={¢ | { =1},
k=0
v =1C1¢=¢;1=p;}, 0<|¢; |+p; <1, j=1,m,which can be conformally mapped onto G [13: p. 235].
2.2. Exponent classes. We will say that a positive measurable function p(¢) given on I' belongs to the class
P@),if:
1) there exists a constant ¢(p) such that for any ¢,,¢, €T’

c(p)

t)-plty)|< ———
| p(t)— p(ty)] |40, ||

i
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2) minp(t) = p>1.
tel’ -

2.3. Lebesgue classes with variable exponent. Let f be a measurable function on I', p(¢) € P(I'), and
p(t(s)
ds <1¢,

where ¢ =1(s), 0<s <[, bethe equation of I" with respect to the arc abscissa.

Assume LFO(T)={f": 1S llpey <0} .

!
||f||Lp(.)(r):||f||p(,)=inf{/1:l>0, IO ‘f(l‘;s))

m
IFr= U ey DO =(po(0), (D), P, (D), f € 7 (T'+) , then we denote by Z7*)(I") the set of those
k=0

collections (fy, f15--.-,f,,) , for which

[H fO ||Lp0(-)(r0) + || f] ||L”‘(')(l“]) et || fm ||me(»)(rm)j <.

2.4. Smirnov class E7*) (G) in simply connected domains. Let I' be a simple rectifiable closed curve bound-
ing the domain G and z = z(¢') conformally map U onto G. Denote p(9) = p(z(¢")) . We will say that an

analytic function @ in G belongs to the class £70(G) if

2 . .
C(@) = sup | | D(z(re™)) P9 2'(re'® ) |d § < 0.

0<r<l

Proposition 1. If infp(1)=p >0, @ e EPV (G), then for almost all t €T there exists an angular limit
tell -
@ (t) and

2r . .
[0 @Prarssup [ 106 ) PO 2 ) a9 = C(@) <o
3. Smirnov Classes with Variable Exponent in Standard Domains

m
Let I'= U I'; be the standard curve bounding the domain G and X be the domain of the plane ¢ with
k=0

m
boundary y = U 7, » which is conformally mapped by the function z = z({') onto G.
k=0

m
A number &> 0 will be assumed admissible if the curve y® = U Yje» Where y, ={0:||[F1-¢},
j=0
Ve =1C:1¢—¢;Fp;j+&}, j=1,m,and the domain K° bounded by it lies in K.
Let  B(6)=(po(0 py (Do Py (1), P;OEPT,), j=0,m. Denote  py(9) = py(z(e)),

;D =p;&;+pie”), j=1,m.
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Definition 1. An analytic function @ in the domain G belongs to the class EP)(G), if

C(®) = sup j 1@z P 2 (re) 149
e vV
2n . .
=supl [ 10 1-2)") PP (121 a9

(9)

+ZJ'02” (O +(p; +e)E N7 |2, +(p; +e)e®) [d 9] < oo, )
=0

where the upper bound is taken with respect to all admissible ¢ .
If (1) holds for some conformal mapping, then it will also hold for any other conformal mappings. This fact
proves the correctness of Definition 1.

Proposition 2. If ®(z) e E? (')(G) , then for almost all t € T there exists a boundary value ®* (t) and
the function ® belongs to the class [PV (T).
By virtue of Propositions 1 and 2, the function ®* belongs to L”")(I") . Moreover, from the inclusions

EPO (G c E! (G) itfollows that ®(z) isrepresentable by a Cauchy integral [5: 73]. We can finally conclude

that the following statement is valid.
m .
Theorem 1. If G is a standard domain with boundary T = U Tp, po(@)ePXy), k=0,m, then every
k=0
function ® from EPC) (@, p®)=(py@®),p,(®),..., p,,(2)), has boundary values ®*(t) for almost all

tel’, ®" e ’O(T), and

D(z2) = (K@ )(z) = %MJ'FM’ -eG. Q)

t—z

4. On the Belonging of Cauchy Type Integrals with a Density from the Class
P0) (T') to the Class EX Q) (G)

m
Definition 2. Let I' = U I'; be the boundary of the domain G and p(¢) = (p,(¢), p;(?),..., p,, (2)) . We
k=0

will say that a pair (I, p(-)) belongs to the class CPY iffor any function / € L”*)(T') a Cauchy type integral
(Kr-f)(z) € EPY(G) . If G is a simply connected domain, we will write (T, p(-)) € CP*).
If (T, 5()) € C*) | then the singular Cauchy operator

1 T)dt . —
Sy 1080 Sron=—[ PO% ver, e Omy, k=om,

1J9r, t—t
maps L'k ©) (') intoitself, thus I'y € R [12,p. 101] and therefore I'; isa Smirnov curve.

In the case of a simply connected domain a pair (I', p(:)) belongs to the class CPO if:

I. T isapiecewise-smooth curve without zero cusps that bounds the finite domain G and p(¢) € P(I") [12: 84];
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or
II. T isa Lavrent’yev curve and p(¢) belongs to the Holder class and p> 1[8].
In the case of multiply connected domains we have
m
Theorem2. If T = U T, is the boundary of a standard domain G and p(t) = (py(t), p; (1), ---> Pw(D),
k=0

then a pair (T, p(-)) belongs to PV if pairs (U ;, p;(-)) belong to ij(~) , j=0,m.

5. Expansion Theorem

m
Ifa standard domain G is bounded by the curve I' = U I’} , then we denote by G, the domain bounded by
k=0

I'; and containing G. Therefore if I, partitions the plane into domains G, and G, , then G, = G; ,and
G, =G, k=1,m.
Theorem 3. Let G be a standard domain with boundary T . If
BO = (po(0), p (O Py (0), pr() € Py k=0m, (T, p() e C™, 3)

and @ ¢ EPV (G) , then d(z) is representable as

D(2) = Dy (2) + D, (2) +---+ D, (2), D,(z)eE* (')(Gk), k=0,m. @

Conversely, if (3) holds and an analytic function ® in G is representable as (4), then ® e EP") (G).

6. Generalization of Smirnov’s One Theorem

6.1. Smirnov’s Theorem for Classes E” (G), p = const . For constant p the following Smirnov’s theorem is

well known (see [1]).

If G is a simply connected Smirnov domain with boundary T, ® € EP(G) and ®* e L''(T'), p<p,,

then ® e E"(G).

6.2. Smirnov’s theorem for classes £7(")(G) in the case of simply connected domains. Various generali-
zations of the aforementioned Smirnov’s theorem are obtained in [7].

The following assertions are valid:

L. If G is a bounded domain with boundary T' € C'(4,,..., 4,;v,,...,v,), 0 <v, <2, thenif ® € E*V(G),
p>0, @ e '), pePI),wehave ® € E*O(G), where A(r) = max(p(t), u(t)) ([12,p. 85]).
II. Let a domain G with boundary I" is such that the conformal mapping z = z({) ofthe circle U onto G

possesses the properties

! a 1 a
¢ el Jme, Z,(g)eUH , )

a>1 a>0

where H® are Hardy classes of analytic functions in U. Then if ®(z) € E*V(G), ®* e [*O(T") and u is
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a function of the Holder class on ', we have ® e E*©) (G) ([8D.
Note that condition (5) is fulfilled for Lavrent’yev curves (see [15, p.170]).

6.3. Smirnov’s theorem in the case of finitely connected domains.

Theorem 4. If G is a standard domain with boundary T = U r;, @) =(py(®), py(0),...., p,, (1)),
_ - R J=0 .
P, ePX;), j=0,m, (T,p(-)) e CPY, ® e EPY(G), and ®F e M), where

ﬁ(t) = (luO (t)s H (t)s cees My (t)) B then
D(2) = E*OG), () = (Ro(6)s (D). A (D)),

where 4;(1) = max(p; (1), ;1)) , j=0,m.
7. On the Convergence of a Sequence from £V (G)

7.1. On the convergence of a sequence of functions from Smirnov’s class E” (G). The following theorem

holds true in the case of a bounded simply connected domain G with boundary I", a rectifiable closed Jordan

curve.

Theorem (G. Tumarkin). Ifthe sequence {f, (¢)} of boundary values of functions f,(z) fromthe class

E?(G) converges in measure on the set ¢, m({) >0 (mis a Lebesgue measure), of the boundary I' of the

domain G and j | £, () || dt |< C, where C does not depend on n, then the sequence {f,(z)} uniformly
r

converges in the domain G to a function f(z) of the class E* (G) and the sequence {f,’ (¢)} converges in

measure on the set { to a function f*(t), the angular boundary values of a function f(z) (see[14,p.268]).
7.2. The case of a simply connected domain and a variable exponent.

TheoremS. If 1) (T, p()) e C? O, p(t) e P(), 2) the sequence {D,(5)}, ¢ €l converges in measure
on (T, m(£)>0,3) @, (z)e E”(')(G) and there exists a number C not depending on n, such that
2 . i3 .
sup C(®,) =sup sup [, (2" ") a9 = C. ©)
n n  0<r<l
Then the sequence {®,(z)} uniformly converges in G to a function @ e EPO (G) and {®,({)} converges

in measure on ¢ to a function ®* ().

7.3. The case of a finitely connected domain.

Theorem 6. If 1) I'= U Iy is the boundary of a standard domain G; 2) p,(t)eP([I}) and
k=0

P(O)=(po (1), py(0),- s Py (D) 3) (T, pi()) € Y, k =0,m:4) D,(2)e EPY(G) and there exists a
number C not depending on n, such that
C(®,)<C
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5) the sequence {®,(C)} converges in measure on aset { 1" such that m({;) >0, where {, = (NI},
k= O,_m , then {®, (z)} uniformly converges in G to a function ®(z) € E PO) (G) and the sequence {®, ()}

converges in measure on ( to a function ®*(£).
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