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ABSTRACT. Let G be multiply connected domain with boundary,
0

,
m

k
k

    where k , = 0,k m  aree

simple closed rectifiable curves such that 1, , m  lie outside each other, but all of them lie
inside of 0 . The paper introduces the Smirnov classes ( ) ( )pE G


 with variable exponent

0 1( ) = ( ( ), ( ), , ( ))mp t p t p t p t  , where ( )kp t , = 0,k m  are given positive measurable functions on k .
The properties of functions from these classes are established, in particular: an expansion theorem,
representability by a Cauchy integral, generalizations of Smirnov’s and Tumarkin’s theorems, related to
simply connected domains for multiply connected domains. Also, the question of belonging of Cauchy
type integrals with a density from ( ) ( )pL  


 to the class ( ) ( )pE G


 is investigated. © 2015 Bull. Georg.

Natl. Acad. Sci.

Key words: Lebesgue space with variable exponent; Smirnov classes of analytic functions with variable
exponent; multiply connected domain; Cauchy type integral.

1. Introduction. Let G be a simply connected domain bounded by a closed rectifiable Jordan curve. In [1]

V. I. Smirnov introduced the class ( )pE G , > 0p  of analytic in G functions ( )z  such that

0< <1
| ( ) | | |< ,sup p

r r
z dz


 

where r  is the image of the circumference | |=w r  for the conformal mapping of a circle  : | |< 1U w w

on G.

When G is a unit circle, the class ( )pE G  coincides with the Hardy class pH .

Vast literature is dedicated to the investigation of such classes.

For multiply connected domains, classes ( )pE G  were studied in [2-5] and other papers.
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Classes pE  play an important role in mathematical analysis, which in particular concerns the representa-
tion of analytic functions by the Cauchy integral. Owing to this fact they found applications in the theory of
boundary value problems for harmonic and analytic functions (see e.g. [6]).

Boundary value problems in various fields of mathematics have recently begun to be considered under
the assumption that the sought function or its boundary values must be Lebesgue-summable with a variable
exponent. The interest is due to the fact that such a formulation of problems enables one to investigate them
more thoroughly taking into account the local behavior of given functions and their influence on the charac-
ter of solvability.

Their various generalizations can be obtained by introducing Smirnov classes with variable exponents.
The natural, as we think, generalizations of these classes were introduced and studied in [7-9]. Smirnov
classes with variable exponent have found useful applications in the investigation of boundary value prob-
lems for analytic and harmonic functions and the cases were successfully investigated when the boundary of
the domain, in which the problem is posed, admits cusps (see [10-12] and other papers).

In the present paper, we continue the investigation of Smirnov classes with variable exponent in arbitrary
finitely connected domains G.

The properties of functions from these classes are established. In particular: it is proved that functions

from the class ( ) ( )p tE G


 are representable by a Cauchy integral with a density from ( ) ( )p tL 


; an expansion

theorem and its corollaries are obtained; the generalizations of Smirnov’s and Tumarkin’s theorems are
generalized for the case of multiply connected domains; the conditions are found, under which a Cauchy type

integral with a density from ( ) ( )p tL 


 belongs to the class ( ) ( )p tE G


.

2. Main Definitions and Notation

2.1. Standard domains and curves. Let 
=0

=
m

k
k

   where , 0,k k m   are simple closed rectifiable curves

such that 1 2, , , m    lie outside each other, but all of them lie inside 0 . Then   is the boundary of some

domain G which we will call standard, and   a standard curve.

If 
=0

=
m

j
j

  , where j , = 0,j m  are circumferences, is the boundary of the standard domain K, then we

will call K a standard circular domain.
For any standard domain G of the plane z there exists a standard circular domain K of the plane   that

contains the points = 0 , j , = 1,j m , and has the standard boundary 
=0

=
m

k
k

  , where 0 = { :| |= 1}   ,

= { :| |= }j j j     , 0 <| | < 1j j  , = 1,j m , which can be conformally mapped onto G [13: p. 235].

2.2. Exponent classes. We will say that a positive measurable function ( )p t  given on   belongs to the class

( ) , if:

1) there exists a constant ( )c p  such that for any 1 2,t t 

1 2
1 2

( )| ( ) ( ) |<
| ln | | |




c pp t p t
t t

  ;



18 Vakhtang Paatashvili

Bull. Georg. Natl. Acad. Sci., vol. 9, no. 1, 2015

2) ( ) = > 1min
t

p t p


.

2.3. Lebesgue classes with variable exponent. Let f  be a measurable function on  , ( ) ( )p t   , and

( ( ))

( ) ( ) 0

( ( ))= = inf : > 0, 1 ,( )

p t sl
p pL

f t sf f ds 
 

      
   

where = ( )t t s , 0 s l  , be the equation of   with respect to the arc abscissa.

Assume ( )
( )( ) = { : < }p

pL f f
   .

If 
=0

=
m

k
k

  , 0 1( ) = ( ( ), ( ), , ( ))mp t p t p t p t  , ( ) ( )pk
kf L 

  , then we denote by ( ) ( )pL  


 the set of those

collections 0 1( , , , )mf f f , for which

( ) ( )1( )00 1 ( ) ( )( ) 10
< .p pmp mL LL m

f f f   

 
    

 
     

2.4. Smirnov class ( ) ( )pE G  in simply connected domains. Let   be a simple rectifiable closed curve bound-

ing the domain G and = ( )z z   conformally map U onto G. Denote ( ) = ( ( ))ip p z e  . We will say that an

analytic function   in G belongs to the class ( ) ( )pE G  if

2 ( )

00< <1
( ) = | ( ( )) | | ( ) | < .sup i p i

r
C z re z re d

      
Proposition 1.  If ( ) = > 0inf

t
p t p


, ( ) ( )pE G , then for almost all t   there exists an angular limit

( )t  and

2( ) ( )

0
| ( ) | | | | ( ( )) | | ( ) | = ( ) < .supp t i p i

r
t dt z re z re d C

    


     

3. Smirnov Classes with Variable Exponent in Standard Domains

Let 
=0

=
m

k
k

   be the standard curve bounding the domain G and K be the domain of the plane   with

boundary 
=0

=
m

k
k

  , which is conformally mapped by the function = ( )z z   onto G.

A number > 0  will be assumed admissible if the curve 
=0

=
m

j
j


  , where 0 = { : | |= 1 }    ,

= { : | |= }j j j       , = 1,j m , and the domain K   bounded by it lies in K.

Let 0 1( ) = ( ( ), ( ), , ( ))mp t p t p t p t  ,  ( ) ( )j jp t   ,  = 0,j m .  Denote 0 0( ) = ( ( ))ip p z e  ,

( ) = ( ( ))i
j j j jp p z e    , = 1,j m .
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Definition 1.  An analytic function   in the domain G belongs to the class ( ) ( )pE G


, if

( )( ) = | ( ( )) | | ( ) |sup
ip ei iC z re z re d
 


 



2
0

0

( )= [ | ( ((1 ) )) | | ((1 ) ) |sup pi iz e z e d
  



    
2

0=0

( )
| ( ( ( ) )) | | ( ( ) ) | ] < ,

m pi ij
j j j j

j

z e z e d
  

             (1)

where the upper bound is taken with respect to all admissible  .
If (1) holds for some conformal mapping, then it will also hold for any other conformal mappings. This fact

proves the correctness of Definition 1.

Proposition 2.  If ( )( ) ( )pz E G 


, then for almost all t   there exists a boundary value ( )t  and

the function   belongs to the class ( ) ( )pL  


.

By virtue of Propositions 1 and 2, the function   belongs to ( ) ( )pL  


. Moreover, from the inclusions
( ) 1( ) ( )pE G E G 


 it follows that ( )z  is representable by a Cauchy integral [5: 73]. We can finally conclude

that the following statement is valid.

Theorem 1. If G is a standard domain with boundary 
=0

=
m

k
k

  , ( ) ( )k kp t   , = 0,k m , then every

function   from ( ) ( )pE G


, 0 1( ) = ( ( ), ( ), , ( ))mp t p t p t p t  , has boundary values ( )t  for almost all

t  , ( ) ( )pL   


, and

1 ( )( ) = ( )( ) = , .
2

t dtz K z z G
i t z








  

 (2)

4. On the Belonging of Cauchy Type Integrals with a Density from the Class
( )( ) 
pL  to the Class ( ) ( )

pE G

Definition 2. Let 
=0

=
m

k
k

   be the boundary of the domain G and 0 1( ) = ( ( ), ( ), , ( ))mp t p t p t p t  . WeWe

will say that a pair ( , ( ))p 
  belongs to the class ( )pC 


 if for any function ( ) ( )pf L  


 a Cauchy type integral

( )( )( ) ( )pK f z E G
 


. If G is a simply connected domain, we will write ( )( , ( )) pp C    .

If ( )( , ( )) pp C   


, then the singular Cauchy operator

1 ( ) ( ): , ( )( ) = , , ( ), = 0, ,pk
k kk k k k

dS S S t t L k m
i t

  
   

   



   


maps ( ) ( )pk

kL    into itself, thus k R   [12, p. 101] and therefore k  is a Smirnov curve.

In the case of a simply connected domain  a pair ( , ( ))p   belongs to the class ( )pC   if:

I.   is a piecewise-smooth curve without zero cusps that bounds the finite domain G and ( ) ( )p t    [12: 84];
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or

II.   is a Lavrent’yev curve and ( )p t  belongs to the Hölder class and > 1p  [8].

In the case of multiply connected domains we have

 Theorem 2. If 
=0

=
m

k
k

   is the boundary of a standard domain G and 0 1( ) = ( ( ), ( ),p t p t p t , ( ))mp t ,

then a pair ( , ( ))p 
  belongs to ( )pC 


 if pairs ( , ( ))j jp   belong to 

( )p jC


, = 0,j m .

5. Expansion Theorem

If a standard domain G is bounded by the curve 
=0

=
m

k
k

  , then we denote by kG  the domain bounded by

k  and containing G. Therefore if k  partitions the plane into domains kG  and kG , then 0 0=G G , and

=k kG G , = 1,k m .

Theorem 3. Let G be a standard domain with boundary  . If
( )

0 1( ) = ( ( ), ( ), , ( )), ( ) ( ), = 0, , ( , ( )) ,p
m k kp t p t p t p t p t k m p C     

   (3)

and ( ) ( )pE G


, then ( )z  is representable as

0 1
( )( ) = ( ) ( ) ( ), ( ) ( ), = 0, .pk

m k kz z z z z E G k m       (4)

Conversely, if (3) holds and an analytic function   in G is representable as (4), then ( ) ( )pE G


.

6. Generalization of Smirnov’s One Theorem

6.1. Smirnov’s Theorem for Classes ( )pE G , =p const . For constant p the following Smirnov’s theorem is

well known (see [1]).

If G is a simply connected Smirnov domain with boundary  , ( )pE G  and 1 ( )pL   , 1<p p ,

then 1 ( )pE G .

6.2. Smirnov’s theorem for classes ( ) ( )p tE G  in the case of simply connected domains. Various generali-

zations of the aforementioned Smirnov’s theorem are obtained in [7].
The following assertions are valid:

I. If G is a bounded domain with boundary 1
1 1( , , ; , , )n nC A A     , 0 < 2k  , then if ( ) ( )pE G ,

> 0p , ( ) ( )L    , ( )  , we have ( ) ( )E G  , where ( ) = max( ( ), ( ))t p t t   ([12, p. 85]).

II. Let a domain G with boundary   is such that the conformal mapping = ( )z z   of the circle U onto G
possesses the properties

>1 >0

1( ) , ,
( )

z H H
z

 

 




  
  (5)

where H  are Hardy classes of analytic functions in U. Then if ( )( ) ( )pz E G  , ( ) ( )L     and   is
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a function of the Hölder class on  , we have ( ) ( )E G   ([8]).

Note that condition (5) is fulfilled for Lavrent’yev curves (see [15, p.170]).

6.3. Smirnov’s theorem in the case of finitely connected domains.

Theorem 4. If G is a standard domain with boundary 
=0

=
m

j
j

  , 0 1( ) = ( ( ), ( ), , ( ))mp t p t p t p t  ,

( ) ( )j jp t   , = 0,j m , ( )( , ( )) pp C   
 , ( ) ( )pE G


, and ( ) ( )L   


, where

0 1( ) = ( ( ), ( ), ,t t t  
  ( ))m t , then

( )
0 1( ) = ( ), ( ) = ( ( ), ( ), , ( )),mz E G t t t t    

 


where ( ) = max( ( ), ( ))j j jt p t t  , = 0,j m .

7. On the Convergence of a Sequence from ( ) ( )pE G


7.1. On the convergence of a sequence of functions from Smirnov’s class ( )pE G . The following theorem

holds true in the case of a bounded simply connected domain G with boundary  , a rectifiable closed Jordan
curve.

 Theorem (G. Tumarkin).  If the sequence { ( )}nf t  of boundary values of functions ( )nf z  from the class

( )pE G  converges in measure on the set  , ( ) > 0m   (m is a Lebesgue measure), of the boundary   of the

domain G and | ( ) | | |< ,p
nf t dt C

  where C does not depend on n, then the sequence { ( )}nf z  uniformly

converges in the domain G to a function ( )f z  of the class ( )pE G  and the sequence { ( )}nf t  converges in

measure on the set   to a function ( )f t , the angular boundary values of a function ( )f z  (see [14, p. 268]).

7.2. The case of a simply connected domain and a variable exponent.

Theorem 5. If  1) ( )( , ( )) pp C    , ( ) ( )p t   ; 2) the sequence { ( )}n  ,   , converges in measure

on  , ( ) > 0m  ; 3) ( )( ) ( )p
n z E G   and there exists a number C not depending on n, such that

2 ( (

00< <1

))( ) = | ( ( )) | | ( ( )) | = .sup sup sup
ip z ei i

n n
n n r

C z re z r e d C
     (6)

Then the sequence { ( )}n z  uniformly converges in G to a function ( ) ( )pE G  and { ( )}n   converges

in measure on   to a function ( ) .

7.3. The case of a finitely connected domain.

Theorem 6. If  1) 
=0

=
m

k
k

   is the boundary of a standard domain G; 2) ( ) ( )k kp t    and

0 1( ) = ( ( ), ( ), , ( ))mp t p t p t p t  ; 3) ( )( , ( )) pk
k kp C 

   , = 0,k m ; 4) ( )( ) ( )p
n z E G 


 and there exists a

number C not depending on n, such that
( ) < ;nC C
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5) the sequence { ( )}n   converges in measure on a set    such that ( ) > 0km  , where =k k  ,

= 0,k m , then { ( )}n z  uniformly converges in G to a function ( )( ) ( )pz E G 


 and the sequence { ( )}n 

converges in measure on   to a function ( ) .
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maTematika

analizur funqciaTa smirnovis cvladmaCvenebliani
klasebi mravladbmul areebSi

v. paataSvili

i. javaxiSvilis saxelobis Tbilisis saxelmwifo universitetis a. razmaZis maTematikis instituti,
Tbilisi

(warmodgenilia akademikos v. kokilaSvilis mier)

vTqvaT, 0 1, , , m    erTmaneTis gareT mdebare martivi, Sekruli gawrfevadi wirebia,

romelTagan 1, , m   mdebareoben 0 -is SigniT, xolo 0 1( ) = ( ( ), ( ), , ( ))mp t p t p t p t  , sadac

( )kp t , = 0,k m  aris k -ze gansazRvruli zomadi funqcia. naSromSi SemoRebulia 
=0

=
m

k
k

 
wiriT SemosazRvrul mravladbmul G areSi analizur funqciaTa smirnovis
cvladmaCvenebliani ( ) ( )pE G


 klasebi. dadgenilia am klasebis funqciaTa rigi Tvisebebi,

maT Soris, gaSlis Teorema, koSis integraliT warmodgenadoba, ganzogadebulia martivad
bmuli arisa da mudmivi p maCveneblis SemTxvevisaTvis cnobili smirnovisa da tumarkinis
Teoremebi mravladbmuli aris SemTxvevisTvis. gansakuTrebuli yuradReba eTmoba ( ) ( )pL  



simkvrivis mqone koSis tipis integralis ( ) ( )pE G


 klasisadmi mikuTvnebis sakiTxs.



Smirnov Classes of Analytic Functions with Variable Exponent ... 23

Bull. Georg. Natl. Acad. Sci., vol. 9, no. 1, 2015

REFERENCES

1. Smirnov V. (1932) Bull. Acad. Sci. Leningrad, 7, 3: 337-372.
2. Parreau M. (1951) Ann. Inst. Fourier Grenoble, 3: 103-197.
3. Rudin W. (1995) Trans. Amer. Math. Soc., 78, 1: 46-66.
4. Tumarkin G. Ts. Havinson S. Ja. (1958) Uspekhi Mat. Nauk, 13, 1: 201-206 (in Russian).
5. Tumarkin G. Ts Havinson S. Ja. (1960) Issledovaniya po sovremennym problemam teorii funkcii kompleksnogo

peremennogo, pp. 45-77. M. (in Russian).
6. Khvedelidze B. V. (1975) Current problems in mathematics, 7: 5-162 (errata insert). Akad. Nauk SSSR Vsesoiuz.

Inst. Nauchn. i Tekhn. Informatsii, (in Russian) Moscow, translation in J. Sovr. Math., (1977) 7: 309-414.
7. Kokilashvili V., Paatashvili V. (2008) Georgian International Journal of Sciences, Nova Science Pubishers Inc., 1,

2: 67-81.
8. Paatashvili V. (2012) Memoirs Differential Equations Math. Phys., 56: 73-88.
9. Kokilashvili V., Paatashvili V. (2011) Complex Var. Elliptic Equ., 56: 10-11: 955-973.
10. Kokilashvili V., Paatashvili V., Samko S. (2005) Bound. Value Probl., 1: 43-71.
11. Kokilashvili V., Paatashvili V. (2008) Complex Anal. Oper. Theory, 2, 4: 569-591.
12. Kokilashvili V., Paatashvili V. (2012) Boundary value problems for analytic and harmonic functions in

nonstandard spaces. Nova Science Publishers Inc., New York.
13. Goluzin G. M. (1966) Geometricheskaia teoriia funktsii kompleksnogo peremennogo. Vyp. 2, M. (in Russian).
14. Privalov I. I. (1950) Granichnye svoistva analiticheskikh funktsii. Vyp. 2. M.-L., (in Russian).
15. Pommerenke Ch. (1992) Boundary behaviour of conformal maps. Grundlehren der Mathematischen

Wissenschaften [Fundamental Principles of Mathematical Sciences], 299. Springer-Verlag, Berlin.

Received  February, 2015


