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ABSTRACT: There is such a formulation of integral equations for 3-body problem when scattering
operators obey 3-dimensional equations (instead of 6-dimensional), and effective potentials are to be
found from the Faddeev-like equations. In this formulation various approximate methods are developed,
which have many advantages for studying the relevant problems. This approach is dominant for the last
50 years. The main problem consists in choosing the separable part of 2-body amplitudes in the kernels
of 3-body equations. In the article we use the spectral representations for Green functions and show that
all positive technical properties of AGSK equations remain and at the same time effective potentials
should be simplified. We considered the effective potential in reduced 3-body problem. Potentials do not
contain 2-particle bound state singularities in the 3-body space. Hence, wave functions have the same
phases as scattering amplitudes. It follows that after performing angular decomposition in the final
equations, 2-particle phases cancel each other and the effective potentials become real functions of
arguments. Non-triviality of the obtained result consists in the following: the kernels of the equation for
effective potentials do not depend on energy parameter, moreover one of the momenta rests on the
energy-shell. Therefore, from 3-particle problem we need only 2-particle bound state wave functions and
semi energy-shell amplitudes. This fact is somehow unexpected and may become an important thing for
further advance in many particle dynamics. © 2015 Bull. Georg. Natl. Acad. Sci.
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1. Introduction

An important property of Faddeev equations [1] is that they contain 2-body scattering matrices  T̂ z , but
not pair potentials. However the Faddeev equations have one practical lack: their components have a compli-
cated relation to the observable physical amplitudes.

Instead, there are the Lovelace equations [2] for    U z
  operators. They have the following properties:

Kernel has the same structure, as Faddeev’s one. Therefore, the equations are of Fredholm-Schmidt type.
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Moreover, we need 2 sets of amplitudes    U z
 , which are connected to the continuation behind the

energetic surface.
   It is well known, that the formulation of the 3-body problem is more convenient in terms of the Alt-

Grassberger- Sandhas [3] and Khelashvili (AGSK) [4] operators, which give the equations, that are free from
the abovementioned inconsistences. Below we consider  the reduction of these equations to the three-
dimensional ones  and construct the many-channel effective potentials.

2. Equations for AGSK Operators

Let us introduce A  operators in the following symmetrical manner [4]:

         G z G z G z A z G z      , (1)

(there is no summation in the repeated indices).
By this definition various channel amplitudes are related to the matrix elements of  A  directly. For

example [4]:

         , 2 , 0m nm n m n m mn i E E A E i                    , (2)

and so on for all the other amplitudes.
The introduced operators satisfy the following equations [4]

         1
0 0

ˆA z G z A z G z T z    


    (3)

and

            1
0 0

ˆA z G z T z G z A z    


    . (4)

They are connected to the Lovelace operators by

             1 1A z U z G z U z G z            . (5)

The equations obtained have the following positive features:
· All the advantages of the Faddeev equations are retained. Particularly, the symmetry among them, as

they consist only of 2-body amplitudes,  T̂ z .
· They are related to channel amplitudes in a simple manner.
· Indices take values 0,1,2,3, i.e. these equations take into account all the channels in 3-body system.
· There are 16 operators, but not 32, as in Lovelace case.

3. Reduction of AGSK Equations, Effective Potentials

It is well known that 2-body scattering operator can be always decomposed into factorizable (separable)
and remainder parts:

     ˆ ˆ ˆf RT z T z T z    (6)

Naturally, this decomposition is not unique, but in any problem it may be achieved. After such a decom-
position AGSK equations split into two systems [4] :

             0 0
ˆ fA z B z B z G z T z G z A z    



  (7)

and
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         1
0 0

ˆ .RB z G z T z G z B z    


    (8)

We see that the first one (7) is a system of 3-dimensional equations, in which  B z are operators of
“effective potentials”. On the other hand, they must be constructed from the equations which have  the same
complexity.

These forms of equations dictate a rather simple scheme of approximate calculations: potential operators
can be constructed from the second equations in needed approximation and then use them in the first
equations, which are 3-dimensional.

This is the first step of reduction. The followed step is connected with the special choice of a separable
term. We note that usually most authors were restricted only by separable parts in their calculations.

Below we want to move further. In particular, Karlson and Zeiger [5] used a special form for separable
parts, basing on the spectral representation of 2-body Green function:

     2 2 2
r r B C

rr

d dd
G z G z G z

q E z q p z
 

 
      

  
   

        
   

        
p pq p q q,q q ,q

. (9)

Here r is a bound state wave function for   channel with energy rE (discrete spectrum) and  p is a
wave function of the continuous spectrum in the same channel. Here, only the completeness relation is
explored in the 2-body sub-systems. Let us take this representation into account in the definition of the 2-
body amplitudes

     0T̂ z G z V G z   (10)

and take bound state parts as a separable contribution

     0
ˆ f BT z G z V G z   (11)

and consider the continuous contribution  by the remainder relation

     0
ˆR CT z G z V G z   . (12)

If we use the relation

         0 0 0
ˆG z G z G z T z G z   , (13)

it follows

       0 0
ˆ f BG z T z G z G z  . (14)

This is a crucial moment, on validity of which our further consideration is dependent. In this respect our
equations become:

         BA z B z B z G z A z    


   , (15)

where

         0 0
B B BG z G z V G z G z V G z      , (16)

and

       1
0

CB z G z V G z B z     


    . (17)

From (15) 3-dimensional equations for all physical channels follow.
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Very non-trivial result follows for potential matrices. After substitution of the spectral representation we
derive the following intermediate relations:

- Lippmann-Schwinger-like equation

 2ˆ 0V T p i          p q p q (18)

and

   
   2

1
0 2 2

ˆ 0T p i d d B z
B z G z

q p z



      

  
 


 


     

  
   




pp q p q q

. (19)

Here, entering the kernel  T̂  does not depend on z . Moreover one of the momenta p rests on the
energy shell.

Therefore, we need the following things from 2-particle problem:
· the bound-state wave functions and
· semi-energetic scattering amplitudes.
Let us rewrite derived equations in the explicit form:

   
 

 

, ,

,
,2

, ; , ;

, ;
, ;

m n m n

m r
r n

rr

T z V z

V z
d T z

E z

       

   
    

 

  

 
 

  

q q q q

q q
q q q

q
 , (20)

where the potentials are:

       , , ;m n m nV z d B z d              
      q q p p p q p q p p (21)

Hence, the problem requires knowledge of the following quantities:

     2 2ˆ ˆ
m mT p d T p              

             q p q p p p q p q , (22)

 2 2ˆ 0 , ; 0m m
m m

T p i t p i
m m m m

 
             

   


   

                          
 q p q q q q q p (23)

and

 2 2ˆ 0 , ; 0
m m

T p i t p i
m m m m 

  
           

   
  

 

   
                        

 p pq p q q q q q p . (24)

Other necessary needed matrix elements may be written analogously in the explicit form.

6. Conclusions

We considered the effective potential in the reduced  3-body problem. It was established above that in the
final equations we have the following quantities:

1. 2-body physical (on- energy- shell) amplitudes,
2. Potentials do not contain 2-particle bound-state singularities in the 3-body space. Therefore, the wave

functions have the same phases, as scattering amplitudes.
3. When we perform the angular decomposition, 2-particle phases are cancelled and effective potentials

become real functions.
Non-triviality of the obtained result consists in the following: The kernels of the equation for effective
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potentials do not depend on the energy parameter z , moreover one of the momenta  p rests on the
energy-shell. Therefore, from 3-particle problem we need only the 2-particle bound-state wave functions and
semi-energy-shell amplitudes. This fact is somehow unexpected and may become an important fact for further
advance in multi-particle dynamics.
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fizika

efeqturi potencialebi dayvanil alt-
grasberger-sandhas-xelaSvilis (agsx)
gantolebebSi da mravali arxis problema

a. xelaSvili*, T. nadareiSvili**

* akademiis wevri, i. javaxiSvilis Tbilisis saxelmwifo universitetis maRali energiebis fizikis
  instituti, Tbilisi
  saqarTvelos sapatriarqos wmida andria pirvelwodebulis qarTuli universiteti
**i. javaxiSvilis Tbilisis saxelmwifo universitetis maRali energiebis fizikis instituti,
  Tbilisi

cnobilia agsx operatorebisaTvis integraluri gantolebebis iseTi formulireba,
rodesac isini akmayofileben 3-ganzomilebian gantolebebs (nacvlad 6-ganzomilebianisa)
da efeqturi potencialebi SeiZleba napovni iqnes fadeevis msgavsi gantolebebidan. am
formulirebaSi damuSavebulia sxvadasxva miaxloebiTi meTodi da mas aqvs mravali
upiratesoba Sesabamisi problemebis Seswavlisas. es midgoma dominirebs bolo 50 wlis
ganmavlobaSi. ZiriTad problemas warmoadgens separabeluri 2-nawilakovani amplitudebis
SerCeva 3-nawilakovan gantolebebSi. mocemul statiaSi Cven viyenebT grinis funqciebis
speqtralur warmodgenas da vaCvenebT, rom yvela pozitiuri Tviseba agsx gantolebebisa
ZalaSi rCeba da amavdroulad efeqturi potencialebi martivdeba. potencialebi ar
Seicaven 2-nawilakovani bmuli mdgomareobebis singularobebs 3-nawilakovan sivrceSi.
Sesabamisad, talRur funqciebs igive fazebi gaaCniaT rac gafantvis amplitudebs. aqedan
gamomdinare, kuTxuri cvladebiT gancalebisas saboloo gantolebaSi 2-nawilakovani
fazebi erTmaneTs abaTileben da efeqturi potencialebi argumentis realuri funqciebi
xdeba. miRebuli Sedegebis aratrivialuroba SemdegSi mdgomareobs: efeqturi
potencialebis gantolebis gulebi ar aris damokidebuli energiis parametrze da garda
amisa, erT-erTi impulsi Zevs energetikul zedapirze. amitom sami nawilakis problemaSi
Cven gvWirdeba mxolod 2-nawilakovani bmuli mdgomareobebis talRuri funqciebi da
amplitudebi naxevrad energetikul zedapirze. es sakmaod moulodneli faqtia da SesaZloa
mniSvnelovani gaxdes mravali nawilakis dinamikis kvlevisas.
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