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ABSTRACT. We consider the class of nonparametric estimates of a Bernoulli regression function.
We establish the conditions of uniform consistency and give the limit theorems for continuous functionals

connected with the functions on C[a,1-a], 0<a <1/2.©2012 Bull. Georg. Natl. Acad. Sci.
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Let a random variable Y take two values 1 and 0 with probabilities p (“success”) and 1 — p (“failure”).
Assume that the probability of “success” p is a function of an independent variable xe [0,1], i.e.
p= p(x) = P{Y =1]| x} ([1-3]). Let x;, i = l,_n be the division points of the interval [0,1] which are chosen

from the relation

where h(x) is the known positive distribution density on [0,1]. Let further Y, i :l,_n, be independent
Bernoulli random variables with P{Y, =1|x,}= p(x;), P{¥; =0|x}=1- p(x;). The problem consists in es-
timating the function p(x), X€ [0,1], by the sampling Y,,Y,,...,Y, . Such problems arise in particular in
biology ([1, 3]), in corrosion studies [4] and so on.

As an estimate for p(x) we consider a statistic ([5, 6]) of the form

Pul)= p1a(x)p2, (), M

1 &, x—X; |, 0=
pvn(x)zﬁzh ](xi)K(b—JYiz V: v=12,

n j=1 n
where K(x)> 0 is some distribution density (kernel), K(x)=K(~x), x €(~w,), {b,} is a sequence of

positive numbers converging to zero.
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Lemma 1. Assume that
1°. K(x) is a function of bounded variation.
2°. p(x) and h(x) are also functions of bounded variation on [0,1], and h(x)> >0, xe [0,1].
If nb, — o, then
n _ 1 _
LS ( jpw (7 ()= [ & (_xb jp W () +0(Lj, @
1

b A nb

no n

uniformly with respect to x € [0,1], v, e NU{0}, i =13.

Proof. Let H,(x) be an empirical distribution function of the “sampling” x,,x,.,...,x

s 1€
n
Hn(x)= n_]ZI(xl- < x)
i=1
It can be easily verified that
0251'[—]" (x)- H(x)| = 05;12] % {nH (x)+%} —H (x) < 2Ln Q)

We have

1< vi| X=X v —v 1 1 v | X—U v -v3+1 _
(oo e ) o

n

Applying the integration by parts formula to the right-hand part of (4) and taking (3) into account, we
obtain (2).

Theorem 1. Let the conditions of Lemma 1 be fulfilled. Then the estimate (1) is asymptotically unbiased
and consistent at all points x € [0,1], where p(x) is continuous. Moreover, it has an asymptotically normal

distribution, i.e.

where p(x) is continuous.

The proof of the theorem with the aid of Lemma 1 is analogous to the proof of Theorem 1 in [7].
Theorem 2. Let K(x) satisfy condition 1° of Lemma 1 and, besides, ¢(t)= J.e”x K(x)dx be absolutely
integrable; then the functions p(x) and h(x) are continuous and satisfy condition 2° of Lemma 1.

(a) Let nbf — o0, then

D, = sup | p, (x)~ p(x)| L0 | an[bg‘,l—bg‘}, O<a<l.

xeQ,

(b)Ion_S/an_s <o, §>2,then D, >0 a.s.

n=1
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Proof. Using Whittle’s inequality [8] for moments of quadratic form, it can be shown [7] that

P{sup |j9n(x)—Ej9n(x)|Zs}<c—l, §>2, £€>0. ®)

xeQ), - e’ (\/; bn )S

Furthermore, by virtue of Lemma 1,

Pon (x)szjK[xb_uj du+0(%J,

n 0 n n
and since
1 1 _ —b,‘f_l 0
sup l——jK[x quu < 'f K(u)du+ '[ K(u)du—)O,
xeQ), bn 0 bn 0 b;z—l

we can write that sup |p2n (x) —l| 0 as n—>w,ie p,,(x)>1-¢,, 0<g, <1, for sufficiently large
xeQ),

n > n, , uniformly with respect to x € Q, . Therefore from the definition of p, (x) it follows that

sug |Ef9n (x) —p(x)| <(1-¢ )_] { sué) |Ep]n (x)—p(x)| + sué) |1 — Pan (x)w, ©)

n n

where the second summand in the right-hand part of (6) converges to 0, and the first summand is estimated

as follows. It is not difficult to show that

sup [Epy, (x) = p(x)] < S, +0(1) +O(L}

xeQ), I’lbn

S

n

= sup
0<x<1

- j(P(y)—p(x))K£x,;yjdy~

n oo n

Extend the function p(x) continuously up to the interval [— 1, 2]. Let p*(x) be the extended function and

assume that p*(x)>0 and sup p(x)= sup p*(x). We easily conclude that
0<x<1 [1,2]

1

* * 1

S, < sup jp (x=y)-p (x) b—K[ledyS
0<x<l n n

p*(x—y)—p*(x)UK(y)dy+2 sup p*(x) j K(y)dy, 5>0. )
—1<x<L2 ‘y‘25/b”

< sup sup
0<x<l |y|<s

The first summand in the right-hand part of (7) can be made arbitrarily small by a choice of § > 0 . After
choosing § > (0 and assuming that n — oo , we obtain that the second summand tends to 0. From this and the
relations (5) and (6), the proof of the theorem follows.

Theorem 3. Let the kernel K (x)Z 0 be chosen so that it would be a function of finite variation and

satisfy the conditions K(—u)=K(u), K(u)=0 for |u|21, JK(u)du:l. Let g(x)Z 0, xe[a,l—a],
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0<a<1/2, be a measurable and bounded function. Let, further,
0<inf p(x)S sup p(x) <1, xe [O,l].

(@) If p(x) is continuous and nbf — o, then

T, =\n ]agl () ()~ By (x)]dx—> N (0,67,

12
@ (9)=g(3)w (v) w<x>=[%} .

p(x)(1-p

(b) If nbf —> 00, nb:,1 —0 and p(x) has bounded derivatives up to second order; then for n — o

=V [a(x) [f09-p(] d—oN(oe?).

Proof. We have

22 (%) = &1 (%) P2 (%)
By virtue of Lemma 1, it is not difficult to establish that

o= jw w{gf K(“ijgl (u>du]2 +o(1>+0(#}

n

and also
l-a 1 l-a p 2 l-a
j v (t)dt — j K| 4= g (u)du - I g’ (u)du <
bn bn
a a a
l-a 1 1-a p l-a 1 p 1-a|l-a 1 ;
<o [t [ @ () K| =gy (o) [ K| A aul vy [ | [ K| A2 dutldi = 4, + 4y,
. b, ' b, ' b, b, ° b, b,

I-a
Since J bLK( ub_ tjdu —1 forall 7 € (a,1 - a), we see that A4,, — 0. Further, extend the function g, (u)
a

n n

in the exterior of [a,1 - a| by zero and denote the extended function by g; (x). Then

1 0
* * 1
A, Scd{j ‘gl (x+y)-g (y)‘dy}b— K[binxS

0\ -0

1 [ o 1
SCSJ( ‘g]*(y+ubn)—g]*(y)‘dyJK(u)du=05Iw(ubn)K(u)du—>0 as n—ow, 0

-1 -1

—00
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where

o(y)= T‘gl* (v+x)-gi (xfax

The inequality (8) holds by virtue of the Lebesgue theorem on majorized convergence and the fact that

w(ubn ) < 2“g]*HLl o) and o(ub,)— 0 as n— o . We have thereby proved that ol >o?.

Let us now verify the fulfillment of the conditions of the Central Limit Theorem for the sums

n 1-a o
L=l enlirl) e g,;z«(x e o)

n bn

245 — . -
Since a, <cg, E‘Y] —P(xj)‘ ' <1, j=Lnand o-f — o2, the Lyapunov fraction L, :O(n 5/2), 6>0.

Finally, the condition (b) of the theorem follows from (a) if we take into account that

ﬁrgl (x)[ Eb, (X)—p(X)}dFO(&bf)m(ﬁlb J ©

Lemma 2. Under the conditions (a) and (b) of Theorem 3 we respectively have

l-a 5/2
ET, § gc{ .[g(u)duJ , §>2 (10)
and
l-a s/2
E|Tn|s < c{ Jg(u)du] , §>2. (11)

Proof. T, isthelinear formof &, =Y, — plx, ), E£. =0, léjén.ltisobviousthatEf-SSl,jzl,_n.
n J J J ‘5‘1 J

Therefore, by virtue of Whittle’s inequality [8] and Lemma 1, we obtain

5 s/2

ET,[ <c(s)2° i{%rk[“b—:qun (u)duJ2 dt+0[%} {]_fgzn (u)du} :

s/2
c(s)= f/; F(STHJ (12)

Further, taking into account that
/2
(maxh(x))] 1
2 (u)Sg(u) Y | 1+ 0| — chg(u) ,
' pi(1-p,) b,
afu<l-a, p,:infp(x), p2=supp(x), xe[O,l],

from (12) we obtain (10). Finally, this and (9) imply (11).
Let us introduce the following random processes:

7,()=+n j(z‘an ()= Ep, ()W (u)du,  T,(6)=n [ (B, ()= plu))y(u)du.
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Theorem 4. Let the conditions (a) and (b) of Theorem 3 be fulfilled. Then for all functional f ( ) continu-
ous on C[a,l - a], 0<a<1/2, the distributions f(Y_",, (t)) and f(T,(t)) converge to the distribution
f(wWe—a)), where wlt—a), a<t<l-a, is a Wiener process with the correlation function
r(s,t)=min(t—a,s —a), w(t—a)=0, t=a.

The proof of the theorem by Theorem 3 and Lemma 2 is analogous to the proof of Theorem 2 in [9].
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