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Let a random variable Y take two values 1 and 0 with probabilities p (“success”) and 1 – p (“failure”).

Assume that the probability of “success” p is a function of an independent variable  1,0x , i.e.

   xYPxpp |1  ([1-3]). Let ix , ni ,1  be the division points of the interval  1,0  which are chosen

from the relation
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where  xh  is the known positive distribution density on  1,0 . Let further iY , ni ,1 , be independent

Bernoulli random variables with    iii xpxYP  |1 ,    ii xpxYP  1|0 . The problem consists in es-

timating the function  xp ,  1,0x , by the sampling nYYY ,,, 21  . Such problems arise in particular in
biology ([1, 3]), in corrosion studies [4] and so on.

As an estimate for  xp  we consider a statistic ([5, 6]) of the form
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where   0xK  is some distribution density (kernel),    xKxK  ,   ,x ,  nb  is a sequence of

positive numbers converging to zero.
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Lemma 1. Assume that
10.  xK  is a function of bounded variation.

20.  xp  and  xh  are also functions of bounded variation on  1,0 , and   0 xh ,  1,0x .
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uniformly with respect to  1,0x ,  0Ni , 3,1i .

Proof. Let  xHn  be an empirical distribution function of the “sampling” nxxx ,,, 21  , i.e.
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It can be easily verified that
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We have
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Applying the integration by parts formula to the right-hand part of (4) and taking (3) into account, we
obtain (2).

Theorem 1. Let the conditions of Lemma 1 be fulfilled. Then the estimate (1) is asymptotically unbiased
and consistent at all points  1,0x , where  xp  is continuous. Moreover, it has an asymptotically normal
distribution, i.e.
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where  xp  is continuous.

The proof of the theorem with the aid of Lemma 1 is analogous to the proof of Theorem 1 in [7].

Theorem 2. Let  xK  satisfy condition 10 of Lemma 1 and, besides,     dxxKet itx  be absolutely

integrable; then the functions  xp  and  xh  are continuous and satisfy condition 20 of Lemma 1.

(a) Let 2
nnb , then
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Proof. Using Whittle’s inequality [8] for moments of quadratic form, it can be shown [7] that
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Furthermore, by virtue of Lemma 1,
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we can write that  2sup 1 0
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0nn  , uniformly with respect to nx  . Therefore from the definition of  xpnˆ  it follows that
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where the second summand in the right-hand part of (6) converges to 0, and the first summand is estimated
as follows. It is not difficult to show that
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Extend the function  xp  continuously up to the interval  2,1 . Let  xp  be the extended function and

assume that   0 xp  and  
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The first summand in the right-hand part of (7) can be made arbitrarily small by a choice of 0 . After
choosing 0  and assuming that n , we obtain that the second summand tends to 0. From this and the
relations (5) and (6), the proof of the theorem follows.

Theorem 3. Let the kernel   0xK  be chosen so that it would be a function of finite variation and

satisfy the conditions    uKuK  ,   0uK  for 1u ,   1 duuK . Let   0xg ,  aax  1, ,
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210  a , be a measurable and  bounded function. Let, further,,

     1,0,1supinf0  xxpxp .
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By virtue of Lemma 1, it is not difficult to establish that
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where
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The inequality (8) holds by virtue of the Lebesgue theorem on majorized convergence and the fact that
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Finally, the condition (b) of the theorem follows from (a) if we take into account that
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Lemma 2. Under the conditions (a) and (b) of Theorem 3 we respectively have
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Therefore, by virtue of Whittle’s inequality [8] and Lemma 1, we obtain
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Theorem 4. Let the conditions (a) and (b) of Theorem 3 be fulfilled. Then for all functional  f  continu-

ous on  aaC 1, , 210  a , the distributions   tTf n  and   tTf n  converge to the distribution

  atwf  ,  where  atw  , ata  1 ,  is a Wiener process with the correlation function

   asattsr  ,min, ,   0 atw , at  .

The proof of the theorem by Theorem 3 and Lemma 2 is analogous to the proof of Theorem 2 in [9].

maTematika
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Seswavlilia Tanabrad Zaldebulobis sakiTxi. garda amisa, ganxilulia am SefasebasTan

dakavSirebuli uwyvet funqciaTa  aaC 1, , 210  a  klasSi gansazRvruli zogierTii
funqcionalis zRvariTi ganawilebis sakiTxi.
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