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ABSTRACT. The paper deals with the study of integral representations and boundary properties of
harmonic functions having an analytical and summable gradient with a summable derivative in the unit
circle. One theorem of S.M. Nikolski on the existence of a boundary value of a harmonic function is
formulated more precisely. © 2012 Bull. Georg. Natl. Acad. Sci.
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Denote by D the open unit circle on the C-complex plane, and by T the unit circumference with centre at

the origin, i.e.
D={Ze(C: |Z|<1},
T={teC: |f|=1}.

Assume that H (D) is a set of all analytical functions in D. Let p>0 be some fixed number. Denote by Ap'

the space of all those functions /"€ H (D) which satisfy the condition
”f'(z)|p dc(z)<+oo, 1
D

where do-(z) =dxdy is a usual plane Lebesgue measure in Dand z=x+iy, x,yeR= (—oo, + oo) .

If p =2, then the space 4, is called the Dirichlet space or the space of analytic functions with a finite
integral (see [1]).

Denote by H ' (D) the Bergman space of analytic functions in the circle D, i.e.

by = e ) 1o do(z) <)

D
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Assume that f(z)=u(z)+iv(z), where u=Re f and v=1Im f, then since Vz € D

fie) =2
ox oy 0Oy Ox

o2 (2] {5 it

fed' < J-|gradu|p do(z)<w,
D

we have

This implies

feAp' = j|gradv|p dO'(Z)<OO-
D

The theorems below are valid.

Theorem 1. f e 4/ (D) if and only if the equality

ijf,(t)da(t) Q)

holds Nze D .
Proof. Since

JI7/(2)do(=)<eo,

D
wehave f'e H/ ( D) . According to Kabaila’s theorem (see [2]), Vz € D we obtain

ff(z)zlJ'M PN f(Z)zf(0)+jf'(§)d§=f(0)+lj[ IM dé =

o (1—22)2 0 7o b (1—52)2

=10 [0 [ = 10 Lyt o= 0+ 2R

Ty 0(1_52)2 1-zt D 1-zt
The theorem is proved.

Theorem 2.1f f e A’ (D), then Vz€ D

-1

Proof. Indeed, assume C(z,7) = (1 - zt) and

Clr (=)= [C(z) £/ (1)dor(r),

D
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It is obvious that C (z,t) = Zz”t” . This series converges uniformly to ¢ D because |z| <1. Also, using
n=0

the function [’ we have

and Vne N

Therefore

The theorem is proved.

Theorem 3.f f e 4’ (D) and f(0)=0, then Vze D

:_J‘1+Zl
51—zt
where u=Re f".
Proof. It is obvious that
2 ac(z)-1=—2—-1.
1—zt 1—zt
Since f'e H, (D), we have (see [3])
1 , 2
z)=—[Re /(1) —-1|do(t) &
o (I—Zt)

z):%i fu(0) 2 ildo(r)|ae=

1—2zt

=—ju t)do(t ;'; - ) -1 df——J‘_lfzzg—z}u(t)dcr(t)=_j1+zfu(t)d0(t).

The theorem is proved.
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Theorem 4. The following propositions are equivalent:

) fed' (D),

) vzeD, f(z)=§jf’(t)C(z,t)do(t),

3) f(z)=ijf’(t)PReC(z,t)—l}da(t).

Proof. Theorem 1impliesthat 1) < 2).Letusshowthat 2) = 3).Indeed, using Theorem 2 we obtain

%jf'(t)[zRec(z,t)_1}do(f)=ijzRec(z,f)f'(t)da(t)_ijf'(t)dg(t):

D

== [[C(z0)+C(z0]7 ())do ()=~ [ £/ (1)do (1) =§£C(2,t)f'(t)dc7(t)+

+§Z[E(Zat)f'(t)d5(f)=f(Z)—§Z[f'(t)dc7(t)+
+§£f’(t)d0(l‘)+§gz”z[f'(t)t” do(t)=f(2)+0=f(z).

If

z

D

then we have
’ _l ' z
f (o)_ﬂif (t)do (1) as z—0.

Hence we conclude that f e 4(D),i.e. 3) = 1). The theorem is proved.

Assume f €L (D), where L (D) is the Lebesgue space, and consider the operator

clr)(z) =[N

T 1-zt

Theorem5.If f €L (D) , then the function F : D — C defined Yz ¢ D by the equality

F(z)=C[f](2) 3)

belongs to the Hardy-Riesz class H” (D) Vpe (O,l) .

Proof. It is clear that F'is an analytic function in D. We can assume without loss of generality that /" is a

real-valued non-negative function. Let us separate the real part of function (3). For this, we write the variables

zand ¢ in the explicit form: z = e, t= pe”,where 0<r<1,0<p<l, 0<0<2x, 0<p <27 .Thus
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f(peig)pdpdg B 127[(1 rpe'” "’))f(pe’g)pdde _

i(p—0)

1
F(Z)_ﬁz[ 1-rpe Y% ‘l—rpei("”g)‘z

b

1‘2” 1 rpcos 9 go))f( )pdpd9 "z”rpsm o-0 f( )pdpd9
] gl

1+7%p* —=2rpcos(6 - 1472 p* =2rpcos(6—¢)

whence we obtain

,, 0
u(2)=ReF(: lj.zj. 1 rpcos(60— go))f(pe )palpalé?2
Ty, 1+72p* =2rpcos(6—¢)

ljzfl rp)f )pdpde 1—r
_ﬂoo 1+7"p) (1+7")2

127
[[1(pe")pdpao= ||f||
00 T

Therefore since the real part of the function F'is non-negative, by virtue of Smirnov’s theorem (see [4]),
FeH"(D), Vpe(0,1).
Theorem 6. If f € A' (D), then
fe () H"(D)

0<p<l

Proof. According to Theorem 1, Vz € D wehave

thus, by virtue of Theorem S, /'€ H” (D), Vpe(0,1),ie. 4' (D)= H" (D), Vpe(0,1).
Corollary 1. If f e 4’ (D), then there exists an angular limit of the function f
frerl’(T), Vpe(0,)

a.e. on the circumference T.

Corollary 2.If f e 4, (D), where A,'(D) is the Dirichlet space, i.e.

[l 70 do(t)<oo,

D

then the function [ has an angular limit
f*(t) = lim f(z)and ffel’ (D), vpe(0,1)

aeonT.

S. M. Nikolski (see [5]) showed that if the harmonic function u : D — R satisfies the conditions:

1) ﬂu(z) do(z)<w
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2) j(grad u)2 do(z)<wo,

D

then there exists a radial limit of the function u

7(0)= {igu(ref")

a.e. on the circumference Tand f e L*(T).

Letus assume that f(z) =u(z)+iv(z), where v is a continuous conjugate harmonic function of u. Then

|f’(z)|2 = (gmdu)2 = (gradv)z,

and therefore, by condition 2), the function f has a.e. on T the angular boundary values f~ (t) and

f el’(T), Vpe(0,1). Hence we conclude that the following statement is true.

Corollary 1. If the harmonic function u : D — R satisfies the condition

17'(2)

= (gmdu)2 = (gmd v)2 ,

then the function u has a.e. on the circumference T the angular limit u*(eig)z lim u(z) and
u el’(T), Vpe(0,1).
If the harmonic function u : D — R satisfies both conditions of Nikolski’s theorem, then the analytic

function f(z)=u(z)+iv(z),where u(z)=Re f(z), will satisfy the conditions:
b 7 (@)ldo(2) <o,
2) [|£'(2) do(z)<+oo.
IndeL;d, by the Riesz inequality (see [1]) we have
I71=]17 ()do ()= <[ lu()ao (2) =l
where c is a positive constant, whence we obtain

A, <01, = el -

This means that the function v satisfies condition 1) of Nikolski’s theorem.

2 2 2 2
ot 5] o
Ox Oy Ox oy
the functions f and v satisfy condition 2) of Nikolski’s theorem.

According to Theorem 6, there exist a.e. on the circumference 7' the angular limits:

Therefore, since

£ ()= lim £(2),
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()= lim u(z),

z——t

vi(t)= lim v(z),

st

Moreover, f el’(T), u"el’(T) and v e I’(T), Vpe(0,1). By Nikolski’s theorem (see [5]),
[ el’(T), u" e }(T) and v' € I’ (T . Hence, by Smirnov’s theorem (see [4]) f € H* (D) and therefore
uveh’ (D)

We have thereby proved the validity of

Theorem 7. If the harmonic function u : D — R satisfies the conditions:

1) ;[|u(z)|d0(z) <o,
2) j(grad u)2 dO'(z) < 400,

then u € h? (D) or

Jl = sup [ u(re” ) @0 <co.
0

o<r<l
Theorem 8. If the real part of the analytic function f(z) =u (z) + iv(z) satisfies the conditions:
1) j|u(z)|d0(z) <o,
D
2) j(gradu)z do(z)<w,
D
then f e H’ (D) ,Le.

sup zﬂf(re’g )r do <.
0

0<r<1
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