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ABSTRACT. It is sharpened the known result on almost everywhere convergence by rectangles of

Fourier-Haar series of functions from 1(ln ) ([0,1] )n nL L  . Namely, it is proved that the condition

(ln ) ([0,1] )k nf L L , where 0 1k n   , implies almost everywhere convergence of each subseries  of
Fourier-Haar series of f having dimension not more than k+1. © 2012 Bull. Georg. Natl. Acad. Sci
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Definitions and notation. Below everywhere if something else is not said we will assume that n  and
2n  . For a given n-tuple Haar series
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by ( )( )mS x , ( )( )rS x , and ( )( )mG x , where xn [0,1]n , nm  and 0r  , denote, respectively, a, a

rectangular partial sum, a spherical partial sum, and a rectangular general term of  , i.e.,
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where 1( , , )nm m m  , 1( , , )nk k k  . If   is the Fourier-Haar series of a function  f L(n), then we will

use f instead of   in the above notation.

Fourier-Haar series of a function  f L(n) at a point  x n denote by ( )( )f x .
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Let 1 1k n   . Any sequence obtained from ( ) nm ma
  by fixing some n – k among n coordinates of

the index 1( , , )nm m m   is called a k-dimensional section of a sequence ( ) nm ma
 . By n-dimensional

section of ( ) nm ma
  we mean ( ) nm ma

 .

Let 1 k n  . Any series composed by some k-dimensional section of the sequence ( ) nm ma
  is called

k-dimensional subseries of the series 
n

m
m

a




.

Let us say that a series 
n

m
m

a




 regularly converge by rectangles if its every subseries converges by

rectangles (here convergence by rectangles of single series is understood as its ordinary convergence). Note
that such type of convergence of multiple series was considered by Móricz [1, 2].

Saying that a   sequence ( ) nm ma
  converges (strongly converges) we mean the convergence of ma  to

the limit as 1min{ , , }nm m   ( 1max{ , , }nm m  ).

Note that for a sequence ( ) nm ma
  the following statements are equivalent: 1) ( ) nm ma

  strongly

converges to a; 2) ( ) nm ma
  converges to a and every (n–1)-dimensional section of ( ) nm ma

   strongly

converges to a; 3) every section of ( ) nm ma
  converges to a.

It is clear that if series 
n

m
m

a




 regularly converges by rectangles, then its general term ( ) nm ma


strongly converges to 0.

Result. It is known that for every 2n  , 1(ln )nL L  (n) is the widest integral class in which the almost

everywhere convergence of Fourier-Haar series is provided both for  rectangular partial sums (see [3,4]) and
for spherical partial sums (see [5-7]). Here we note that cubic partial sums of Fourier-Haar series of every
summable function f  (i.e. ( )( )mS f x  with 1 2 nm m m   ) converge almost everywhere to f  (see e.g. [4]

for details).
The following  theorem is true.

Theorem.  If  0 1k n    and (ln )kf L L (n), then  every (k+1)-dimensional subseries of ( )( )f x

regularly converges by rectangles for almost every x n.

Corollary 1. If 1(ln )nf L L  (n), then ( )( )f x  regularly converges by rectangles for almost every

x n.

Corollary 2 ([3,4]). If 1(ln )nf L L  (n), then  ( )( )f x  converges by rectangles for almost every

 x n.

Corollary 3 ([8]). If 2(ln )nf L L  (n), then  every (n–1)-dimensional section of the sequence

( ( )( )) nm mG f x


  strongly converges to 0 for almost every  x n.

Remark.  In [8] it was proved that: If an n-tuple Haar series   converges by rectangles at a diadic-

irrational point x and the rectangular general term ( ( )( )) nm mG x
  strongly converges to 0, then 
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spherically converges at x to lim ( )( )m
m

S x


.

From this result follows the corollary: If an n-tuple Haar series   regularly converges by rectangles at

a diadic-irrational point x, then   spherically converges at x to lim ( )( )m
m

S x


.

maTematika

furie-haaris jeradi mwkrivebis marTkuTxedebis
mixedviT regularuli krebadobis Sesaxeb

g. oniani

akaki wereTlis saxelmwifo universiteti, zust da sabunebismetyvelo mecnierebaTa fakulteti,
quTaisi

(warmodgenilia akademiis wevris v. kokilaSvilis mier)

 gaZlierebulia cnobili Sedegi 1(ln ) ([0,1] )n nL L   funqciis furie-haaris mwkrivis
marTkuTxedebis mixedviT TiTqmis yvelgan krebadobis Sesaxeb. saxeldobr, damtkicebulia,

rom (ln ) ([0,1] )k nf L L  piroba, sadac 0 1k n   , iwvevs f-is furie-haaris mwkrivis, k+1-
ze araumetesi ganzomilebis mqone yoveli qvemwkrivis TiTqmis yvelgan krebadobas.
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