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ABSTRACT. The aim of this paper is to study, in the class of Holder functions, the linear integral
equation arising from the theory of the penetration of gamma rays. Using the theory of singular integral
equations, the solution of this equation is reduced to the Volterra equation. © 2012 Bull. Georg. Natl.
Acad. Sci.
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We present a method for solving singular integral equations which frequently occur when investigating
many important problems of mathematical physics, namely in the fundamental problems of nuclear transport

theory[1-3]. This equation has the form
x +1 K x +1 (K
(w0 = [ [ Dy gdsaysucen + [ [EEDuyndsay=ren.
o s—t e t—s
x€la,b], te(-1,+1),

where K(x,y) is the real-valued continuous function, the right part f(x,¢) is the real-valued function

satisfying H * condition (Muskhelisvili class) [4] with respect to ¢ and we look for the solution of a continu-
ous function satisfying H * condition with respect to ¢.

Let Q. be the integral operator defined by
x +1 K
@0 =g nrz] [FED g undrdy,  xelab). re -1+, @
7
a—1

where the parameter z is any point on the plane. This operator operating on any continuous function g, (x,?)
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piecewise holomorphic in z with a cut on the real axis [—1,+1] and satisfying the A * condition in ¢, will
define a piecewise holomorphic function with a cut on [—1,+1] . By using the Plemelj-Sokhotskii formulas, we

can calculate the limiting values of (), as

(@ g% )N =g, (x r)+gj j REe)) g (y,s)dsdymjK(x Vgt (r0dy, G)

ce(-1,+), xelab], te(-1,+1).
The basic result for L is the following theorem.

Theorem 1. The equation

(Lu)(x,1) = [ (x,1) @

admits only a unique continuous solution u(x,t) satisfying the H* condition with respect to t.

Proof. Let u be a solution of (1) and consider the function

x +1
1 sK(x,y)
\PZ(X)__zl.ﬂ'J.J-—S_Z u(y,s)dsdy.

This function possesses the following properties:
(P,) Inthe plane with the cut [—1,+1] it is piecewise holomorphic with respect to z.

(P,) As z - o it vanishes uniformly in x.

(P;) By using the Plemelj-Sokhotskii formulas

x +1 X
+ 1 sK(x,y) t
YiEx) =—0o | | 22 +—| K
() 2iﬂ”} - u(y,t)dtdy 2[ (x, yyu(y,0)dy

Combining the above equalities with (3), we get

X x +1 y
@ )0~ @V = [ Keopurndy+ [ [FED [k y sy dvdsdy +
a a-1

X y +1 tK( ’)
+IK(x, y).”‘] %u(y, s)dsdy'dy .
In view of (1) we obtain
(@)@ () = [ K ) f(n0dy

Consequently, taking the Plemelj-Sokhotskii formulas into account, we can write

By virtue of Tamarkin’s theorem [5] it follows that there is a unique solution of (5). This solution possesses
the properties:
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(R,) Inthe plane with a cut [—1,+1] it is piecewise holomorphic with respect to z.
(R,) As z — oo it vanishes uniformly in x.
(R;) It may be represented in the form

V(0= jMds, ze[-L+1], xefabl,
¥4 S—Zz

where k(x,¢) is acertain uniquely determined function.

In view of the Plemelj-Sokhotskii formulas, the following equality is valid for the limiting values:

EMCER ()
s—t

P () + P (x) = ,,I

By using (3), from (6) we are able to write
x +1

v, (x)+HSK(x My, (y)dsdy+HSK(x ) Ws(y)ds dy = IK(x Wt dy s

where
Wo(x) =¥ (), (x).

Let us consider now the following equation

x +1
u(x,t)+.”-@ds u(x,t)dy = I '(x)d (),
a-1

-1

which has a unique solution. Denote by

P(x.0) = ¥r(0) - [ K (o yu(r. ) dy.
In view of (7) from (8) it follows that
x +1 K
P(x,t)+”Lty)P(y,s)dsdy =0,
.
.

But Q. has no eigenvalues on [-1,+1] and consequently

Y4 (0 = [ Keu(ndy.
Taking into account this last assertion, from (8) we obtain

x +1 x +1
u(x,t)+”%ds u(x,t)dy=II%X;)})M()/,S)dsdy+f(x,t),
a -1 a-1

which means that (4) holds and the proof'is complete.

©)

0

®)

Now, our aim is a deeper study of the singular operator L. We wish to find the reduction operator of L and
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hence reduction of the considered equation to a regular equation. For this purpose, we need to introduce the

following singular operator
x +1 K x +1 K
(su)(x,f)E”—s t(x’y)u(y,s)dsdy+u(x,t)+”—t(x’y')u(y,t)dsdy.
-5 -5
a-—1 a-1

We shall note the following property of the introduced operator. For any two continuous functions u(x,t)

and v(x,?), satisfying the H * conditions with respect to ¢

b +1 b +1
J.J-uSvdtdx =J-J-vLudtdx.
a -1 a-1

Consequently, if equation (1) has a solution, then necessarily

b +1

”vfdtdx=0,

a -1
where v is any solution of the homogeneous equation
Sv=0. O
But the equation (1) admits only a unique solution, therefore equation (9) also admits a unique zero solution.

In our further consideration we will need also the following identity:

ﬁsmxy)” (y’ u(y’,s’)ds’dy'dsdy=

x +1 v [ X ' X+
=” u(y',t’) ” 1K (x, y)s K(y, s.dy._” K (%, 9)s K (3, 7)o dy' |dsdy +
s'—t s'—s
X X
720 [ [ KoK (y Wy sy dy. (10)
ay
This identity can be obtained by using the Bertrand-Poincare formula [4].
We can show the important property of the operator S in the Theorem below.
Denote
I K
R(x.y.0) =~ [ K (x,p YK (' 00y + j B2 g j —
y -1
K K
”t ) It o' x)ddy..
Theorem 2. The composition SL contains no singular part and the equality
(S, 1) = u(x,0)+ [ RGx, y, Oy, 0 dy (1

holds.

Bull. Georg. Natl. Acad. Sci., vol. 6, no. 2, 2012



38 Pikria Ghurtskaia and Dazmir Shulaia

Proof. Performing the operations indicated on the left-hand side of (11) using identity (10) we obtain that
Eq. (11) is true.

Thus, we may say that S reduces operator of L.

*Acknowledgement. The first author is supported by the Shota Rustaveli National Science Foundation
(Projects # GNSF/ST08/3-383 ).
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