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ABSTRACT: The exact solutions of the equilibrium shape equations for the Sadowsky model are
investigated. Also, we show that the helical solutions of this model can be matched with a family of the
biopolymer structures. © 2014 Bull. Georg. Natl. Acad. Sci.
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Introduction

For the study of the biomolecules, we need to study the equilibrium shape equations. The shape equations
playan important role in understanding the properties of the biomolecules.[1,2] Hence, we present a short
review of the equilibrium shape equations.

Taking into account the 1-dimensional nature of many biopolymer chains, the total free energy Ftotal can

be defined on the smooth curve x(s) in 3-space as follows

Ftotal = §F[X(S)]ds, (1)

where s is arc-length of the biopolymer chain and F is the free energy function where depends on x(s), which
describes the shape of the biopolymer chain. In flat 3-space, a smooth curve have two local invariants, i.e. the
curvature k= k (s) and the torsion 7= 7 (s). Therefore, the free energy has the general form F=F (k, 7,k',7")
dependent on the curvature, torsion and their derivatives, while the over head prime stand for differentiation
with respect to 5. The curvature and torsion are defined by[3,4]

k= dle- dle- (2)
ds* ds?
and
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in which det, is the Gramm determinant.
The equilibrium shape equations of the biopolymer chain follow by variation the total free energy, i.e.

OF =0, and it can be written as

total

f; gékds+§> F seds +f> F s ks +f; @&'d“f; Fods = 0. )
ok or ok or

Thamwattana et al. [6] obtained the shape equations in the general case F=F (k,¢,k',7") as follows
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These equations provide a uniform description for the equilibrium shapes of the biopolymer chains.

Exact solutions of the equilibrium shape equations for the Sadowsky model

As is well known, the shape of a biopolymer chain is usually characterized by its curvature and torsion. Let

us now discuss the free energy of the biopolymer chain by the Sadowsky model as follows[7]

F= k2(1+iJ2 @)
K

This model introduced by Sadowsky in 1930. Firstly, after some calculations, the equations (5) and (6)
are respectively changed to
26°k" —10kk"z* +40(k") o -8k k'tr' —80kk'T ' + 8k rr" + 16k "
14k (7Y +36k%2 (¢') + &S +4k2% 45kt 267 =0, ®)
and
417 k"T? — A8kk'K"' T3 + 42k k" et + 2k kT
+80 (k'Y 73 — 4k (k') 7'~ 168k (k') %2’
+2k* k't + 2Kkt + 48Kkt " + 4kt k'T" o
2kt -6kt " =36k et - 12k (‘L”)3

+96k% k't (7:')2 — kT =4k =3k = 0.
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Unfortunately, the calculations show that we can not solve exactly the above differential equations or any
combination of these equations. Since the equilibrium shape equations are highly nonlinear and complicated,

. . . . T .
it is very difficult to solve them without any assumption. Hence, we now assume that @ = m is a constant.

If we substitute this condition into equations (8) and (9), then we obtain the following equations
2(1+30H)kk" =207 (k")? + (1 +30* +20M)k* =0, (10)
and

2 4
1+20° +w 4 '—0. (11)

K2k =3kk'k" +2(k")° + .
2(1+w°)

By substituting the term &” from the equation (10) into equation (11), we get
4(1+30% +30* + 0®) (k) —(1+40* + 60" +40°® + 0®)k* =0. (12)

Next, we solve the equation (12) and the result is

k=%

(13)

where c is a constant. Finally, we have

—_ . 14
Vi+@? S*c¢ 9

Below, we discuss some physical properties of the last solutions:

Study of the conical helix structures

As is well known, the parametric equations of a circular helix are described by
x(t) = pcost, y(t)=psint, z(t) = ut, (15)
where the constants p and u, gives rise to the constant curvature and torsion. For example, DNA is a double
helix and has two strands running in opposite directions (displayed in Fig. 1). Each component of a chain is
a biopolymer of subunits called nucleotides.[8,9]
There are many different forms of helices, including the elliptical, spherical and conical and these struc-
tures play an important role in the study of the protein folding.[10] The existence of conical helix protein

Pitch

Fig. 1. Schematic

. Fig. 2. Conical helix
representation of DNA
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structures in the form of ribbed end caps of gas vesicle proteins in aquatic bacteria is reported [11-13].
We now consider a particular conical helix given by the following parametric equations
x(t) =atcos(Plogt), y(¢t)=atsin(flogt), z(t) =, (16)
in which a, f and vy are constants. Also, in cylindrical polar coordinate system (r,@, z), this curve
(displayed in Fig. 2) is represented as
r(t)=at, p(t)=Plogt, z(t)=n. (17)
The curvature and torsion of a conical helix are obtained as follows

kit (18)
N N

k

where the constants k&, and r, are defined by

. afy1+ B> 19
D Jaa g

By

To = . (20)
Vol 1+ )+
The parameter ¢ in equation (16) is related to the arclength sby the relation ¢ = il .
Vol (+ 2+
If we take ¢ = 0 into equations (13) and (14), then we obtain
k= i# 1)

sVl +? ’
20

=+
! _S\/1+a)2 *)

Therefore, these solutions can describe a family of conical helices with the following parametric equations

x(t)=tcos(2logt),

y(t) =tsin(2log?), (23)
2(t) = o5t,
with the free energy function as follows
F=fo 4)
s

in which F, = 4(1+ 0?).
Conclusion

In this paper, we show that the family of conical helices are the solutions of the equilibrium shape equations
for the Sadowsky model. In fact, we could have proved that this model can be an acceptable physical model

for studying the biopolymer structures.
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