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ABSTRACT. Itis proved that the feature of function systems being products of quite general type
bases is almost everywhere divergence of certain blocks (and consequently, almost everywhere divergence

in Pringsheim sense) of Fourier series in integral classes wider than L(In* L)d_1 . © 2012 Bull
Georg. Natl. Acad. Sci.
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Definitions and notation. Let a sequence ¢ = (E](ci)) (keN, 1<i< 2k) of measurable subsets of

1=[0,1] be such that | E{” |=1/2%, £ = £V GER) and EY) nE/) =@ (i # j). The Haar type

system 77(€) = (hi(q‘g )) neN corresponding to the sequence ¢ is defined as follows (see e.g. [1, Ch. 3, §4]):

B =282y iy =2F 2 0n  m=2F+i keN, 1<i<2%),
k+1 k+1

where X4 denotes the characteristic function of a set 4. For the case El(cl) = (lz;k’zL) the construction
gives the ordinary Haar system H = (4;,).

Denote by 0 (I) the space of all measurable functions on I and by Bp denote the class of all polyno-

mials with respect to a system of functions ® = (¢,,) .
Following [2, Ch. III, §1] let us say that a Banach space B — 0 (I) satisfies the (*)-condition if B > Py
and for every F e B there s a function w € L(I) such that

F(f):nylF for every fePy.
I
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Let (¢,,) be abasis in a Banach space B < 0 (I) satisfying the (*)-condition and (F},) be the system of
functionals dual to (¢;,) . ('//Fn ) will be called the system of functions dual to (@) -

Let o) = (¢,(11)), ,GD(d) = (qo,sd)) be systems of functions on I . Their product oW x...x @) jg

defined as the system of functions
— oWy, ()
Pn ()=, (1), "(xq).,

where n=(ny,...,ng) € N¢ , X=(X],...,X7) € 19 . Denote by @@ the d-th power of a system @ .
Let for each 1<k < d : By bea Banach space satisfying the (*)-condition, o™ be abasis in By, ,and

let Y5 be the system of functions dual to o) Suppose @ = (¢, )neNd and ¥ =(y, )neNd be the
products of the systems o) and d)(k), respectively. For a function f € L(Hd) with fy, L(}]d )

(neN d) the Fourier coefficients and series of f with respect to the system @ are defined as follows:
A(f- 2= [ Sy, o @)~ Y en(f. D, .
¢ n
respectively.
For a system of functions ® =(¢,,) and a class 4 < 0 (I) we will write ® 4 if ¢,, € A for each n.

Below the convergence and divergence of multiple series will be understood in the Pringsheim sense.

Following[3, Ch. 1, §4], an Orlicz space M (L) is said to satisfy the A'-condition ifthere exist constants

o >0 and ¢ > 0 such that M (#ty) < cM ()M (ty) if 11,10 > 1 .
Result. Olevskii developed the method of expanding the singularities of the Haar system to arbitrary

complete orthonormal systems and bases in function spaces. The method is based on the following lemma
(seee.g.[2,Ch.1IL, §1] or [1, Ch. 9, §1]).
Lemma A. Let B < [ (I) be a Banach space satisfying the (*)-condition and let ® = (p,,) be a basis in
B. Then there exist a Haar type system (h](cg)) and a sequence of indices ny, T oo such that each h](cg) is
representable in the form
(¢) Myl
B2®= D 4@ +ap(x)  (xel),
n=n; +1
where
ol <
2
k-1 oo 1 1
Z Z Z e (0, D)oy, <_k'
2

i=1 j=k+1 m=n ;+1 B

Various applications of Lemma A to the problems of convergence of one-dimensional Fourier series can
be found in [2, Ch. III, §1]and [1, Ch. 9, §1].
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It is known that (see [4, 5]) L(In* L)d_1 (Hd ) is the widest integral class in which the almost everywhere
convergence of Fourier-Haar series is provided. In particular, T. Zerekidze [5] proved

M)

e 0. Then there

Theorem A. Let M :[0,00) — [0,0) be an increasing function such that lim
1= {(Int)
exists a function e M (L)(Hd) whose Fourier-Haar series diverges almost everywhere.

G. Karagulyan [6] extended Theorem A to complete orthonormal double systems of the type @ x® with

® < L*(T) . Namely, in [6] the following statement is proved.

Theorem B. Let ® — L (I) be a complete orthonormal system and let f € L(HZ) be a function whose

Fourier-Haar series diverges almost everywhere. Then there exists an equimeasurable with f function g on

12 whose Fourier series with respect to the system ®xD diverges almost everywhere.
In[6], by Theorem A, from Theorem B was derived

Theorem C. Let ® = L”(I) be a complete orthonormal system. Then for every increasing function

M :[0,00) = [0,00) with lim M—(t) =0 there exists a function [ € M(L)(Hz) whose Fourier series with

t—oo tint

respect to the system ©x® diverges almost everywhere.
The result of [7, 8] implies

d-1 (Hd

Theorem D. Forevery f € L\ L(n™ L) ) there exists an equimeasurable with f function g on 1¢

such that a general term of the Fourier-Haar series of g diverges unboundedly almost everywhere, i.e.

tim (¢, (g, HY iy (x)] = o0

n—0

for almost every x € 14 , where H@ = (hn )neNd is a d-tuple Haar system. Consequently, the Fourier-

Haar series of g diverges almost everywhere.

. . . . M
Note that before [7] R. Getsadze [9] established that in every integral class M (L)(]IZ) with lim tl_(tt) =0
t—oo 1IN

there exists a function f for which lim c,(f, H 2 )h, (x)| =0 on the set of positive measure.
n—»0

The following generalization of Theorems A—D is true.

Theorem. Let

e B,...,B; C ° (I) be Banach spaces satisfying the (*)-condition,

« O @ be bases in By,..., By, respectively, and (gDn )neNd be their product;
. ‘P(l),...,‘l’(d) be systems of functions dual to (I)(l),...,CD(d) , respectively;

. (n](cl)),...,(n]({d)) be sequences of indices corresponding to (I)(l),...,CD(d) , respectively, according to

Lemma A;

oM (L)(Hd) be an Orlicz space satisfying the A'-condition;,
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e spaces By,...,B; be continuously embedded in M(L)(Hd) ;
e ¥ WD o ()@Y, where M* (L) is the space dual to M(L).

Then for every f e M(L)\L(In* L)d_] (]Id) there exists an equimeasurable with | function g on 19 such
that

z Cin (gsq)(l) XX (D(d)) gDm (x)
mel'(k)

lim = 0

k—o

for almost every x e 1%, where the blocks T'(k) are defined as follows

d d
(k) = (M}) +1,n](€:)+1:|><---><|:nl(€d) +1,n](€d)+l})mNd (keNY)y.

Consequently, the Fourier series of g with respect to oW x...x @) diverges almost everywhere.
Remark. Obviously, if M(L)(Hd) = L(Hd) , then the conclusion of Theorem valid for any
feL\L(n"* L)d_1 (]Id) . In particular, this is the case if (D(l),. . .,(D(d) are complete orthonormal systems

such that ® ... @@ = 1°(1).

3.)0)(73.)&0 30

gﬂﬁoah 39 ‘560336015 abﬁ?g‘:ba\)mbo 60‘601536015 5.53(4).)3;33015
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