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ABSTRACT. In the present paper the lattice of cosets  GR  is constructed for Hall’s power group G

over the ring W. This lattice is called the affine or coset lattice of G. Since in the lattice  GR  only the

elements of G cover  , the isomorphism    1:f G GR R  defines the bijection 1:f G G . Among

all possible isomorphisms f we shall select in the sequel those for which  1 1f  . Such isomorphisms

will be called the affine isomorphisms. We prove the following theorem: Let    1:f G GR R  be an
affine isomorphism between the w-power groups G and G1 over the  fields W and W1, respectively, if G is
nilpotent of class 2 then f  is either a semilinear isomorphism or a semilinear antiisomorphism with
respect to the isomorphism 1:W W  . The given example shows that the theorem is false for the class
of nilpotency 3 .  © 2012 Bull. Georg. Natl. Acad. Sci.
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Let L be a lattice and M a subset of L which is a lattice relative to the induced partial order. Clearly, M is not
a sublattice of L; the subgroup lattice of a group G as a subset of the lattice of all subsets of G is an example.
If   and   denote the intersections in L and M, respectively, then for ,x y M , x y  is a lower bound of

 ,x y  in L and so x y x y   . We call M a meet-sublattice of L if x y x y    for all ,x y M . TheThe

lattice M is a complete meet-sublattice of L if M and L are complete lattices and for every subset S M  the
greatest lower bounds of S in M and L coincide.

Proposition. If M is a subset of a complete lattice L such that for every subset S of M the greatest lower
bound S  of S in L is contained in M, then M is a complete meet-sublattice of L.

Proof. For a subset S of M let S  be the set of upper bounds of S in M. By hypothesis, inf S M  . Every

s S  is a lower bound of S , hence infs S . Thus inf S  is an upper bound of S and then, certainly, the
least upper bound of S in M. Clearly, inf S is the greatest lower bound of S in M. Hence M is a complete lattice
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and the greatest lower bounds of S in M and L coincide.
If G is a group, the subgroup lattice L(G) is an example of a complete meet-sublattice of the lattice of all

subsets of G. We introduce two further lattices of this kind.
The notion of a discrete w-power group was introduced by Hall [1]. At the present time there are a number

of works where the properties of w-power groups are studied. In [2] the fundamental theorem of projective
geometry for w-power groups was proved for principal ideal domains which are not fields. For the relation
problems in Lie algebras and groups see [3-6]. For affine geometry of modules and the fundamental theorem
see [7]. In [8,9] the affine lattices and the fundamental theorem of affine geometry for Lie algebras and power
groups are studied. Furthermore, G (and  G1) is Hall’s power group over the ring W (the ring W1).

Let  GR  be the set of all right cosets of subgroups of G together with the empty set  . If   is a

nonempty subset of  GR , then either  G R  or there exists an element x . In the latter

case,  |iH x i I   for certain subgroups iH  of G, and hence  i
i I

H x G


 
   
 
 
 R . If   is an

empty subset of  GR , then  G G  R . The lattice  GR  is a complete meet-sublattice of the

lattice of all subsets of G. Since  1Hx x x Hx  for all H G  and x G , every right coset is a left coset,

and conversely. So  GR  is the set of all (right or left) cosets in G and we call  GR  the affine or coset

lattice of G. The subgroups of G are precisely the cosets containing the coset 1. Hence L(G) is the interval

[G,1] in  GR .

For the basic properties of affine lattice  GR  see [4].

Affine lattices do not usually have nice lattice properties. For example, if 1<H<G and a G H , then

  , , , , ,a Ha H a H  is a nonmodular sublattice (pentagon) of  GR . Thus a group with a modular

coset lattice is cyclic without proper subgroups; in this connection see [2-4, 6, 8, 9].
Thus the groups whose coset lattices have special properties, is not a very fruitful one: almost any

interesting lattice property is satisfied by nearly all or by a very few coset lattices, or else it holds in  GR
if and only if it holds in L(G) [2, 4-6, 8, 9]. The study of isomorphisms between coset lattices is more

interesting. Since the atoms of  GR  are the one-element subsets of G and for any such atom {g}, the

interval [G,{g}] in  GR  is isomorphic to L(G), two groups with isomorphic coset lattices have the same

order and isomorphic subgroup lattices. Nevertheless there are nonisomorphic groups with isomorphic coset

lattices. An isomorphism    : G G R R  can be regarded as a bijective map from G to G  preserving

cosets. We consider under which condition  is a semilinear isomorphism from G to G .

Let G and G1 be w-power groups over the rings W and W1, respectively. The bijection 1:f G G  will be

called a semilinear isomorphism with respect to the isomorphism 1:W W   if the equality

         1 21 2
1 21 2f x x f x f x     

is fulfilled for any 1 2,x x G  and 1 2, W    and f will be called a semilinear antiisomorphism if the equality
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         2 11 2
2 11 2f x x f x f x     

is fulfilled for any 1 2,x x G  and 1 2, W   .

We say that the fundamental theorem of projective geometry is valid for w-power group G over the ring W,

if the lattice isomorphism    1: L G L G   (where  L G  and  1L G  are the lattices of all w-subgroups of

G and G1) implies the existence of a semilinear isomorphism 1:f G G  with respect to the isomorphism

1:W W   such that    f A A  for all  A L G .

Since in the lattice  GR  only the elements of G cover  , the isomorphism    1:f G GR R

defines the bijection 1:f G G .

Among all possible isomorphisms f we shall select in the sequel those for which  1 1f  . Such isomor-

phisms will be called affine isomorphisms. If    1:f G GR R  is an isomorphism, then the bijection 

defined by the equality

      1
1x f x f


   

will be an affine isomorphism.
We say that the fundamental theorem of affine geometry is valid for a w-power group G if any affine

isomorphism is either a semilinear isomorphism or a semilinear antiisomorphism.

Remark 1. If a A  is a fixed element and   1f a a  then the mapping

      1
1ax f ax f


   

is an affine isomorphism. Indeed,   will be a C-isomorphism defined by the element 1
1a  i.e. it will be an

automorphism    1
1a Aut G     R ; since     1

11 f a a  , we have that f1 is an affine isomorphism.

Not each affine isomorphism (antiisomorphisms) is a semilinear isomorphism. Any one-dimensional vec-

tor space over pZ  admits  1 !p   affine automorphisms while the group of all internal automorphisms of pZ

has order 1p  . Therefore for p>3 a one-dimensional vector space over pZ  admits affine automorphisms

different from ordinary ones.

Lemma 1. Let    1G GR R  be an affine isomorphism. Then the following statements are true:

(i) f induces a lattice isomorphism    1:f L G L G ;

(ii)    f M f M  for any subset M G ;

(iii)      f a b f a f b  for any ,a b G .

Assume that W is a commutative domain. The w-group G is called torsion-free if 1x    ,W x G  

implies 0   or 1x  .

Lemma 2. Let    1:f G GR R  be an affine isomorphism between torsion-free w-power groups over

the rings W and W1, then

(i)     1Z G Z f G ;



28 Tengiz Bokelavadze and Alexander Lashkhi

Bull. Georg. Natl. Acad. Sci., vol. 6, no. 3, 2012

(ii) the nilpotency classes on the subgroups coincide;

(iii) there exists an isomorphism 1:W W   such that      f a f a
      , W , a G .

Theorem (Fundamental theorem of affine geometry for w-power groups). Let    1:f G GR R  be an

affine isomorphism between the w-power groups G and G1 over the  fields W and W1, respectively, if G is
nilpotent of class 2 then f is either a semilinear isomorphism or a semilinear antiisomorphism with respect
to the isomorphism 1:W W  .

Remark 2. Thus we have concluded that using the coset lattices the fundamental theorem of affine
geometry can be proved for w-power groups over fields, while the fundamental theorem of projective geom-
etry is false [2, 6, 8, 9].

The example below shows that the theorem is false for the class of nilpotency 3 .
Example. Let G be w-power group over the field F generated by the elements a, b and have the defining

relations

         1 1 11 , , , , 1, , ,a b z a z b z a z b z z      .

It is clear that G is nilpotent of class 3 and    ,Z G a b . For an arbitrary element

 , , , , ,l a b a b z G F        

consider the map :f G G

    , .f l a b a b z z
  

We have

              
          

, , , , ,

, , , , .

f a b f a b a b z a b z a b z

f a b f a b f a b a b

     

     



 

  

  

So for any

 
 

11 1 1

22 2 2

1 1 1 1 1

2 2 2 2 2

, , , , , ,

, , , , , .

l a b a b z F

l a b a b z F

  

  

   

   

 

 

Thus we have      1 2 1 2,f l l f l f l ,    f l f l
     . Therefore

                 11 1
1 2 1 1 2 1 1 2 1 1 2 1 2f l l f l l l f l l l f l f l f l f l f l

          .

Consequently, f is an affine automorhism of the lattice  GR , which is not a semilinear automorphism of G.

Remark 3. For a similar example for Lie algebra see [8].
Remark 4. From this example we can conclude that the theorems from [2, 9] need correction, i.e. they are

valid for class of nilpotency 2 .
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maTematika

xarisxovani jgufebis afinuri meserebi da maTi
izomorfizmebi

T. bokelavaZe*, a. laSxi**

* akaki wereTlis saxelmwifo universiteti, zust da sabunebismetyvelo mecnierebaTa fakulteti,
quTaisi
** saqarTvelos teqnikuri universiteti, Teoriuli informatikisa da kompiuteruli modelirebis
departamenti, Tbilisi

naSromSi holis xarisxovani G jgufisaTvis W rgolze igeba mosazRvre klasebis
 GR  meseri. aseT meserebs ewodeba G jgufis afinuri an mosazRvre klasebis meseri.

radganac  GR  meserSi mxolod G-s elementebi faraven cariel simravles, izomorfizmi

   1:f G GR R  gansazRvravs bieqcias 1:f G G . yvela SesaZlo f izomorfizmebidan

Cven avarCevT iseTebs, romelTaTvisac  1 1f  . aseT izomorfizmebs vuwodebT afinur

izomorfizmebs. mtkicdeba Semdegi Teorema: vTqvaT,    1:f G GR R  afinuri izomor-
fizmia holis w-xarisxovan G da G1 jgufebs Soris, romlebic gansazRvrulni arian W
da W1 velebze, Tu G aris 2 klasis nilpotenturi, maSin f an naxevradwrfivi izomorfizmia
an naxevradwrfivi antiizomorfizmi, romelic Seesabameba 1:W W   velebis izomorfizms.
igeba magaliTi, romelic gvaCvenebs, rom Teorema ar aris samarTliani, rodesac
nilpotenturobis klasi 3 .
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