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ABSTRACT. In this paper random measures and their nonlinear transformations in an infinite 
dimensional linear space are considered. The conditions of absolute continuity for this measures are 
obtained in case of cylindrical type transformation of a space. Explicit formula for Radon-Nikodym 
derivative is given. © 2019 Bull. Georg. Natl. Acad. Sci. 
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Random measures are of great practical importance because they surely appear as solutions of differential 
equations in measures (see [1, 2]), with random coefficients and additive noise. 

In the present paper we study the absolutely continuity of distributions of random measures in the case 
of their nonlinear transformation. The Radon-Nykodim density is calculated, the density formula containing 
an extended stochastic integral over a random measure. The terms and notation used here are the same as 
in [3]. 

Let ( , , )Ω ℑ Ρ be a fixed probability space. Let ( ), Aµ ω  be a real, random a.s. σ-additive function of sets 

on some measurable space ( )}{ ,X B X . Assume that ( ) 0E Aµ =  and there exists an σ-additive measure 

( ) ( ) ( )1 2 1 2A A E A Aβ µ µ× = on ( ) ( )}{ XBXBXX ×× , . Let H be the space of measurable function ϕ
on ( )}{ XBX , with real values and scalar product 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),
XX X X

x y dx dy E x dx y dyφ ψ φ ψ β φ µ ψ µ= × =∫∫ ∫ ∫  

Following [2], we will construct the conjugate space to H and realize it as a space of measures 

ϕϕµµ S== where S is a unitary operator 

∗→ HHS :  
and 
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( ) ( ) ( ),AdxxA
X

×= ∫ βϕµϕ  

so that the pairing of elements from H and 
∗H can be written in the form 

( ), , , .Sφψ µ ψ φ ψ φ= =  

It is obvious that 
∗H is also a Hilbert space with the scalar product 

( ) ( ), , .φ ψν ν φ ψ
∗
=  

As follows from [1], we can construct the embedding operator Q and the Hilbert space +H densely 

embedded in H and being such that Q is the Hilbert-Shmidt operator.  Thus, we can construct a triple of 

Hilbert equipment 

−
∗

+ ⊂=⊂ HHHH
QSQ ˆ

 

observing that the distribution ( ) ( ) ( ){ }∆∈=∆=∆ AP
def

A νµµ ~~ is concentrated in −H . Let ( )NML ,  

denote the space of real functionals defined on M and differentiated along constant elements N ⊂M. In the 
sequel, it will be assumed that the distribution µ~ is a smooth measure on −H (see[1]). This means that 

there exists a measurable function −− → HH:λ , called the logarithmic derivative of the measure µ~

and being such that the formula of integration by parts 

)(~)(,)()(~)(, µµµλϕµµµµϕ dfdf
HH
∫∫
−−

−=′
 

holds for functions ( )+−∈ HHLf , . Recall that the expression   

( ) ( ) ∫>==<
X

dxx ))(()(,,~ µλϕϕµλµϕρµ

 
is called a stochastic integral.  

Theorem 1.  [3] Let −+ ⊂⊂ HHH  be an equipped Hilbert space of random measures, µ~  is measure 

on −H with the logarithmic derivative along constant directions from +H such as

( ) ( ) >=< ϕµλµϕρµ ,,~ . Let −− → HHf : be an invertible transformation, the inverse of which is 

given by the formula  
( ) ( )µµνµ Ff +=→− :1

 
and the following conditions are met: 

1) +− → HHF : is a continuously differentiable mapping; 

2) The inverse of the linear operator ( )µ'tFI + is bounded for ,10 ≤≤ t H∈µ . 

Then the measures µ~ and )1(~~~ −= fµµ are equivalent and the Radon-Nykodim derivative has the form 

 

    Using this theorem we study the problem of the equivalence of distributions of random values for a 
nonlinear transformation that has an integral form and depends on fixed elements of the original σ -algebra. 

( ) ( )( ) ( )
1

0

det exp ( ) , ( ) .d I F tF dt F
d
µ µ µ λ µ µ µ
µ

  ′= + + 
  
∫






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Let mQ be an m -dimensional cube 

1

[0,1] [0,1] ,
m

m
m

k

Q
=

= =∏  

mν a measure on Borel subsets of mQ .  Let further{ }Β,X  be some measurable space. 

We will consider the random measures ),,(),( ωµµ AtAt = defined on Ω×Β×mQ  with real 

values, which have the following properties: 
M1) µ is a random value for fixed mQt ∈  and Β∈A ; ∞<),(2 AtEµ  almost everywhere on the 

Lebesgue measure for all mQt ∈ and Β∈A  

M2) for fixed mQt ∈ , ),( Atµ is a measure with alternating signs almost everywhere for all Ω∈ω  

M3) for fixed Β∈A ,µ is square integrable with respect to a measure mν  with probability 1. 

Let ( )mQL2
~

 be a space of random measures ),( Atµ with properties M1), M2) and M3). It is 

understood that ( )mQL2
~

is a Hilbert space with the scalar product 

( ) ∫=
m

m
Q

mQL dtXtXtE )(),(),(, 21)(~21 2
νµµµµ

 
and, accordingly, with the norm 

2

2 2
( )

( , ) ( )
m

m

mL Q
Q

E t X dtµ µ ν= ∫

. 

Denote the self-correlation measure by 

),(),(),( 21
21 BsAtEBAts µµβ µµ =  

In terms of this measure we write 

( ) =)(~21 2
,

mQLµµ ∫
mQ

mtt dtXX )(),(21 νβ µµ  

and 

∫=
m

m
Q

mttQL
dtXX )(),(2

)(~
2

νβµ µµ

 

Let  )(~)(~)(~
222 mmm QLQLQL −+ ⊂⊂  be a quasi-kernel equipment of the basic space ( )mQL2

~
. 

Consider the transformation ( )mQL2
~

 

1 2( , ) ( , ) ( , , , ( , ), ( , ),..., ( , )) ( ),
m

n m
Q

A t A t G t s A A s A s A s dsµ µ µ µ µ ν= + ∫                           (1) 

where nAAA ,...,, 21 are fixed measurable sets from Band ),...,,,,,( 21 nxxxAstG  is a function on 
n

m RQ ×Β×2 . We call such a mapping a cylindrical type transformation (see [2, 3]). 

Let us introduce the notation 

),...,,,,()()),(),...,,(),,(,,,( 2121 n
Q

mn AtgdssAsAsAAstG
m

µµµνµµµ =∫  



10 Alexander Tkeshelashvili and Mzevinar Patsatsia 

Bull. Georg. Natl. Acad. Sci., vol. 13, no. 1, 2019 

),...,,,(
),...,,,,...,,,(

1
111

niij

uj

njjji Atg
u

uAtg

jj

µµ
µµµµ

µ

′=
∂

∂

=

+−  

The distribution of a random measure µ is denoted by µP . Transformation (1) of the space ( )mQL2
~

 

changes the measure µ  to the measure µ~ the distribution of which is denoted by µ~P . According to the 

Minlos-Sazonov theorem, in the above-mentioned conditions these distributions are concentrated in the 

space )(~
2 mQL− . We are interested in the conditions for which these distributions are equivalent. 

 
Theorem 2. Let conditions M1), M2) and M3) be fulfilled for transformation (1), nAAA ,...,, 21 be fixed 

measurable sets from B and the following conditions be fulfilled for function ),...,,,,,( 21 nxxxAstG on
n

m RQ ×Β×2 .  

G1) for any Β∈A , ),...,,,,,( 21 nxxxAstG is continuous with respect to mQst ∈, ,differentiable with 

respect to Rxxx n ∈, ... , , 21 and square-integrable with respect to the measure nmm l××νν , where 

nl is a Lebesgue measure in nR . 

G2) for fixed mQst ∈,  and Rxxx n ∈, ... , , 21 , ),...,,,,,( 21 nxxxAstG is a measure on B. 

G3) there exists a nonzero determinant 

11 12 1

21 22 2

1 2

  1 ( )    ( )    ...   ( )
    ( )   1 ( )  ...   ( )

( ) .
 .............................................
   ( )    ( )   ...  1 ( )

n

n

n n nn

g x g x g x
g x g x g x

x

g x g x g x

′ ′ ′+
′ ′ ′+

∆ =

′ ′ ′+

 

Then, if the covariation measure µνβ s t has a logarithmic derivative with respect to each argument along 

the constant direction )(~
2 mQL+ , then the measures µP  and µ~P  are equivalent and  

2

2

( )

1( ) ( ) exp ( , ( , , ), ) ( , , ) ,
2 mL Q

dP
t g t A g t A

dP
µ

µ

µ µ β µ µ µ = ∆ − − 
 





                           (2) 

where ),,( Agtβ denotes some measurable functional which is an abstract analogue of an extended 

stochastic integral ([2]). 

Proof. For transformation we apply theorem 1. The main requirement in this theorem consists in proving 
that transformation (1) is invertible. To establish this fact, we substitute step-by-step ,1A ,2A ..., nA in (1) 

and form the system 

∫+=
mQ

mn dsAsAsAstGAtAt )()),(),...,,(,,,(),(),(~
1111 νµµµµ  

∫+=
mQ

mn dsAsAsAstGAtAt )()),(),...,,(,,,(),(),(~
1222 νµµµµ  

............................................................................................. 

∫+=
mQ

mnnnn dsAsAsAstGAtAt )()),(),...,,(,,,(),(),(~
1 νµµµµ . 
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According to condition G3) of the theorem, this system is solvable with respect to ),,( 1Atµ ),,( 2Atµ ...,

),( nAtµ . Therefore there exist functions 1H , 2H ,..., nH such that  

 
 
 

)),(~),...,,(~,,...,,(),( 1111 nn AtAtAAtHAt µµµ =  

)),(~),...,,(~,,...,,(),( 1122 nn AtAtAAtHAt µµµ =  

....................................................................... 

)),(~),...,,(~,,...,,(),( 11 nnnn AtAtAAtHAt µµµ = . 

Then from (1) we obtain an inverse transformation of the form  

.)())),(~),...,,(~,...,,()),...,,(~),...,,(~,,...,,(,,,(

),(~),(

11111∫−

−=

mQ
mnnnn dsAsAsAsHAsAsAAsHAstG

AtAt

νµµµµ

µµ
 

We observe now that the smoothness (in a sense of the existence of a logarithmic derivative along the 

constant directions of the subspace )(~
2 mQL+ ) of a self-correlation measure gives the same smoothness of 

the distribution µ~P . The other conditions of the theorem are fulfilled automatically, which shows that the 

assertion we wanted to prove and formula (2) are valid. 
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მათემატიკა 

შემთხვევითი ზომების აბსოლუტურად უწყვეტობის 
შესახებ ინტეგრალური ტიპის  გარდაქმნისას 

ა. ტყეშელაშვილი* და მ. ფაცაცია** 

*ივანე ჯავახიშვილის სახ. თბილისის სახელმწიფო უნივერსიტეტი, ილია ვეკუას სახ. გამოყენებითი 
მათემატიკის ინსტიტუტი, თბილისი, საქართველო 
აკაკი წერეთლის სახელმწიფო უნივერსიტეტი, ზუსტ და საბუნებისმეტყველო მეცნიერებათა 
ფაკულტეტი, მათემტიკის დეპარტამენტი, ქუთაისი, საქართველო 
** სოხუმის სახელმწიფო უნივერსიტეტი, მათემატიკისა და კომპიუტერულ მეცნიერებათა 
ფაკულტეტი, თბილისი, საქართველო 

(წარმოდგენილია აკადემიის წევრის ე. ნადარაიას მიერ) 

სტატიაში შესწავლილია უსასრულო განზომილებიან ჰილბერტის  სივრცეში  შემთხვევითი 
ზომები და მათი არაწრფივი გარდაქმნის საკითხები. დადგენილია ზომათა აბსოლუტური 
უწყვეტობის პირობები და ნაპოვნია რადონ-ნიკოდიმის სიმკვრივე  სივრცის ერთი არაწრფივი 
გარდაქმნისას, რომელსაც ინტეგრალური ფორმა აქვს. 
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