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ABSTRACT. In this paper random measures and their nonlinear transformations in an infinite
dimensional linear space are considered. The conditions of absolute continuity for this measures are
obtained in case of cylindrical type transformation of a space. Explicit formula for Radon-Nikodym
derivative is given. © 2019 Bull. Georg. Natl. Acad. Sci.
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Random measures are of great practical importance because they surely appear as solutions of differential
equations in measures (see [1, 2]), with random coefficients and additive noise.

In the present paper we study the absolutely continuity of distributions of random measures in the case
of their nonlinear transformation. The Radon-Nykodim density is calculated, the density formula containing
an extended stochastic integral over a random measure. The terms and notation used here are the same as
in [3].

Let (Q, 3, P) be a fixed probability space. Let u (a), A) be a real, random a.s. g-additive function of sets

on some measurable space { X, B(X)}. Assume that Ez(4)=0 and there exists an o-additive measure
B(AxA)=Eu(4)u(4)on {X x X,B(X)x B(X)}. Let H be the space of measurable function ¢
on {X, B(X )}with real values and scalar product

(#v)= L[ﬂﬁ(X)‘//(y)ﬂ(dxxdy) = E}f{¢(X)ﬂ(dX))[l//(y)#(dy)

Following [2], we will construct the conjugate space to H and realize it as a space of measures
u=pu,= S , Where S is a unitary operator

S:H-o>H"

and
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i1, (4)= [ pl)plavx 4),

X

.. * . .
so that the pairing of elements from / and H " can be written in the form
(vou,)=(w.Sp)=(v.9).
It is obvious that /1 i is also a Hilbert space with the scalar product

(V¢’Vw )* = (¢’l/l)'
As follows from [1], we can construct the embedding operator Q and the Hilbert space 4 , densely
embedded in / and being such that Q is the Hilbert-Shmidt operator. Thus, we can construct a triple of

Hilbert equipment
o s 0
H cH=H cH_

def
observing that the distribution ﬁ(A) =1, (A) =P {V(A) € A}is concentrated in . Let L(M ,N )
denote the space of real functionals defined on M and differentiated along constant elements N cM. In the

sequel, it will be assumed that the distribution /7 is a smooth measure on H _(see[1]). This means that
there exists a measurable function A : H_ — H , called the logarithmic derivative of the measure /7
and being such that the formula of integration by parts

[{o. f'0)iE(du) == [ £ (1)@, Au0))iE(dps)

H

holds for functions fe L(H L H, ) . Recall that the expression
Pi ((/), ,u) =< /1(/1), @ >= j‘(o(x)ﬁ(,u)(dx) is called a stochastic integral.
X

Theorem 1. [3] Let H . C H < H_ be an equipped Hilbert space of random measures, ﬁ is measure
on H_with the logarithmic derivative along constant directions  from H  such as
Pu ((/),,u) =< ﬂ,(,u), @ >. Let [ :H_— H_be an invertible transformation, the inverse of which is
given by the formula

Sy =+ Flu)

and the following conditions are met:
1) F:H_— H_isa continuously differentiable mapping;

2) The inverse of the linear operator I + tF'(,u)is bounded for 0 <t <1, ue H.

Then the measures ,17 and ﬁ = ﬁf D are equivalent and the Radon-Nykodim derivative has the form

Z—z(,u) = det(I—I—F'(,u))eXp <j)t(y—|—tF(y))dt,F(u)> .

Using this theorem we study the problem of the equivalence of distributions of random values for a

nonlinear transformation that has an integral form and depends on fixed elements of the original O -algebra.
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Let D, be an m -dimensional cube
0, =TTo.n=[o.11",
k=1

v, a measure on Borel subsets of O, . Let further {X ,B} be some measurable space.
We will consider the random measures f(f, ) = p(t, A, @) defined on O, xBxQ with real

values, which have the following properties:
M1) fis a random value for fixedt € O, and A € B; Eu’(t,A) <o almost everywhere on the

Lebesgue measure forall € O, and 4 € B
M2) for fixedt € O, , U (t , A) is a measure with alternating signs almost everywhere for all @ € €
M3) for fixed A € B, 1t is square integrable with respect to a measure v,, with probability 1.

Let L2(Qm) be a space of random measures ﬂ(t, A) with properties M1), M2) and M3). It is

understood that L, (Qm ) is a Hilbert space with the scalar product

(1 185 )10, = E [ 16 X) (8, X v, (d)
O

and, accordingly, with the norm

"'UHZ(QW) = E_[ /u2 (, X)Vm (dr).
On

Denote the self-correlation measure by
ﬂ;‘]#z (A’ B) = Elul (t’ A)/uz (S’ B)
In terms of this measure we write

(:umuz )Zz(Qm) = _[ (X, X, (dr)
O

and

2
L) .[ B (X, X)v, (dt)
on

Iz

Let Z;r (9, c Zz (9, c Z; (Q,) be a quasi-kernel equipment of the basic space Zz (Qm).

Consider the transformation L, (Qm )

#(A,1) = p(A4,0) + .[ G(t,5, 4, 1( 4,5 5), t1(A;55); .. (4, 5))V,, (d5), (1)
0,

where 4, 4,,..., A, are fixed measurable sets from Band G(t,s,4,Xx,,X,,...,X,) is a function on
sz xBx R". We call such a mapping a cylindrical type transformation (see [2, 3]).

Let us introduce the notation

IG(t,S,A,u(Al,S),u(Az,S),-.-,u(An,S))Vm (ds) = g(t, A, iy, ty e 1)
On
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OG(t, Ayy sy U5 ey 5enes M)
ou .

J

= gl;(t,Ai,,ul,...,,un)

Uj=H;
The distribution of a random measure [/ is denoted by P 4 - Transformation (1) of the space L2 (Qm)

changes the measure // to the measure ,LNI the distribution of which is denoted by P 7 - According to the

Minlos-Sazonov theorem, in the above-mentioned conditions these distributions are concentrated in the

space L; (Qm) . We are interested in the conditions for which these distributions are equivalent.

Theorem 2. Let conditions M1), M2) and M3) be fulfilled for transformation (1), A, 4, ,..., A, be fixed

measurable sets from B and the following conditions be fulfilled for function G(t,s, A4, x, ,xz,...,xn) on

0,, xBxR".

Gl) for any A€ B, G(t,s, A4, x, ,xz,...,xn) is continuous with respect to t,S € Qm Jdifferentiable with
respectto X,,X,,...,X, € R and square-integrable with respect to the measure vV, XV, X ln , where
l , is a Lebesgue measure in R".

G2) for fixed t,S € Qm and X;,X,,...,X, €R, G(t,s,A,xl,xz,...,xn) is a measure on B.

G3) there exists a nonzero determinant

I+g1(x) gh(x) ... g,(x)

A(x) = 851(x) 1+gx(x) .. gén(x).

gn(¥) gn(x) .. 1+g,,(x)
Then, if the covariation measure ﬂf;v has a logarithmic derivative with respect to each argument along
the constant direction L; (Qm ), then the measures Pﬂ and Pﬁ are equivalent and

d,
dP

u

() = ACu) exp{—ﬂ(a gt A, 0,0~ [t 4, u)||§z@”)}, @

where ,B(t, g ,A) denotes some measurable functional which is an abstract analogue of an extended

stochastic integral ([2]).
Proof. For transformation we apply theorem 1. The main requirement in this theorem consists in proving
that transformation (1) is invertible. To establish this fact, we substitute step-by-step Al R A2 5 eees An in (1)

and form the system

Filt, 4) = pu(t, 4) + [ Gt 5, 4y, (5, Ay Yoo (5, 4,0, ()
O

Jilt, 4,) = pi(t, 4,) + [ G(t,5, Ay, 1(5, 4, 1(5, 4,))V,, (d5)
O

F(t,4,) =t A,)+ [Gt,5, A, (5, 4o (5, 4,))V,, ()
On
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According to condition G3) of the theorem, this system is solvable with respect to ,Ll(l‘ 5 A1 ), ,u(t R A2 ), e
u(t, A,)) . Therefore there exist functions H,, H, ..., H  such that

:u(taAl) :Hl (t’Al:'--5An5ﬁ(taAl)a'--aﬁ(t>An))
(b, Ay)=Hy(t, Ay A, 1 Ay, i, 4,)
/u(t: An) = Hn (tJAl :---,An 5ﬁ(t7Al)"--aﬁ(taAn )) .
Then from (1) we obtain an inverse transformation of the form
:u(ta A) = ﬂ(ta A) -

- jG(t, S, Ay H (8, Ay ey Ay Sy Ay ) ooy (S, A))seee H (83 Ay ey H(Sy A, )y H(S, A,)))V,, (dS).
On

We observe now that the smoothness (in a sense of the existence of a logarithmic derivative along the
constant directions of the subspace L; (Q,,)) of a self-correlation measure gives the same smoothness of
the distribution Pﬁ . The other conditions of the theorem are fulfilled automatically, which shows that the

assertion we wanted to prove and formula (2) are valid.
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