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In this paper a linear dynamic model of thermo-electro-magneto-elastic bars made of anisotropic
inhomogeneous material is considered. An algorithm of approximation of the corresponding three-
dimensional initial-boundary value problem by one-dimensional problems for bar with variable
cross-section is constructed, when density of surface force, and components of the electric
displacement and magnetic induction along the outward normal vector of the boundary are given on
the lateral face surfaces of the bar. The obtained one-dimensional initial-boundary value problems
are investigated in suitable function spaces. Moreover, it is proved that the sequence of vector-
functions of three space variables, restored from the solutions of the constructed one-dimensional
problems, converges, in the corresponding function space, to the exact solution of the original three-
dimensional initial-boundary value problem and, under additional conditions, the rate of
convergence is estimated. © 2019 Bull. Georg. Natl. Acad. Sci.

Thermo-electro-magneto-elastic solids, initial-boundary value problems, bars with variable cross-section,

dimensional reduction algorithms, error estimates

Piezoelectric materials are the most popular materials currently being used in smart structures, which often
contain bars, and hence, it is important to construct and investigate algorithms of approximation of three-
dimensional models of bars by one-dimensional problems. After discovery of the direct and converse
piezoelectric effects, one of the first theoretical models of piezoelectricity was constructed by Voigt [1] and
further various models of piezoelectric solids were constructed and investigated by various authors (see [2-
4] and the references given therein). In order to construct one-dimensional models of thermo-electro-
magneto-elastic bars we use the generalization of the approximation method that was suggested by Vekua
[5] for plates with variable thickness in the classical theory of elasticity. Various two-dimensional models
constructed by Vekua were collected in his monograph [6]. The estimates of the order of approximation of
the static three-dimensional problem by two-dimensional ones, constructed in [5], first were obtained in the
spaces of classical regular functions [7], and the reduced two-dimensional models for thin shallow shells,

constructed in [6], were investigated in Sobolev spaces in [8]. Later on, various static and dynamic

© 2019 Bull. Georg. Natl. Acad. Sci.



8 Gia Avalishvili and Mariam Avalishvili

hierarchical models were constructed and investigated applying Vekua's dimensional reduction methods
and their generalizations in [9-15].

In the present paper, we construct and investigate an algorithm of approximation of three-dimensional
dynamic model for thermo-electro-magneto-elastic bar with variable rectangular cross-section, which may
vanish on one of the butt ends, by one-dimensional problems. We consider the variational formulation of
the initial-boundary value problem corresponding to the three-dimensional model of thermo-electro-
magneto-elastic bar made of inhomogeneous anisotropic material, when temperature vanishes on the entire
boundary. Applying the variational formulation we construct a hierarchy of one-dimensional problems
approximating the three-dimensional one, when the mechanical displacement, electric and magnetic
potentials vanish on the butt end with positive area, and densities of surface force and normal components
of the electric displacement and magnetic induction are given on the remaining part of the boundary. We
investigate the constructed one-dimensional initial-boundary value problems in suitable spaces of vector-
valued distributions with respect to the time variable with values in weighted Sobolev spaces. Moreover,
we prove that the sequence of vector-functions of three space variables, restored from the solutions of the
constructed one-dimensional problems, converges to the solution of the original three-dimensional problem
and, under additional regularity conditions, we estimate the rate of convergence.

We denote by w2 (D)=H"(D) and H" (f), r € R, the Sobolev spaces of order » based on the
spaces H 0 (D)= I (D) and H 0 (f) =7’ (f) of square-integrable functions, respectively, where D c R”,
peN, is a bounded Lipschitz domain [16] and I'caD is a Lipschitz surface. We denote by
H (D)=[H" (D), ' (D) =[H" D), L*(D)=[L*(D)}, L'D)=[L'D7T, s=>1, r,s e R, the corres-
ponding spaces of vector-valued functions. The trace operators are denoted by #7. : H'(D) — H"*([") and
tr. : H'(D) > H"*(I") . For a Banach space X, we denote by C([0,T];.X) the space of continuous func-
tions on [0,7] with values in X. L?(0,T;X), 1<g <, is the space of such measurable functions
g:(0,7) > X sothat || g(l‘)"  €L(0,T) and the generalized derivative of g is denoted by g'=dg/dt [17].

Let us consider a thermo-electro-magneto-elastic bar Q with variable rectangular cross-section with
thickness or width that may vanish on the lower butt end, i.e. the initial configuration Q of the bar is a
closure of Lipschitz domain of the following form

Q= {(x2,1,) € R I () < < () By (1) <, <I" (), €1 = (5, ),
where A", h,* € C°(I)C"!(I) are continuous on / and Lipschitz continuous in 1 , A (x,)> k" (x,) and
I (x,) > hy (x,), for x, € (hy, k], b (x,) and A (x,) are equal or different for x, = A, . The upper butt
end of the bar Q, defined by the equation x, =/ we denote by ', ={xeR’; & (x,)<x, <h'(x,),
a =1,2,x, = hy } and the remaining part of the boundary we denote by I';.
We assume that thermoelastic piezoelectric bar consists of general inhomogeneous anisotropic material

with the mass density p in the initial configuration, the elasticity tensor ( the piezoelectric

3
ciqu )i,j,p,q=l ’

(sp,j)i ;o and piezomagnetic (b, ),3 ;o coefficients, the stress-temperature tensor (/l,j)i j-1> the

i
permittivity (d; ),3 ;-1 and permeability (£ ),3 ;-1 tensors, the coupling coefficients connecting electric and
magnetic fields (g, ),3 j-1» the thermal conductivity tensor (77, ),3 ;1 and the thermal capacity y . We neglect

the influence of thermal field on electric and magnetic fields and assume that pyroelectric and pyromagnetic
coefficients vanish. The applied body force density is denoted by f = (), : Qx(0,7) — R’, the density

of electric charges is denoted by f?:Qx(0,7) > R, and the density of heat sources is denoted by
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On the Investigation of One-Dimensional Models of Thermo-Electro-Magneto-Elastic Bars 9

f?:Qx(0,T) > R . The temperature 0 :5><[0, T]— R vanishes along the boundary I'=0Q of the
domain €. The bar is clamped along the upper butt end I', and, on the remaining part I', of the boundary,

surface force with density g=(g,): T, x(0,T7) — R® is given. The electric field E is conservative, i.e.

E = —(0¢/0x,)._, , and the electric potential ¢ :5><[0, T'l— R vanishes along I'; and, on the remaining
part I, of the boundary, the normal component of the electric displacement with density

g% :T?x(0,T)—> R is given. The magnetic field H is conservative, i.e. H=—(0y /ox,),,, and the

i=1?
magnetic potential v : Q><[0, Tl — R vanishes along I'; and, on the remaining part I', of the boundary,
the normal component of the magnetic induction with density g¥ :TV x(0,7) — R is given. The linear

dynamic three-dimensional model of the thermo-electro-magneto-elastic bar Q in differential form, with
quasi-static equations for electro-magnetic fields, where the rate of change of magnetic field is small, i.e.
the electric field is curl free, and there is no electric current, i.e. the magnetic field is curl free, is given by
the following initial-boundary value problem [2, 3]:

. l. in Qx(0,7), i=1,2,3, (1)
ot
3 6D
in Ox(0,7), )
J=1 ax‘/
3, 0B,
in Qx(0.7), 3)
7‘axf
00 & o 06
=N —|n = @— 2 in Qx(0,7), 4
7 ax( e J Z sey =" in Qx(07) O
3
u=0 on [;x(0,7), Don =g onTx(0T),i=123 5)
j=1
3
§0=0 on 1—‘OX(O’T)’ zDini :gq} on FIX(O’T)a (6)
i=1
3
WZO on 1—‘OX(O’T)’ zBini :gw on FIX(O’T)a (7)
i=1
0=0 onI'x(0,7), (®)
. (%,0) =1, (x), %(x,O):u”(x), 0(5,00=0,(x) inQ, i=123 ©)

where n = (n,);_, is the unit outward normal vector to I', u = (,); :Qx[0,T]— R*® is the mechanical
displacement vector-function, ®, > 0 is the temperature of the thermo-electro-magneto-elastic body in the

natural state of no deformation and electromagnetic fields, which is considered as a reference temperature,
u, =(u,,);, and u, = (u,)’, are the initial displacement and Velocity vector-functions, 6, is the initial

distribution of temperature, e, (v) =1/2(dv, / dx, +0v, / dx,), =1,2,3, v=(v,).,, is the strain tensor.

i=12

(o, )i»}.:, is the mechanical stress tensor, D = (Dj)b‘j.:I is the electric displacement vector, and B = (Bj)b‘j.:I

is the magnetic induction vector, which are given by the following constitutive equations:
3

0 3 0
Z Ciipg© pq(u)+zgpz/ gD Zb W /1 9 iaj:1a2a3a

Pij
Pq=1 8

3
D, = Zgw e, (u)— Zdl Z , i=1,2,3,

Pq=1 =1 j
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3
B = Z blpqepq(u) Z ay 8 zgu 8 ’ i=1,2,3.

Psq=1 j=1
We assume that the coefficients characterizing elastlc, thermal, electric and magnetic properties satisfy the
following symmetry conditions
Cipg(X) =¢;,, (X)=c,, (%), €,(x)=¢,,(x), b, (x)=b,(x),
dy(x)=d;(x), a;(x)=a,;(x), {;(0)=;(x), A,(x)=24,(x), x€Q, i,j,p,q=123.

Let us consider the variational formulation of the three-dimensional initial-boundary value problem (1)-

(10)

(9), which is equivalent to the differential formulation in spaces of smooth enough functions: Find the
unknown vector-function u € C([0,7]; V(€2)), u'e C([0,T];L*(Q)), and functions ¢ € C([0,T];V*(Q)),
w e C([0,T1;VY(Q)), 0 € L*(0,T; H (Q)), 0'e L*(0,T;H ' (Q)), which satisfy the following equations

in the sense of distributions on (0,7,

%(pu’,V)Lz(m +c(u, V) +&(p, V) +b(y,v) = (6,v) = L'(V), Vve V() (11)
—&(@,w) +d(p, @) +aly,9) = L"(), Vo el (), (12)
~bW,w)+a(p,y) + & (y.9) = L' (), Vel (Q), (13)

%(;(9,5)&9) +1(0,0)+0,A(0,u")=L"(0), VO e H)(Q), (14)

together with the initial conditions
u(0)=u,, uw'(0)=u,, 6(0)=0,, (15)

where V(Q)={ve H'(Q); tr.(v)=0 on I}, V*(Q)={g e H' Q) (@) =0 on I,}, V" (Q)=
e H (Q); t,(7)=0 on T}, H\(Q)=1{0 e H'(Q); 1#-(6)=0 on T}, H'(Q) is the dual space of
Hy(Q),

c(u,v) = | Y e, (e, (V)dx, 2(0,V) = [ Y 5 226 (v,
Qi.j.p.q=1 Qi.j,p=1 a
op 09
by.v)= | Z bp” o Ve, (v)dx, A0, v)——jzv (/11/49)dx d(o, (p)—jz ; a"" a‘pd
Qi,j,p=1 Qi,j=1 Qi,j=1
8(// ov 00 00
@ i, = dx, n(0,0 :
aly. )= jza o, 5 CWD" jzé o, o 0 00 jz U
rm=| § fvde+ | thr (v)dT, I’(@)= j [ @dx — j g1, (@),
Q=1 rlz 1

rWw)=-[g"mr, @dr, L'0)=[r edx,

(,.),»,.. and (.,.), . are the scalar products in the spaces L’(Q) and I*(Q), respectively.
12(Q) (@) y

In order to construct the hierarchy of one-dimensional models, let us consider the subspaces VN N2 (9)
and H

() of V(Q) and L’(Q), respectively, N' =(N|,N,,N;), N?=(N?,N},N2), consisting of

N'N?

vector-functions with components v, ... (i =1,2,3), which are polynomials with respect to the variables x;

and x,,
s N N} 1 ' 1 s 1 2
Vain (VNN Jit s VNN =Zzh1h 7 +E T +E VNlNziPr; (Zl)Pr[z(Zz),
7=017=0 2
0 —h, he—h, —  hi+h]
(h,) " v, € (D), 057 <N, za=x“h 5 by == b ==, a=12,i=123.
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We also consider the subspaces Vi, .(€2) and V), .(€) of V?(Q) and V¥ (Q), respectively, which

consist of the following functions
No Moo q 1 1) _w% "
g’TN;,NVZ, = Z Zhl_h[r‘; +Ej(r¢2 +EJ NIN P (Z )P (ZZ) (h‘lh )_1/2 aNl 2 € L (I) V 'aNgaa =la 25
r=0r2=0 "' "

1.2 1.2
I Tty

N,

_ b 1 1) _w ! 3

I 3 3 R e X
1, =01, =0 2

and subspaces V01 N (Q) and ngg () of H)(Q) and L*(Q), respectively, consisting of the functions

NgNg ;:;) ( zj(r +;J—;‘:®N p (z, )P (z,)
Ny N} L1 g
DPETGE)

J NN > a+(- 1o *ﬁ)P )P,y (5)

73=0173 =0 a,p=1

N} N2

Z Z ( J( J NONZ Z (1+(- 1)rg+Ng+a )1+ (= 1)rg+Ng+/j)PNl » (ZI)PNij(Zz)s
rg 0r9—04hlh 0 o, p=l 2

rgrs

where (hh,)™""? Oz € (1), 0<r <N,, 0<r; <N,.

Since the functions 4 and A, are Lipschitz continuous in 7 , from Rademacher's theorem [18] we
have that h° and h; are differentiable almost everywhere in / and 0,h°, 0,h; € L°(I'), for all
I'=(h",h"), by <hy" < h" < ki . Therefore, the positiveness of 4" and h; in I implies that, for any

vector-function Vo = (vN,Nzl,)?:l IS VN,Nz (Q), the corresponding functions v;,;zi eH'(I"), for all [ *,

12
J— e

I'cl, ie. vN,;E eH, (I), 0<r'<N!, 0<7*<N}, i=1,23. Similarly, for all functions

1,2 1,2 1,2

rq, ru " oo
, eVo ; (), the functions P> V.

Punz Ve (), W €75 (), QN . waz 20Oy of one space

2 r‘r
vy

0., belong to H'(I"), I cl, ie. go;,Nz, y/N, ,

<o

variable in the expressions of @, ., ¥,
e

WNp 2 NN
g
n 1 1 1 2 2 1 1 2 2 1 1 2 2
QN;;N;equc([)a 0<r,<N,, 0<r'<N_,, 0<r, <N,, 0<r'<N,, 0<r,<N,, 0<r;<N,.

Moreover, the norms ||||H1

w’|

12 #2
[P Tyly

Brore = Boyye) ELHL (DT N = (N 4DV 4D, 7, = (70 ) €LHL DT, N2 = (N, DN +1),

and ||, (o, in the spaces H'(Q) and H'(Q) define the weighted norms |||,

1.2
it

i 3
,. for vector-functions V.. = (V) €[H,, (I)]Nm N3, = Z(]\[l1 +1)(N +1), and

i=1

Q)

y*

1

= rgrg = —

By = By €LHLDT™ S N =(N, + NG +1), such that [Fy. [, =[Vae [y s [Punc | =[Py e’
e (p* e

I/?NJ/NVZ/ . = I/7N J51 . and 9N9N9 M Q_NgNg . . Using the properties of the Legendre polynomials

[19], we can obtain explicit expressions of the norms |[.[., ||.|,.,Il.[l,. , and [ [|5 . In particular, |||, is

w*

given by the following expression:
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!r’2 2
~ 2_3N"]N'? 1 l 21 VI\II'NZi : Nia(a Jl(l)"”
rob22El ) +2J w2 PACE s
)

1.2 , 1,2
i ili

(r +Dv, .

!
H ( (VN'NZz) N'N%i
> (1) a=l a

2

$E o e JJ |
(1)

a=l kf=r"+1 o

=
=

MN

((2 a)vNN2+(a l)vNN

where we assume that the sums with the lower limit greater than the upper one equal to zero.
i i Wi 172

For components VN and Pan: > Vine ,QN!,;N!% of vy and @, N2 WNJ/NVZ/ , QN;Ng , wWhich possess

<o, we can define the traces

the properties ||V VN2 [l.< oo and ”(leNz ||q)*<oo, ||V7NV1/NVZ/ ”w* ||0N’Nz o

on x, =/ . Indeed, the corresponding vector-function of three space variables v, = (VN'N%)?:

(@ cH(Q) and V7§ . (), V;”N (),

, and

belong to the spaces

functions ¢@ _ 0,
gDN;N; ? !’[/NJ,NUZ, ’ N N?

NyNg

1

N NZ (Q) c H'(Q) , respectively, and using the trace operator tr;. we define the traces of v ’,; ., and @, goN N2
A
y/N, I 0, on x; = hy , in particular,
0o - -
wrz Iy b
tr,. (vy W) = [ [, O VP, (2)P (z,)dxdv,, 7 =0, N}, 77 =0,.,N},i=1,23.

hy

Since the vector-functions v, ., , from the subspaces V. (Q) and H (Q), and the functions

— — by 0 0 .
Puy: € V}\‘fmE ), Vi € V:J/Nﬁ (Q), and QNM; , from VM;N; (Q) and H NiN2 (Q), are uniquely defined by

5

1,2 r]rz r‘r r]rz
il 0o vy o0

the functions VN ° goN, N y/N,/NW , QN;Ng of one space variable, and considering the original three-

dimensional problem (11)-(15) on these subspaces, we obtain the following hierarchy of one-dimensional
, €C([0,T7; N,Nz(l))

CAOTETS (1), Wy € CAOTETY o (D), B, 0 € POTIVS L (), By, eLZ(o,T;(VNiN;(I))'),

initial-boundary value problems: Find i, € C([0,T];V .. (1)),

N‘N

which satisfy the followmg equations in the sense of distributions on (0,7),

%RN”( NICER¢ NZ)+CN’Z(u NZ’ N'N? )+‘9N"N"(¢N' ” N'N? )+bN'7N'Z(l’l/N'NZ > NZ) (16)
- AN};'ZN"Z (QN};N; "71\1‘1\12 )= Llll\l‘-z (‘71\1'1\12 )s
—Eyane ((/:)N;,N; )ty (P ’(%N; )ty Wy e >5N;,N; )= L (5N;,N; ), 17
Dy Wy g ol )+ ((Z’N;N; W)+ Wy oWy )= L @), (18)
R 000,000,008, D10 B )= B (19)
forall v, € V., o (D (le w € Ve AN ), l// g € V”’ 12 ), ON e € 17;, v (1), and the initial conditions

ﬁN‘NZ (0) = ﬁN‘NZO’ a' NIN2 (0) N IN21° N NZ (0) N N 0° (20)

Bull. Georg. Natl. Acad. Sci., vol. 14, no. 1, 2020
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12
s

where ¥, (1) =V = ( o )e[ H. (D] || Vo], <otr, (o) =0, 0< 1 <N a=1,2,i=1,2,3},

H, (D=, e[ 5(hh) v, e P(), 0< i <NF, a=12, i=1,23}, V, e (D=0,

12 1.2 12

( NQ,N )E[HJUL([)] q) ; :NlNz *<oo,trh;(g5Nq,)N;)=0,0£r; SN _1 2} N'N“ (I) {WN!NZ =(V7N;/Nv%)
2 [l Wy Y _ = v
[ IUL([)]NW 5 N'Nuz/ W*<00t7" (WNJ/NV%):O’OSFV/ SNW,(ZZI,z}, V]\?!!;N;([)z{gN;;Ng =(0N};N§) [ ZUL([)]
a i 770 o s N2 -2
Oppus, <1 @)= 0.0 SNFLa =121 H (D=0, =0y) el (k)
rsrs
9N N2 (S L ([) 0< 7"9 < N = l, 2}, the bilinear forms RNx,z 5 CN‘.Z 5 gNé)’le’z 5 bNul,‘le’z 5 AN(];'EN]'Z 5 dNé).z 5

0
RN;»” My are defined as follows R 'Z(VN N NNZ) (pVNNZ, NNZ)LZ(Q)

aN”N‘;2 ’ aN‘;ZN;2 ’ éVNU‘;Z ’

Oy (v DERMNING )=c(Vy NN VNN ); SN;,‘ZNI‘Z (5N;,N; ’leNz ) = 8((5N‘WN; »Vaiwe ), bNV‘,~21\J‘~z (I;NV‘,NVZ, ’leNz ) = b(lev‘,Nf, ’
vN‘N2 )’ lNg-EN‘-Z (5N; N2 VN’NZ ) = A(H_N‘LNj > Vw2 )’ d/v;z ((f)/v‘wzv; ’ (zv;/v; ) = d((/N)N(},N(IZ, ’(BN;,N; )’ aN:/,‘ZNVI;Z ((Z_)N‘WN; ’I;NV‘/NVZ, )
= 4@y V) e s B = 0@ P G Wy W ) =W 70
Rf]th,z (5N;,Nf, ,5N$N3) = (XéNg,Ng ’H_N;Ng )0y My (5N;N§ ,HZN!,JN!%) = n(éNw ’H_N;Ng ), for all vector-functions
‘:)N‘NZ ’ VNINZ € VN‘NZ (I)’ (ZN)N‘WN; ’5N;,N£ € VI\Z,NWZ ([)’ l/_jNVI,NVZ, ’I;NV‘,NVZ, € VA%NVZ ([)’ 5N;N2 ’QZN‘ N3 € Vl\?’ N3 ([)’ corres-
ponding to i}N‘NZ Vwe € VN‘N2 (©), g51\/‘ N2 ’aN;,N; € Vl\(f' N2 (©), lﬁlvv‘/ivf/ ’V?N;/Nf/ eV N2 (), 9 NyNZ ’GN WNp €

NZ (Q) , respectively. The linear forms L, , L? L”’, , and I’ vy are given by the following expressions:

N]A_ b le b
3 N:] Ni2 1 1 h; 1 r,‘r,2 r‘r2 2 ]
u - 1 2
LN"Z(VN'NZ) ZZZ | R VNiNg f i r‘*y +g r“y
i=1 ;=017 =0 2 2 i hlh
2 7l 1,2

Tih

, s 1
2 y* (D)7 |dx, + Z _g m, (VN 2 |
sy=ts >0 1

N e g (e ow e
L @y :) = ZZ( J(ﬁ thh TR ARY 4 IS AU Y- I G
;

gl 7D +g,

ry=072=0
( G . W 2
°l. 7D +%Z i & s @) |
b N N5 1w (e y
LN'Z(WN'/NVZ/) ZZ[F + j( + J '[hh V/N!Nz fr+g” r1+7’++gw o y>
A , ry . W i
r i A G VA od NS C VA LS ) tr,, (u/N, s

Xy =hy JJyhy >0 hlh

Ny, N 1 hy 1 rgrg g 1 N ", Ng +B
Ly By = ZZ[@ )[ +5JI LY S o U OV

7 Org—O iy hlh 2h’thﬁ =1
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Ng +ﬁ rg A; NH +a, Ng +p rgrg
H+ ()P ; O (R G R BV AR N A
a 1
i MR ol
where y** =1+ ((h))) ,v = I ij (2B, (z,)dx,dx,, v, J‘vaPra (z,)dx,, for all functions ve L'(Q),
Wk Ty

v, e LT HYOLT ™), h,,eNU{O}, a=12.

For the constructed one-dimensional initial-boundary value problem (16)-(20) for thermo-electro-

magneto-elastic bars, the following existence and uniqueness theorem is proved.

Theorem 1. Suppose that functions 4 and 4 are such that Q R’ is a Lipschitz domain, p, y € L*(Q),

p(x)>a, =const>0, y(x)>a, = const>0,foralmostall xeQ, ¢, , ¢,, b, d., &, a;, 1,
/'t[j e L”(Q), 8&17 /ax]. el(Q), i,j,p,g=1,2,3, and satisfy the symmetry conditions (10) and the
following positive definiteness conditions

Z Cipg5iiSpg = e Z(‘fﬁ)z’ Ve eR.EG; =65, Znué S 2 %Z(é) Vé eR,

i,j,p>q=1 i.j=1 i,j=1

. 1)
Zd,,§§+2za,,§§ $,EE 2a, Y (EY+(E)), VEEER,

i=1

wa

for almost all xeQ, where ¢, «,, ada; are positive constants. If the given functions satisfy the

following conditions

B ’12 s ~ dk n]’(l ~ d r[]*a
(i)™ f; € CO.LLW), ) g ) L g e DO (),
-1/6 dk wq(/)} 6/5 a,+\3/4 71.-1/4 d 0 a,—\3/4 1.-1/4 d ] 2 . 74/3
h_,
(i) "~ [° € LOTLA ). () dkg o YL g e LT D))
37(1 d ?fa

(ya,+ )3/4 h—1/4 d

i e (0,7 L7 (D), k=01,

,=\3/4 1.-1/4
)y —

re+’

g N3 +/5 Ng+[5 77
(hh)‘”{f ;Z((H( DFE) O (e (1)) J

=
N} +a,N3+p
+— Z (L (D)7 )1 (=179 7 e 2(0,T L (1)),
a ,p=1

where 0<7“ <N, 0<r SN“, OSrW“ SNS, 0<r'<N;,a=12,i=123,and ﬁN‘NZOEVN‘NZ(I)’

Ugne, € HN we (s N‘ V2o € H fﬂ N2 (1), then the initial-boundary value problem (16)-(20) possesses a
unique solution.

In the following theorem we present the existence and uniqueness result for the three-dimensional
initial-boundary problem and the result on the relationship between the obtained one-dimensional and the
original three-dimensional problems, where we use the following anisotropic weighted Sobolev spaces

H*(Q)={ve H'(Q); O ve HX(Q), (h)0,0,0 v e *(Q),0<k<s-2,
B)otve P(Q),1<k<s,a=12}, seN,s>2,

which are Hilbert spaces equipped with the norms
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5 2 s=2 P iy T ., -2 S o 3 ., >
-0 = Z[Z( R R OSLLCCAY B (A TrCtcY I +k§(l YO, +l0 YRy m)}

Theorem 2. If Qc R’ is a bounded domain with Lipschitz boundary, u, € V(Q), u, € I*(Q),
0, € I(Q) T € I(0,T5L2(Q)), g8’ € L (0,T5L(T), £2,(f%) € X(0,T;1*(Q)) , g%, () € L (0,T;
L), g".(g") e P(0,T;L(T), fel’(0.T;L°(Q), p,x el (Q), p(x)>a,=const>0,
x(x)>a, =const >0, for almost all xeQ, ¢, .&,,.0,;.d;.C;.a,.1;, 4 € L(Q), 04;/0x, € ['(Q),

i,j,p,q=1,2,3, the symmetry and positive definiteness conditions (10), (21) are fulfilled, and the

functions u, . € VNlNz (Q), U € HNINZ (Q), szgzvgo 1S H}‘:}m (Q), corresponding to the initial condi-
. ~ L ~ . - 0 . .
tions i, €V (1), tig, € H (D), ezvgzvjo eH A2 (I) of the one-dimensional problems, tend

to u,, uw, and 6, in the spaces H'(Q), L*(Q) and [’(Q), respectively, as N_ =

min

min{N;;,N,*,N,?,Ny*} — o, then the three-dimensional problem (11)-(15) possesses a unique solution

1<i<3

and the functions u, ., (), Py ®), Vi 0,0,

12 (¢) , restored from the solutions i . , gDN‘wNé N

12 9
NW NW

0 3 of the problem (16)-(20), possess the following properties

uge(@—u@ in H(Q),
u,. (Do u(@)  in Q) n
Oy (D> 0@)  in L(Q), Vi D=y (@)  in H(Q),

P (D> 00)  in H'(Q),
o'Ve fOI‘ all te[O,T]s as Nmin — .

In addition, if
d'u/dt’ e }(0,T; (H:"(Q)),s, €N, r=0,12,5,25 25,222,523, 9,0’ e ’(0,T; H !

1.2

T2 (),
vy e POTH 2 (Q)), st €N, s 23,1 23,d70/di” e I’ (O,T;H;é“g’z(Q)), s eN, F=0,1,

s0>5">2, 50 >3, then, for suitable initial data i, , i, and 0

N0 ? Uain? VITE the following estimate is valid

Hur-ule ]
C([0,7]:H' (Q)) NN lleqo,ri @)

||u _uNlNz

W_WN‘/NVZ

v lleqo,riH' (@)

P =P +H
NoMNo lle o, r (@)

|
<
2 gl S
gora@ (N,

where s =min{s,,s, —1,s" =15 —1s/,s0 -1}, O(T,hli,hzi,Nl,Nz,N;,N;,NJ/,N;,N;,N;)—)0, as N, =«

+“9—9 1

NpNj

o(T,hF b ,N',N*,N' N2, N N2, N}, N}),

+“9 0.,
(0,73 () Ny
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09M9M-99dEMHMm-05360FM-M935000 dgergdol
960956BM0ggd0560 BMmEgEgdols 359m33eg30oL dglsbgd

- 935¢00330¢0" s 9. 935¢00dz0O™

* 03569 pc035b0Fz30¢mol m8oerobob bsbyerdfogm «boggtlbodgdo, babd ©s bsdbgdoldgdyzgcrm
0966096985005 B339 AIA0, 080¢olOo, bsgstrorg9erm
* bogs®0939emb 9603960bodIBH0, 966090980bs s BgFbeenmaogdol Uizmers, 08oerobo, bsgs6oizgemm

(§96m©ab00s 5395009900 §g360L g. boaMsosl dog™)

§o@dmepgbogn  bsdGmIBo  gsbbogrmmos  BoBMGOM3MEo Mo MHmMYZMM3zsb0  Toldgrolisgsh
899g96M0 0gMdm-gengddmm-35gbo@m-©Mg35w0 dgwgdol iOxogo ©obsdogm®o dmogmo. 539-
dmmos  GgLsdsdolo 1sdysbBmBoErgd0sbo  Lsfigol-Lslsbmg®m sdmEsbol gMmogsbBbmdomgdosbo
50039690000 53HMJ0Ts300L 5¢EPYMOH0030, MHrMEs Aol 339000 30MHom BYEs30MYPODY dmEg-
dmod Bgsdomero dsgrol 1od3zzMoz3) © JErgdBHMIEo 35IsEPOEdOL ©s dsabodmmo
39e0oL  0bmdgool dagbgugdo BgEsdoMmol sty bmGmAserol gslfizMogz. domgdmmo gho-
356%mBoergdosbo  Lafigol-Lolisbmzmm s3m3sbgdo sdm3zergmeros Lsmsbsom gmbdaombscnmm
bogMEggddo. 053] MM, ©FGHIOEIOME0s 53700 9MHoYEBMBoEGd0s6o S3m3sbgdols s3m-

Boblbgdob  Smoagbowo Lsdo Loghgomo EgmIEOL  39ddmm-gmblsogdol  dodpggadmdols
9gbsds30l Bmbdzombsgrm® LogMEglo 3MYdsEMdS Lsfigobo bsdysbBmIoggdosbo Lafigol-Lals®b-

036 5903560l 58mbsblbolsggb s sTsEYd0o 30MHMdgdTo Ggxaligdumos JMIdsEMBOL GOYO.
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