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The estimate for the Bernoulli regression function is constructed using the Bernstein polynomial. The 
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Let a random variable Y take two values 1 and 0 with probabilities p (“success”) and 1 p−  (“failure”'). 

Assume that the probability of “success” p is the function of an independent variable [ ]0,1x∈ , i.e. 

( ) ( )1p p x Y x= = =  [1-4]. Assume that k
kx
n

= , 0,1, ,k n=  , are the points of division of the interval 

[ ]0,1  and we have iY , 0,1, ,i n=  , which are independent Bernoulli random variables with  

( ) ( )1i i iY x p x= = ,    ( ) ( )0 1i i iY x p x= = − . 

The problem consists in estimating a function ( )p x , [ ]0,1x∈ , by means of the sampling 0 1, , , .nY Y Y  

A problem like this one arises, for instance, in biology [1, 3, 4], also when studying corrosion processes 
[5], and so on. 

1. As an estimate for ( )p x  let us consider the following statistic 

( ) ( )
0

ˆ ,
n

n k k
k

p x Y b n x
=

=∑ ,                                                               (1) 

where ( ) ( ), 1 n kk
k

n
b n x x x

k
− 

= − 
 

, 0,1, ,k n=   is a binomial distribution with probability of  “success”, 

( )0,1x∈ . 
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Note that ( ) ( ) ( )
0

ˆ ,
n

n n k
k

kEp x B x p b n x
n=

 = =  
 ∑ , where ( )nB x  is a Bernstein polynomial of order n of 

the function ( )p x . It is well known that if ( )p x  is continuous on [ ]0,1 , then ( ) ( )lim nn
B x p x

→+∞
=  

uniformly with respect to [ ]0,1x∈ . Moreover, the order of bias ( ) ( )ˆnEp x p x−  is established from the 

result given in Lorentz’ monograph [6, Section 1.6]. Namely, the following assertion is true. 
 

Lemma. Let ( )p x , [ ]0,1x∈  have a bounded derivative of the second order (we denote the class of such 

functions by [ ]0,1W ). Then 

(a) ( ) ( ) 1ˆnEp x p x O
n

 − =  
 

 uniformly with respect to  [ ]0,1x∈ ; 

(b) let ( )p x′′  satisfy the Lipschitz condition, there exist 0c > , such that 

( ) ( )p x p y c x y′′ ′′− ≤ −   for all  [ ], 0,1x y∈ , 

then 

( ) ( ) ( ) ( )
3

1 1 2ˆ 1 2nEp x p x n x x p x O n
−− −

 
 ′′= + − +
 
 

 

uniformly with respect to [ ]0,1x∈ . 

Moreover, the estimate ( )ˆnp x  is free from the boundary effect, which motivates us to study estimates 

like (1) for the Bernoulli regression function ( )p x . Note that the kernel-type estimates of the function 

( )p x , which we have considered in [7], do not have such a good property. 

 
Theorem 1. Let ( ) [ ]0,1p x W∈ . Then 

10.  ( )ˆnp x  is a consistent estimate of ( )p x  at all points ( )0,1x∈ ; 

20.  ( ) ( )( ) ( ) ( )1ˆ 0,1d
nn p x p x x Nσ −− → , ( )0,1x∈ , 

( ) ( ) ( )( ) ( )
1

2 21 4 1x p x p x x xσ π
−

 = − −   

where d→  denotes converges in distribution and ( )0,1N  is a random variable that has a standard 

normal distribution ( )xΦ . 

Corollary 1. 

( ) ( )( ) ( ) ( ) ( )1ˆ 0,1 , 0,1d
n nn p x p x x N xσ −− → ∈ , 

where 

( ) ( ) ( )( ) ( )
1

2 2ˆ ˆ1 4 1n n nx p x p x x xσ π
−

 = − −  . 

This makes it possible to construct the confidence  interval for ( )p x : 

( ) ( ) ( ) 1 1ˆ ,
2

n
n n

x
p x p x

n α α
σ αλ λ± − + = ± = Φ  

 
. 
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Theorem 2. 
(a) Let ( )p x  have the bounded derivative. Then 

( )( )

( ) ( )

2

1

0

0, ,

ˆ ˆ ;

d
n

n n n

n T N p

T p x Ep x dx

σ→

 = − ∫
 

(b) Let ( ) [ ]0,1p x W∈ . Then 

( )( )20,d
nn T N pσ→ , 

( ) ( )

( ) ( ) ( )( )

1

0
1

2

0

ˆ ,

1 .

n nT p x p x dx

p p x p x dxσ

 = − 

= −

∫

∫
 

We give several comments on the application of nT  as a test statistic for the testing hypothesis 

( ) ( )0 0:H p x p x=  ( ( )0p x , [ ]0,1x∈ , is the well-known dose-response curve). This statistic is 

informative because the sign of nT  may carry information on the character of an alternative when the 
hypothesis 0H  is not true, i.e. the sign of the test statistic indicates the direction of deviation of the 
alternative from 0H . Can be shown that 

( ) ( )( ) ( )( )
1 1

0 0
0 0

ˆ ( ) .nE p x p x dx p x p x dx− −∫ ∫  

Thus, for an alternative of the form ( ) ( )1 0:H p x p x+ >  the statistic nT  will have the tendency to 

deviate to the right from zero, while for the alternative ( ) ( )1 0:H p x p x− <  it deviates to the left. Hence it 
is natural to use the statistic nT  in problems of testing the hypothesis 0H  against the one-sided alternatives 

1H +  and 1H − . 

The assertion (b) of Theorem 2 enables us to construct the test of the asymptotic level α , 0 1α< < , 
for testing the hypothesis 0H , according to which ( ) ( )0p x p x= , [ ]0,1x∈ : 

Test I. Reject the hypothesis  against the right-side alternative ( ) ( )1 0:H p x p x+ > , [ ]0,1x∈  when 

( )0nT p
n
αλ σ≥ , where ( )1 1αλ α−= Φ − . 

Test II. Reject the hypothesis 0H  against the left-side alternative ( ) ( )1 0:H p x p x− < , [ ]0,1x∈ when 

( )0nT p
n
αλ σ≤ , where ( )1

αλ α−= Φ . 

Corollary 2. Tests I and II are consistent against the one-sided alternatives 1H +  and 1H − , respectively. 
Corollary 3. Let us consider a sequence of Pitman-type alternatives that are close to the hypothesis 0 :H  

( ) ( ) ( ) ( )
1
2

01: n
nH p x p x n u x

−+ = + , 

where ( ) [ ]0 0,1p x W∈ , ( )0 10 p x p≤ ≤ , 10 1p< < , for each [ ]0,1x∈ , ( ) 0u x > , [ ]0,1x∈  and 

( ) [ ]0,1u x W∈ . Then 

0H
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( ) ( )

( )

0
0

1

0

1 ,

0.

n
nH

cP T p
pn

c u x dx

α
α

λ
σ λ

σ
+

  
≥ → −Φ −       

= >∫
 

Hence it follows that for alternative nH +  Test I for testing the hypothesis 0H  is asymptotically strictly 

unbiased since 0c > , and is equal to 0 if and only if ( ) 0u x =  (For Test II, the argumentation is analogous). 

2. There often arises a necessity to verify whether the Bernoulli regression functions are equal by using 
mutually independent samplings  ([8, 9]). 

Let ( )k
iY , 0,1, , ki n=  , 1, 2k = , be mutually independent Bernoulli random variables with 

( ) ( ) ( )( )1k k k
i i k iP Y x p x = = 

 
,    ( ) ( ) ( )( )0 1k k k

i i k iP Y x p x = = − 
 

, 

( )k
i

k

ix
n

= ,   0,1, , ki n=  ,  k=1,2 . 

Based on the samplings ( ) ( ) ( )
1

1 1 1
1 2, , , nY Y Y  and ( ) ( ) ( )

2

2 2 2
1 2, , , nY Y Y , it is required to test the hypothesis 

( ) ( ) ( )0 1 2:H p x p x p x= =  against the alternative ( ) ( )1 1 2:H p x p x> , [ ]0,1x∈ . 

Denote 

( ) ( ) ( )
0

ˆ , , 1, 2
k

k

n
k

n j j k
j

p x Y b n x k
=

= =∑ , 

( ) ( )
1 2 1 2

1

0

ˆ ˆn n n nT p x p x dx = − ∫ . 

 

Theorem 3. Let ( ) [ ]0,1p x W∈  and 1

2
0n

n
τ→ > . Then for the hypothesis 0H  

( )( )1 2

21 2

1 2
0,d

n n
n n T N p

n n
σ→

+
, 

where 

( ) ( ) ( )( )
1

2

0

1p p x p x dxσ = −∫ . 

Note that the statistic 
1 2n nT  is normed by the value ( )2 pσ , which depends on an unknown 

( ) [ ]0,1p x W∈ . However, if ( )p x  is not defined by the hypothesis, then ( )2 pσ  should be replaced by its 

estimate. For this, we consider two consistent estimates: 

( ) ( )

( ) ( ) ( )( ) ( ) ( )( )

1 21 2

1 2 1 1 2 2

1
1

0

2 1

1 2 1 2

,

ˆ ˆ ˆ ˆ1 1

n nn n

n n n n n n

S x dx

n nx p x p x p x p x
n n n n

λ

λ

=

= − + −
+ +

∫
 

and 
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( )
1 21 2

2 2 1

1 2 1 2
n nn n

n nS S S
n n n n

= +
+ +

, 

where 

( )
( ) ( )( )

1 2

1
1

1 , 1,2
2 1

k

k

n
k k

n jj
k j

S Y Y k
n

−

+
=

= − =
− ∑ . 

The statistic 
knS  was originally introduced by E. Abbe [10] (see also [11, 12]). 

Theorem 4. Let ( ) [ ]0,1p x W∈  and 1

2

n
n

τ→ , 0 τ< < ∞ . Then for the hypothesis 0H  random variables 

( )( ) 1 21 2

1
21 2

1 2
, 1, 2k

n nn n
n n S T k

n n

−
=

+
 

are asymptotically normal with mean 0 and variance 1. 
Using Theorem 4 we can construct the test for the testing hypothesis ( ) ( )0 1 2:H p x p x= , [ ]0,1x∈ . 

The critical domain is established by the inequality 

( ) ( ) ( )( )1 2 1 2 1 2

1
21 2

1 2
, 1, 2k k

n n n n n n
n nT d S k
n nαα λ
+

≥ = = , 

where ( ) 1αλ αΦ = − , 0 1α< < . 

Now let us consider the question whether the test based on 
1 2n nT  is consistent. The following assertion 

is true. 
 

Theorem 5. Let ( ) ( ) [ ]1 2, 0,1p x p x W∈  and 1

2
,n

n
τ→  0 τ< < ∞ . Then for  n1, n2 →∞  

( ) ( )( )1 1 2 1 2
1, 1, 2k

H n n n nP T d kα≥ → =  

i.e. the test constructed is consistent. In that case, an alternative hypothesis 1H  here is any pair ( )1 2,p p  

such that ( ) ( )1 2p x p x> , [ ]0,1x∈ . 
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საქართველო 

ნაშრომში ბერნშტეინის პოლინომების საშუალებით აგებულია ბერნულის რეგრესიის ფუნქციის 
შეფასება. შესწავლილია შეფასების ძალდებულება და ასიმპტოტური ნორმალობა. ბერნულის 
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