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The estimate for the Bernoulli regression function is constructed using the Bernstein polynomial. The
question of its consistency and asymptotic normality is studied. Testing hypothesis is constructed on
the form of the Bernoulli regression function. Also, the test is constructed for the hypothesis on the
equality Bernoulli functions. The question of consistency of the constructed tests is studied. © 2020
Bull. Georg. Natl. Acad. Sci.
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Let a random variable Y take two values 1 and 0 with probabilities p (“success”) and 1— p (“failure™).

Assume that the probability of “success” p is the function of an independent variable x e [0,1] , 1.e.
p=p(x)= IP’(Y = l| x) [1-4]. Assume that x, = %, k=0,1,...,n, are the points of division of the interval
[0,1] and we have Y;, i=0,1,...,n, which are independent Bernoulli random variables with

IP’(Y; =1| xi) =p(xi), IP’(YI =O| xi) =l—p(xi).

The problem consists in estimating a function p (x), Xe [O, l] , by means of the sampling ¥, Y

JEXERER "0
A problem like this one arises, for instance, in biology [1, 3, 4], also when studying corrosion processes

[5], and so on.
1. As an estimate for p(x) let us consider the following statistic

Pa(x) =D Yy (n.x), (1)
k=0

where b, (n,x) = (Zj x* (1- x)"ik , k=0,1,...,n is a binomial distribution with probability of “success”,

xe(O,l).
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24 Petre Babilua and Elizbar Nadaraya

Note that Epn Z p( jbk n, x , where B, (x) is a Bernstein polynomial of order n of

the function p( ) It is well known that if p( ) is continuous on [0,1], then nlir?an (x)=p(x)

uniformly with respect to x € [0,1] . Moreover, the order of bias Ep, (x) - p(x) is established from the

result given in Lorentz’ monograph [6, Section 1.6]. Namely, the following assertion is true.

Lemma. Let p(x), xXe [0,1] have a bounded derivative of the second order (we denote the class of such

functions by W[O,l] ). Then

(a) Ep, (x)— p(x) = 0(1

j uniformly with respectto x € [0, 1] ;
n

(b) let p”(x) satisfy the Lipschitz condition, there exist ¢ >0, such that
|p"(x)—p”(y)| < c|x—y| forall x,ye [0,1] ,

then
Ep, (x) = p(x) £ x(1=2)p" ()27 O[J

uniformly with respect to x [O, l] .
Moreover, the estimate p, (x) is free from the boundary effect, which motivates us to study estimates
like (1) for the Bernoulli regression function p(x). Note that the kernel-type estimates of the function

p(x), which we have considered in [7], do not have such a good property.

Theorem 1. Let p(x) € W[O,l]. Then
1° p, (x) is a consistent estimate of p(x) at all points x € (0,1) ;

2 (b, (x) = p(x))o” ()N (0.), x=(01),
o?(x)= p(x)(l —p(x))[47zx(l —x)}_%

where —%—> denotes converges in distribution and N (0,1) is a random variable that has a standard
normal distribution ® (x) .
Corollary 1.
1 (5, (9)- () ()= N (0.1), xe(0.1),
where
2 ()=, ()1 by ()1 -0)]

This makes it possible to construct the confidence interval for p(x) :

P =i (02, =012,
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Theorem 2.
(a) Let p(x) have the bounded derivative. Then

JnT, —d—>N(0,O'2 (p)),
T, = J.[i)" (x)-Ep, (x)] dx;

(b) Let p(x) € W[O,l]. Then

Jn T,—5 N (0,67 (p)).

T, =

n

[pn( ]dx

o*(p)=

p(x)(1=p(x)) ax.

[ S—— o'—.—-

We give several comments on the application of T

, as a test statistic for the testing hypothesis

H,: p(x) =D (x) (po (x) , X€ [0,1], is the well-known dose-response curve). This statistic is
informative because the sign of 7, may carry information on the character of an alternative when the
hypothesis H|, is not true, i.e. the sign of the test statistic indicates the direction of deviation of the
alternative from H,, . Can be shown that

1

E[ (b, (x)=po (x)) jp(x) Po (x)) s
0 0

Thus, for an alternative of the form H, : p(x) > Dy (x) the statistic 7, will have the tendency to
deviate to the right from zero, while for the alternative H; : p(x)< p,(x) it deviates to the left. Hence it
is natural to use the statistic 7, in problems of testing the hypothesis H|, against the one-sided alternatives
H; and H .

The assertion (b) of Theorem 2 enables us to construct the test of the asymptotic level ¢, 0 <a <1,
for testing the hypothesis H, , according to which p(x) =Py (x) , X € [0,1] :

Test I. Reject the hypothesis H, against the right-side alternative H;" : p(x)> p,(x), x€[0,1] when

T, Z%G(po) , where 4, =0 (1-a).
n
Test II. Reject the hypothesis H|, against the left-side alternative H| : p(x) < Py (x) , X€ [0,1] when
T, S%G(po) , where 4, =@ (a).
n
Corollary 2. Tests I and II are consistent against the one-sided alternatives H," and H, , respectively.

Corollary 3. Let us consider a sequence of Pitman-type alternatives that are close to the hypothesis H, :
1

H, : pl(")(x):po (x)+n7u(x),
where po(x)eW[O,l], OSpO(x)Spl, 0<p, <1, for each xe[O,l], u(x)>0, xe[O,l] and
u(x) € W[O,l] . Then

Bull. Georg. Natl. Acad. Sci., vol. 14, no. 1, 2020



26 Petre Babilua and Elizbar Nadaraya

Hence it follows that for alternative H, TestI for testing the hypothesis H,, is asymptotically strictly
unbiased since ¢ >0, and is equal to 0 if and only if u (x) =0 (For Test II, the argumentation is analogous).

2. There often arises a necessity to verify whether the Bernoulli regression functions are equal by using
mutually independent samplings ([8, 9]).

Let Yl-(k) , 1=0,1,...,n,, k=1,2, be mutually independent Bernoulli random variables with

(1)), (1= )1 (49,
=L is0n, k=1,2.
s
Based on the samplings YI(I),YZ(I),...,Y”(]I) and 1/1(2),1/2(2),...,1/”(22) , it is required to test the hypothesis

Hy: p (x) =D, (x) = p(x) against the alternative H|: p, (x) > D, (x), xXe [0,1].

Denote

Theorem 3. Let p(x) € W[O,l] and - — 7 > 0. Then for the hypothesis H,,
™

mn, d 2
V ny +n, 7;11”2 N(O’U (p))’

1

o® (p)= [ p(x)(1-p(x)) ds.

0

where

Note that the statistic 7,, is normed by the value o? ( p), which depends on an unknown

p (x) ew [O, 1] . However, if p(x) is not defined by the hypothesis, then o? ( p) should be replaced by its

estimate. For this, we consider two consistent estimates:

1
St = [ Ao () i,
0

Ay () =2, () (1= By (%)) —— ,, (x)(1- B, (¥))

n +n, n +n,

and
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(2 __ M n
Snlnz - Sn] +
I’ll + I’l2 nl + I’lz

Sy, s

where
- *) _ (Y
S, = (YA -Y; ), k=12.
' 2(”1«_1); e

The statistic S n, Was originally introduced by E. Abbe [10] (see also [11, 12]).

Theorem 4. Let p(x) € W[O,l] and L 57 , 0 <7 <oo. Then for the hypothesis H,, random variables
L)

1
L (Sffn) )7 T, k=12
n+ny, \ " i

are asymptotically normal with mean 0 and variance 1.
Using Theorem 4 we can construct the test for the testing hypothesis H, : p, (x) =D, (x) , X€E [O,l] .

The critical domain is established by the inequality

1
(k) _ n+n, ) \2 a
Ty 2d,, (a)=12, /—nlnz o |5 k=12,

where (D(/Ia)=l—a, O<a<l.

Now let us consider the question whether the test based on 7, , is consistent. The following assertion

is true.
Theorem 5. Let p, (x),p2 (x) IS W[O,l] and M — 17, 0<7 <. Then for n; n, -
ny

Py, (T > ") (a))—)l, k=12

miy mn,

i.e. the test constructed is consistent. In that case, an alternative hypothesis H, here is any pair ( P> Do )

such that p, (x) > D, (x) , X€E [0,1] .
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