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Mathematics

Kernel Estimations of the Density Distribution
Constructed by Dependent Observations and the
Accuracy of their Approximation by L; Metric

Zurab Kvatadze® and Beqnu Pharjiani”

* Department of Mathematics, Georgian Technical University, Thilisi, Georgia

(Presented by Academy Member Elizbar Nadaraya)

Kernel estimations of the Rosenblatt-Parzen type of unknown density distribution by conditionally
independent and chain-dependent observations are constructed. The upper boundaries for the
approximations of these densities constructed by estimates for L; metric are determined. The

obtained results are specified for the case of Bartlett kernel and smoothing coefficient a, =+/n .
© 2020 Bull. Georg. Natl. Acad. Sci.

Markov chain, kernel estimate, conditionally independent sequence, sequence with chain dependence

The construction of nonparametric estimations of the density distribution is one of the urgent issues of
mathematical statistics. Until recently estimations were constructed on independent samples. M. Rosenblatt
[1] and E. Parzen [2] considered kernel-type estimations. G. Mania constructed a multidimensional kernel
estimation [3]. E. Khmaladze and R. Mnatsakanov [4] studied a class of estimations with a kernel of a more
general type. E. Nadaraya obtained sufficient conditions for the uniform convergence of the obtained
estimation to density with probability 1 [5]. L. Devroye [6] constructed an estimate of density with a finite

number of discontinuity points. Various characteristics in terms of the metric L

[4, 6], L, [1,5] were considered as a measure of deviation of estimates from density. Building estimations
with dependent observations began. Sidney Yakowitz [7], concerning density estimation by observations
bound with Markov chain, in which Markov chain is considered by precision of general phase states, should
be noted. In [8, 9] the upper boundaries of the approximation of the density with estimations constructed
by dependent observations for L, metric are determined. In the present paper density estimations by

conditionally independent observations and chain-dependent observations are constructed. In addition,
accuracy in the approximation of density constructed by estimations on L, metric is determined.

© 2020 Bull. Georg. Natl. Acad. Sci.



40 Zurab Kvatadze and Beqnu Pharjiani

Definition 1. Denote by F the set of functions £ (x) which satisfy the conditions: f (x)is absolutely
continuous function and has nearly everywhere the derivative f”, f” is absolutely continuous function and

has nearly everywhere the derivative ', "' is continuous and bounded.

Definition 2. Denote by @ the set of functions ¢(x) which satisfy the conditions: ¢ density with compact

medium which has four continuous forth order derivatives (inclusive), gpeF, ¢"€F and

9. (x)=(Va)o(x/a).

Definition 3. Denote by K° the class of bounded densities on R with compact medium for which
k(-x)=k(x).

On the probabilistic space, (€, F, P) let us consider the two-component stationary (in the narrow sense)
sequence of random variables

{gi’Xi}[zl’ (1)

where &:Q—>Z, X, :Q—>R" and E is some space.

Definition 4. The sequence {X i}[_>1 from (1) is called a conditionally independent sequence (see [10])

controlled by the sequence {&;} _ if for any natural n and the fixed trajectory £ = (£.6,,...¢,), the values
X,,X,,...,X, become independent and for all natural numbers, i,k,n, j,, j,,..., j; (zsk <n;i<n ;

1< j, < j, <,---,< j, <n) the equalities

P = xP X xP
(X”,X]z s X )‘éﬂn Xu“fm X/z‘g/z X/A“:/A ’
PX;‘éln = PX,“@ ’

are fulfilled, where P, is the conditional distribution of the variable X under the condition Y.

4

Definition 5. The conditionally independent sequence {X ,«} in (1) is called a sequence with chain

i1

dependence [11], if {é}m is a finite Markov chain with discrete time.

Consider the sequence (1). Let &, i=1,2,. .., be independent, identically distributed random variables

and let
E={b,b,,...b} ; P(&=b)=p, ,i=Lr, p+p,+.+p =1

On the fixed trajectory &, = (£.6,,...&,) of the sequence {&} 5, » we denote by v, (1), v, (2),.-

1

v, (r) the frequencies with which the first n members of the sequence adopt the values b,, b, ,... b,.

”

Theorem 1. [5] Let us consider the sequence (3). Z Z{b ,b ,...,b,,}. The elements of the controlling

sequence {fl. }i2 1 (é‘i Q- {b] ,by,.00, }) are independent, identically distributed discrete random values

.
&= ijl(é:bj), i=1,2,.... Let for every function ¥ :Z — R', for which E¥ (&) <o, the convergence
j=1

%Z‘P(Eﬁ.)eE‘P(il)a. s., 2)
J=!

holdas n — .
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The elements of the conditionally independent sequence {X}_  are the observations of the value X.
The conditional distributions P, &=, j= 1,_r have respectively the unknown densities f;(x) (with

compact support), j = l,_r , if the equalities

A o

_ r

are fulfilled for the frequencies v, (i), i =1, , then for any natural n the estimate of f(x)=>p,f;(x) is
i=1
f;l ('x’ an ) =

value J(a,)=

L;" ik(a" (x -X, )) , where k(x) € K* is a density limited by certain finite constant and for

" (x,a,) —j_”(x)|dx is valid the estimate

EJ(an)S\/%a\/%Zr:I,/piﬁ(x)dx+

i=l S

dx+—z\/7+0[\/7j 3)
If also ﬁ(x)eF,izl,_r,then

ay z [ x)dx
EK%KJ;QJ;;i S, (x)dx +
Hf" ) +—= Zf+o[\/7J @)

Tk2(x)dx, ,B=Tx2k x)dx

—0

+

(f*0,) ()

s |

2
2 n =1 a>0 _p

where

Corollary 1. If in the conditions of Theorem 1 k(x) represents the Bartlett kernel
_ I _ 3 1= x2
k(x) =k (x) - Z( e )I[\x\sl]

then for arbitrary natural n, the estimate of density f (x)=Y_ p, f; () will be the sum

£ (x, J Za [a,(x= X)) (5)

[‘X—X,‘SL]
aﬂ

and for the value J(a,) = j |J7” (x,a,)— f(x)|dx the following estimate is valid

Ej(an) < /35%\/%2 j . f;(x)dx +

i=1 "o
+a—2plsupj

dx+ Z\/7+0[\/%J (6)

fi*0,) NE)
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Also, if 7, (x) eF, i= I,_r, the following estimate will be valid:

EJ(a,) < /%\/%Z]Z p.f(x)dx +
OIZp,Hf”(x)d)H Z\/7+0[\/7J @)

n i=l
. . . P a, W
Corollary 2. If in the conditions of Corollary 1 if we select the f, (x,a,)= E) > k(an (X—X,v(,-)))»
Vn l J=1 '

i=1,2 sequence by the a, =~/n formula in the conditions of Corollary 1, the estimate of density

f(x)= Z p.f;(x) for any natural n will be the following sum:

7 (xn) === =nx-X) 0, (8)
J;

pt =X 20

and for the J(+/n) = f,

~n )— ]_"(x)‘ dx value, the following estimate is valid:

EJ(\n) < Jizj p.f(x)dx +

i=l _

dx+_z(+o( ] ©)

Also, if f,(x)e F,i=1, 1,7 the following estimate will be valid:

EJ(I)_[\FZJN/pﬂx dx+

Zp,.”f”(x)dx+ z\/>+0{ j (10)

+_ZP sup J.

a>() —0

)" ()

Theorem 2. Let in the sequence (3) {X ; }i>1 be the sequence with chain dependence, the elements of which

represents the observations on value X. The conditional distributions, PX[_‘ &=b,? j=1,7, has the unknown

densities f;(x), having the compact supports, j =1,_r. Then for arbitrary 72 estimate of density

f(x)= iﬂ'if; (x) represents f, (x,a, ) =

a”zn:k(an(x—Xi)), where k(x)eK' and for wvalue
n iz

J(a,)= x)‘dx is valid the estimate

EJ(a,)< \/Za\/zzr: T 7 S (x)dx +
n \'rm

i=1 S

f ,) (x)}dx—i— zﬂ/c(ﬂP)+0[\/7] (11)

,,11 a>0 —0

Ifalso f,(x)eF, i=1,_r, then
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EJ (a,)< \/Za\/zi _T 7T f (x)dx +
n \r

i=l o

,,11

227[ ‘f"(x) X +— 21/0(7ZP)+0(\/7] (12)

Corollary 3. If in the conditions of Theorem 2 k(x) =k (x) = Z(l -x )I[\x\su then for arbitrary natural n,

the estimate of density f ) Zﬂ' f Will be the sum

— 3 n 5
fu(w.a,) =7 3 (=L, (= X )P

13
[-X; \sui] (13)

and for the value J,(a,) = [ |/,

x)‘dx the following estimate is valid

EJ (a,) < /%gif./ﬂiﬁ(x)dx+

i=l _n
0.1 T
+a—22ﬂf@f

n i=1 a>0 _op

—o0

(f#0,) ()

dx+—z1/c (7, P)+o[\/§J (14)

Also, if f(x)e F,i=1,r, the following estimate will be valid:

EJ(a,) < /%Eif,/ﬂiﬁ(x)dx+

i=l

0127[ ‘f”(x) dx+—z,/c(7r P)+0[ = j (15)
n i=1
. v, (1)
Corollary 4. If in the conditions of Corollary 3 we select the f, (x,a,)= az.) Zk( ( )))
Vn l J=1

i=1,2 sequence by the a, =+/n formula in the conditions of Corollary 1, the estimate of density

;f( x) = i z.f ( x) for any natural n will be the following sum:

i=1

7, (xfn) = \/;Z(l nx =X, (16)

1
i=1 ‘ -X; ‘ST]

and for the jl(\/;) = _n

~n)—f (x)‘ dx value, the following estimate is valid:

EJ([)ST\/iz_[,/ﬁf(xdx+
+—Z7Z' supj dx+—2\/C (7, )"‘0[ j (17)

, = l,r, the following estimate will be valid:

fix0,) " (x)

Also, if f (x) eF
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44 Zurab Kvatadze and Beqnu Pharjiani

EJ,(m) < fZHﬂf(x dx+

i=l _p

dx+fzm+o[ j (18)

Therefore, we built nonparametric density estimates with conditionally independent and chain-

+— z Hf"(x)

dependent observations and determined the approximation densities with these estimates.

The method used to validate the theorems is to transit from a mathematical wait to a conditional
mathematical wait during the observation of a &, = (&,&,,...,£,) trajectory.

The sum to be considered on fixed trajectory is divided into several summons. One of them is the sum
of independent summons on fixed trajectory. After some transformations, it results as a type for which
famous results are used from the theory of building of estimations with independent observation [6]. For

estimations of the rest of the sums inequalities of Fubini and Helder are and the characteristics of the
governing sequences. For the estimation of all summons are because the v,(i) and f(v, (7)) functions

(when f € L,(—o0,0) are measures toward c-algebra induced by the division of the €2 space generated

by the fixation of the &, trajectory [12]. Because of this, they are taken out of the conditional mathematical

waiting mark.
The method used allows for the future to consider the estimation of various parameters by dependent

observations.
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