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The paper presents algorithms for calculating the main characteristics of Q— analysis, obtained on
the basis of the theory of fuzzy sets. An urban system is a collection of a finite number of objects:
many different population groups (P), many people's interests (A4), many buildings (B), many
streets (S) etc. The structure of an urban system, in which various dynamic processes develop, is a
set of mathematical relations A = {4, ui...} that exist between these sets 4, B, S, P,... Knowledge of the
relations A, p... allows us to discover the structural connection between them and to trace the

development of the chain of connections between various functional objects in the space-time context.
Usually, in order to clearly show whether a given relationship exists between any elements of these
sets, we use the so-called Q-analysis method. In other words, to show the existence of a given

relationship between the elements of a set, we use the characteristic function of any subset of the
Cartesian multiplication of these sets. But, in many cases, if the connection between some elements
of two sets is insignificant (small) in comparison with other connections, then when using the Q-

analysis method, such a connection is considered zero. It is clear that further use of the model
obtained with such an assumption loses a lot of information, which can lead to erroneous results,
possibly even to a catastrophe. The approach presented by us allows us to overcome this problem by
introducing fuzzy sets. In this case, the elements of the incidence matrix for Q-analysis are not 0 and

1, but the membership function of fuzzy sets. In the same way, to characterize the “connection”
between elements of two sets, we use not the characteristic function of any subset of the Cartesian
product of two sets, but the characteristic function of a fuzzy subset of the Cartesian product. © 2021
Bull. Georg. Natl. Acad. Sci.
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An urban system is a collection of a finite number of objects: many different population groups (P),
many interests of people (A), many buildings (B), many streets (S), etc.

The structure of an urban system, in which various dynamic processes develop, is a set of mathematical
relations A= {A, u...} that exist between these sets 4,B,S,P,...

Knowledge of the relations A, u... allows us to discover the structural connection between them and

trace the development of a long chain of connections between objects of different functional purposes in a
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space-time context. For example, how actions taken in the service sector will affect infrastructure, transport
capacity, demographics, environmental situation and much more. This allows us to systematically evaluate
and predict all processes caused by our actions that are or may be launched in the city system.

Usually, in order to clearly show whether a given relationship exists between any elements of these sets,
we use the corresponding incidence matrix of this relation — a matrix whose element is 1 (when there is a
given relation between the corresponding elements) or 0 (when there is no given relation between the
corresponding elements there ), i.e. we use the so-called Q -analysis method [1]. In other words, to show
the existence of a given relationship between the elements of two sets, we use the characteristic function of
any subset of the Cartesian product of these sets.

But, in many cases, if the connection between some elements of two sets is insignificant (small) in
comparison with other connections, then when using the Q-analysis method, such a connection is
considered zero [2]. It is clear that further use of the model obtained with such an assumption loses a lot of
information, which can lead to erroneous results, possibly even to a catastrophe.

The approach presented by us allows us to overcome this problem, in particular, to extend the Q-
analysis by introducing fuzzy sets [3]. In this case, the elements of the incidence matrix are not numbers 0
and 1, but characteristic functions of fuzzy sets. In the same way, to characterize the “connection” between
the elements of two sets, we will use not the characteristic function of any subset of the Cartesian product
of two sets, but the characteristic function of a fuzzy subset of the Cartesian product. For example, if 4 is
the number of city streets (or different buildings), and B is the number of public transport routes, then to
determine how convenient a particular route is for residents of a particular street (house), it is better to use
an inappropriate characteristic function, and the characteristic functions of fuzzy subsets (for example:
“convenient”, “inconvenient”, etc.).

We think that in situations like the one given in the example, the models built on this approach will
allow us to better assess the structure of the system [4] and its resistance to various disturbances [5].

Suppose that 4 = {a,;a,;...;a,} and B = {b,;b,;...;b,} — any sets, and we characterize the
relationship between these sets by some linguistic variable. Let X'; X?;...; X? denote the corresponding
fuzzy subsets of the considered linguistic variable, and u, : 4x B —[0;1] (for each pe [L_Pﬂ — denotes
the characteristic function of a fuzzy subset X ” . We assume that for each pair (a_;b,) there exists at least
one pe [L_Pﬂ such that u, (a;;b,)=1.Let X denote the support of the characteristic function ,l_tp the
set of all pairs (a;b) € Ax B satisfying the condition x,(a;b) > 0 . Since our goal is to study the relationship

between different subsets of the system under consideration, we consider the case when the condition is
satisfied: U?_, X7 = Ax B , however, it is possible to sort the sets X by levels. In other words, if p, > p,

then X” denotes a higher degree of connection than X*> (For example, if the relationship between the
elements of the set 4 and B is characterized by the linguistic variable “connection”, fuzzy subsets can be:
X'~ “No connection”, X> — “Weak connection”, X° — “Medium strength connection”, X*— “Strong
connection”).

We form the corresponding “fuzzy matrix” of the relation A as follows: for each s e [L_S] relR],

the element at the intersection of the corresponding row and column of the matrix A (denoted by (a,;b,)

symbol) is admittedly a vector:
(a;b,)=(w(a;h, ) 1 (asb, ). 1, (ag;b,)) .

That is, the corresponding "fuzzy matrix" of the ratio 1 between the elements of the set 4 and B :
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(ash) (asb,) - (asb;)
(a3b) (b)) o (abg) |.

A=

(ag:b) (agiby) .. (asiby)
Construct the vector of the corresponding structure of the fuzzy relation given by the “fuzzy matrix”.
Let's compose the transposed matrix of this matrix:

(asb) (aypb) ... (agh)
/\T: (al.;..bZ) (az.;“bz) (“s;bz).

(aysby) (aysbp) - (agiby)

We need to calculate the product of the matrices A and A" . To do this, we first need to determine the
scalar product of two vectors by the set (we call the dot product of two vectors by the set, because we use
it in accordance with the rules proposed by Zade [3]: if 4 and B are fuzzy sets and for each element x of
the universal set A(x), B(x),(AN B)(x) and (4 B)(x) denote the value of the corresponding attribution
function on x , then (4N B)(x) = A(x) A B(x), (AU B)(x) = A(x) v B(x) , where:

A(x) A B(x) =min{4(x), B(x)}, A(x) v B(x) = max{A4(x), B(x)}):
(a;3b,)(a;3b,) = maximin{u, (a;b,); 1, (a;3b,)} s

In particular, when n =r, we have:
(a,:5,)(s,:b,) = max {min {1, (a,:b,): 1, (a,:5,)} .

Since we are considering sets with a finite number of elements, for each s, j and 7 there will be one or
more p € I,—P for which the maximum is attained. Let p,(s, j,#) denote the largest of such p —s. Consider
a fuzzy subset X” o(+77) The product of matrices A and A" is called a fuzzy matrix, whose element ¢ ; is

given by the formula:

¢y = max{X”“(s’j’r) }

1<r<R

Since the subset X 7 is sorted by levels, the element ¢ is a fuzzy set X7, for which there is at least

max

one element b, in the set B such that u, (a;;b,) =7, {1, (a.;b,)}, where p is the largest of these
numbers. in other words, the element ¢, is the undefined subset of X7 that has the greatest “weight” for
b, (a ;b)) with p being the largest among such numbers;

If s# j,then ¢ isan undefined subset X" for which there exists at least one element b, from the
set B such, that yp(as;br)zgxsp {m,(a;;b,)} and yp(a].;br)zl";a;;p {1 (a;;b,)} where p is the largest
such number.

Elements a; and a ; are p -connectivity, if there is m > p such that ¢, = X" .

For each p,0 < p < P, construct the subset 4” of the set A in the following way: a_ € 4" if ¢, = X"
and m > p . We represent the set 4” into subsets (equivalence classes) as follows: two elements a, and
a; of the set 4” belong to the same equivalence class if and only, if they are p -connectivity or if there is

some sequence of elements of the set 4", the first member of this sequence is ag, the last member isa,,
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and any two subsequent members of this sequence are p -connectivity. Let O denote the number of

equivalence classes of the set 4”.
The vector Q =(0,:0,;0,;...;0,) is called the vector of the structure of the given relation between the

sets 4 and B .

Each Coordinate O, of the structure vector, for each 0 < p < P, shows "geometric obstacles for the
exchange of information on the level p ( p of the degree of connection) between the elements of the set
A" . The larger the number Q,, the greater the obstacle to establishing a level p connection between the

elements of the set 4”.
Suppose that p, €1; P . Let's introduce the notation:

q,(p,) =#{r: thereis p> p, such that u (a ;b )=1}

(As noted above, for each pair (a ;b,) there is at least one p € I,_P such that u(a,;b,)=1);
Ifs#j:
#{r s there exists p, > p, p, > p, necessarily that u, (a,;b,)=1, u, (a_}.;br) =1.

q,(py) = ,
0, If such r does not exist

q,(py) = maxiq,(p,),j €[1;S].j #s}.

In other words, ¢, (p,) shows how many different channels can be connected (exchange information)
element a, of set 4 bylevel p, or higher, with any other member of set 4, whereas g (p,) indicates the
maximum number of channels atlevel p, or higher through which it actually connects to any other member
of set 4. q,(p,)>q,(p,) means that a, is in some sense different from other elements.

The parameter calculated by the formula:

4, (py)-4,(py)
q, (po)

Ecep, (“s ) =

is called the eccentricity of the level F, of the element ag of the set 4 .

The eccentricity of the p, level of the a, element indicates the degree of "separation", the "uniqueness"
of the ag element. It is clear that the "uniqueness" of the a, element, the degree of "separation” will be
greatest when ¢.(p,) =0 when the ag element cannot communicate with another element (exchange

information) even at the F, level.
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W@EOsbmmo  LobGgds FomOmoabl LsGMmmo  GMsmEgbmdol  Mmdogddgdol  9HoMIEOMDIL:
3o3bmgMydgemoms Lbgoslibgs xR LdMmsZgEY (P), 5¢s305bms 0bEgMglgdol LodMsgwy (A4),
99bmdsms LodMsgerg (B), JmPgdol LodMmsgery (S) s bzs. MBS LolEIol LEGMIGMOS,
HmMIgEBIEG 30MIMEIDds bbgsalbgs ©obsdogm®o 3MmEglgdo, FsMmdmaygbl dsmgds@ozmd
00050090505 A = {4, ui...} LodMZEgL, HMOEgdoE sGLYdMdI6 58 4, B, S, P,... LodMsgergos dmGob.
A, pt... 0005600909006 3m©bs Bsdmoengdsl 335demggl s®dmgsBobmo LGOMIGHMOo dMEMdS
0500 BmMol s M350 350936mm Lbgsslibgs BMbJgowMo ©sBbodbmmgdol MdOYJEIdL TmMols
03mermdols x53300 396300m5MYRdME Bmgaobgdl, LogMEg-Mmom Fhodo.

B39mmgdtog, 0dol mzgsebishobme Bggbgdolsmgols, sGLGdMBL 0wy sMs 58 LOAMmZgEgIdOL Gsody
9g0963g0L 8ol dmggdmemo 300sMogds, gLsMgdMdm 9.5, O -56semobols dgmmooom. bgs
Lbogyzgdom Gmd 30g3sm, Mo LodMmsgerol gugdgb@gdl BmGol dmEgdmeo  dodsmmgdols
5GLgdMdOL  mgsemlsBobme  Bggbgdolsmgol  FLstgdEmdoy 58 LodMagerggdol  ©YIOEIMO
6536530l M08y Jaglodmogumols dsbsliosmgdgumo gmbdaoom. dsgMsd, bdo® 3gdombggzsdo, 0y me
LodMsgEgms  33M339Mer  gergdghGgdl BmMol 3sgdoto Mol  mdbodgbgemm  (Bgotg) Lbgs
3939069006 BgsMgdom, 35306, O -5bs¢groBbol gommeol gsdmygbgdolismgol slgm  Jsgdoml
900Bby396 bmems. 3boos, sLgmo ©sdzgdom domgdmeo dmegerol dgdmgmdo gsdmygbgdols
©OML 0356905 95330 0bgm®MTs30s, Msdsg Tgodergds 30a30y356ml sMLTmem dgwgagds3wY,
99530909 0s J9GUGOMBA®YS. P3gb dogh FoMdmmpgbogro dompmds, 1sdwmsmgdsls ag9degals
©533como smbodbmero 3HMdENYds, SM83sg0m d0dsMmmgdgdols Bgdm@sbom. s3 dgdombggzsdo,
0 -5b5emoBobsmgol 0b3obwgbddmmdol dod@ogol gargdgb@gdos M5 0 s 1, sGsdgE SMsa-
39500 LodGmsgegoms do3mmgbgdol Bmbdsogdo. gl 0g303gs, MM mGo LodMsgol gugdgbdgdl
9mMHol  30MMIOOL, ,39300MHOLC  ELLELLOSMYPIMsE ZLsMPGBMIMD 5Ms MG  LodMsgerols
©935O@ Mo bsdMsgeol 03y Jggliodmegerols dsbslosmgdgmo BmMbdgoom, s®sdgE ©IIM-
Ao bsdmsgol ss93580m J3gliodMmsgmols dozmmgbgdol gwmbdaoom. bsdGHmddo dmygsbogros
0 -3bsgroBbol 360dzbgemmgsbo  Tsbsliosmgdergdols gsmgmols seram®omdgdo, domgdwEo sGs-

935330m LodMZ3ergms MYMMOOLS s B035MMYB0S Logmdzgeby.
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