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p° and ® meson states and p— o mixing in the relativistic quark model with SU(2) symmetry breaking
are considered. Mesons, as the qa quark-antiquark bound states, were previously studied within the
framework of relativistic quark model with the condition of symmetry SU(2) conservation, i.e.
m, =m,. With this consideration, the masses of p° and o mesons are equal. But the charge, or isotop
symmetry SU(2), is broken because of the small mass difference between the up and down current
quarks. As a consequence, the physical p° and ® mesons are not isospin eigenstates, but contain a
small admixture of states with different isospins. This phenomenon is known as p—® mixing. In

addition, the masses of physical p° and @ vector mesons are different. Since the masses of the current
uo and do quarks are different, it can be assumed that the corresponding constituent quarks masses

are also different m, # m,. The states vectors of physical mesons as a linear combinations of the

states vectors of uu and dd , bound systems with different masses, are represented, in which mixing
is expressed by the presence of a small mixing parameter . Expressions are obtained for the mass
mixing parameter €m, the real quantity, and for the meson states mixing parameter &, complex

quantity. Both parameters are expressed by the masses of mesons and bound systems uu and dd.
Expressions are obtained also for quark charges Zpu and e , which depend on the isotopic states of

mesons. The meson decay constant is generalized to the case of breaking of isotopic symmetry. The
calculations were made using the Salpeter equation with the oscillator potential for the confinement.
Several sets of constituent quark masses and the potential parameters were found, which describe
well the states of p° and ® mesons, p—® mixing and give the leptonic decay widths of p® and ® vector
mesons, which are in very good agreement with experimental data. The obtained results, sets of quark
masses and potential parameters, can be used in considering the states of other mesons.
© 2021 Bull. Georg. Natl. Acad. Sci.

Bound systems, mesons, relativistic quark model, Salpeter equation, mixing parameters, lepton decay width

Mesons, as the quark-antiquark qc_l bound states, were previously studied within the framework of

Relativistic quark model (RQM) based on Bete-Salpeter equation in its instantaneous approximation, i.e.
Salpeter equation (SE) [1,2] and many their properties are successfully described with the condition of
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SU(2) symmetry conservation, m, =my (see, e.g. [3-6]). With this consideration, the masses of p° and
® mesons are equal. However, there is a small difference between the masses of u, and d, current quarks,

SU(2) symmetry is broken. As a consequence, the masses of physical p° and w vector mesons are

different. They are also not eigenstates of isospin with values I =1 and I =0 and contain a small admixture

of states with =0 and I = 1, respectively. This is one of the reasons for the p° —® mixing. Another reason

for mixing in the quark model can be interaction which mixes the states uu and dd.

States of p° and ® Mesons and p—» Mixing

The observed breaking of isotopic symmetry is small, so the mixing of states can be represented as a linear

combinations of the mesons states with isospins I = 1 and I = 0 containing a small mixing parameter £ [7]:

{|p>=lpl>—8|w1>,

% 1
) =Jor) +'[py): “

Isospin eigenstates with values [ = 1 and 1 = 0 and with projections I, = 0 in the relativistic quark model

with conservation of SU (2) symmetry are known (mu = md) :
o 10) fo) 7))
|,.00) :|@>%[‘ua>+‘da>]

|(p> describes the spatial states of bound systems and ‘q(_1> are vectors in isotop space. Since the masses

(2a)

of the current u, and d, quarks are different, it can be assumed that the masses of the corresponding
constituent quarks in RQM are also different m,, # m, . Hence the state vectors (2a) can be taken as linear

combination of the states vectors of uuand dd bound systems:
‘Pu6>_|“’d3>}’
‘Puﬁ>+‘q’d&>]

(pqi> the product of spatial state vector of the qa bound system with total momentum J = 1 and

i) 5]

(2b)

jon) =

Here

isospin space vector ‘qc_1> . States (2b) are no loger eigenstates of isospin. State vectors | (pua> and |(p d&> are
orthogonal because the vectors ‘ua> and ‘da> are orthogonal. We will not discuss the color state, it is

known and the corresponding contribution will be included in the task parameters.
Now consider p—® mixing. Let us introduce a new basis of real p° and  mesons states. The new

basis vectors |y ) can be represented following the formula (1):
1
‘WPO > = ‘(pp;’ >_8‘(\DOJ1 > :ﬁ[(1_8)|¢uﬁ>_(1+8)|(Pdaﬂ’
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€ is a small mixing parameter, complex number with real €, and imaginary €; parts. In calculations

we will take into account only members of first order by parameter ¢ . In this approximation, the states (3)

are also orthogonal.

SE for Calculations

For calculations, we use the RQM based on SE. The properties of this equation are well known (see for egs.
[2,8]). Equations for the wave function (WF) of the bound state of two fermions with mass My in the c.m.

frame (f)1 = —f)z = f)) can be written as:

95 (p) =G, (MB;B)jé—pr(ﬁ,l?’)ch@ @
T

and

B} AGH AC (55
G, (MB;P): (pppz) __ 2w (p1>P,) Y@y =
—(“)1 tm,)+ie MpH(o,+o,)

)
- [MB ~hy (py) =12 (P )T (p)y} ®Y5-

Here: V(f), ;7) an interaction potential with a definite spin structure, AS £) (131 , 132) = Agi)(ﬁl)A(;) (132)

@5 ihi(f’i)

Agi)(Pi) = o 0; = \Imi2+f)i2 , hi(p)=7° (vp +m;) is standard Dirac Hamiltonian and

i
projection operator (p) = [Ag” (f)l,f)z ) - AS*) (f)l,f)z )] )

Let us introduce the "frequency components" of the unknown WF ¢g (f)) by the definition

o) = D 05" (), 0™ (D) = A5 ™ (p).p,) s (D). (04,8, =+,-).

0,0

In the case of SE, the components (p;?) (f)) =0, 1ie. 0; =0, =0 . Therefore, the WF is the sum:

os(P) =05 (P)+ 0% ) (p). (6)

The solutions of the Salpeter equation satisfy the normalization condition:

(¢B|¢B>=f(2q) [ ‘*”(p)\ o (‘>H=2MB %)

SE (4) can be written as an equation for the eigenvalues of the mass My of a bound system:

Hpop (I—") =Mpop (I—"),

Haos @) =[ 0, (51 ) + 12 (p2) [oa @+ 13 | %v? ®Y3V(p, 095 (0): ®

For calculations we write down WF (2) and operators in SE (4) in matrix form. Potential of quark
interaction in matrix form:
Vi ®P) Vg gq(e:p)

V) =| T -
Vda—ua (p: p) Vda—da (pa p)
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takes into account potentials of all possible interactions of two fermions. But it can be assumed that the

interaction that would mix uu and dd bound systems in the case of p® and @ mesons should be weak

enough due to the slight violation of isotopic symmetry and small difference between the masses of these
mesons. It is also known that the main contribution to the mass of bound quark systems is made by the
confinement potential (see eg.[4,5]). Therefore, we will consider the problem only taking into account the

strong interaction. Let us write the equation (8) for states (2) in matrix form:

[0z [|Hoa®og® 0
Ho . (@) =H| "~ |= NN
] 043(P) 0 H, 1(0)(Fo )
n-G 0 = Vo (PoP)0 () 0 ©)
uu p) dp o o| uu-uu P.P)®; (P
+ .[ 3’},1 ®Y2 - -
0 M) (2n) 0 Vg 10D (£0,50))
We get two equations:
i - i i d—' 0 0 B "y
M50, () = H, 500,z (0)+T1: ()| ﬁ% ®13V,5 5 (PPIO, (P,
T
(10)

- - it - ¢ dp 0 &0 gy ]
M 30,5 =H_ 3(P)e,5() +11 3 (p)jﬁvl ® Y3V, 53 43 (0P 5 (P

They differ by masses of two interacting fermions. Masses of real mesons Mpo and M, will be
expressed by masses M - and M .

Let us write the Hamiltonian matrix for the states of vector mesons p; and @;:

H H

op [010)

H_ H,
H@={W P},Hw=@4mm» an

Mixing Parameters of Mesons Masses and States

According to the WF normalization condition (7), in basis (2b) we obtain:

H

_ 2 a2 2
(pp?>—2Mplo =M2-+ M,

H = <(p R
pp Pr (12)
H(D

2 2 2
0 = <(‘D“’1 ‘H‘(P“’l > - 2M‘”1 = Mua +Md&'
The masses Mpo and M are equal, as they should be. For masses of real mesons in basis (3) we obtain:
I I

<WP" ‘H‘WP“ > - ZM;‘ - (Miﬁ +M§5)+ 2e, (Mia -M2 )

(vo[H]w,)=2M} =(M] +M§H)—2s,(M§a—Mia). -

uu
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Masses Mpo and M, contain only the real part of the mass mixing parameter. From the calculation

results presented below, it will be seen that we can consider the mass mixing parameter itself as real [9].
We will denote it as €,, = €,.. From the sum and the difference of equalities (13) , we obtain:

Mg+ M2 = (M2 + M ), (14a)
2 2 2 2
M2~ M2 =-2¢,, (M35 - M2 ) (14b)

and expression for the mass mixing parameter and the masses of mesons:

[Mz M2 J

(0] po

g, =—————=, (15)
2 2

Z[Mda—Mua]

M, = JB(Mj +M§a)+gm (Mj& —Miu)},

M, = \/B(Miu +Mﬁa)‘8m (Mﬁa ‘Miu)}-

The connections between the masses of mesons and the masses of uu and dd systems will allow to

make a choice of masses of constitutuent quarks.

From the condition of diagonality of matrix (11) in the basis of physical mesons (3), we obtain:

(Pp?>:>(ww|H‘wpo>+8[<\vpo H‘\vpo>—(ww|H|\vw)} =0

and define the states mixing parameter

H,,, =<<pr ‘H

(volHlv,)

- . (16)
(Vo |H|"’w>_<"’9 |H|"’P>

. 2
L i
Taking into account the resonant nature of mesons, we make the replacement M%, = (MV —EFVJ .

Then the value of the state mixing parameter is defined as:
(v IH‘ v, >
P

2[(1\/{@ —iMwl"m)—(Mi‘, ~iMT H

and this is a complex quantity, in contrast to the mass mixing parameter ¢,, .

(17)

E=

Leptonic Decay of Vector Mesons

The solutions of equations (11), WFs ¢ - (f)) and @ 7 (f)) , allow the calculation of the leptonic decay widths

of p° and ® mesons. Let us consider, the decays of mesons p; and o, described by states (1). For the

decay widths of a vector meson V in the lowest order of charge e, we have the expression (see for example
[2,10,11]):
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2 — 2
r(v—>e+e—):4“T“MV ‘fv , (18a)
where
— 1 —
Fo - Besy (15b)
My
is decay constant of meson: ev quark charge (in a proton charge unit) corresponding to the isotopic state
- 1 - 1 1
of the meson and this: ¢y> =—, e, =——=; — contribution of photon. f;, = f - is the contribution
p \/5 9] 3\/5 MVZ v qq
of the meson, which is determined by the WF V', qa(Lsm) (fa) , the solution of the SE written for the fermion

and antifermion system [2,8].The connection between wave functions Pa (f)) and ‘}’qc—l (f)) is known (see

e.g. work [2]). Three identical diagrams describe the meson decay process due to the three possible colors
of the quarks, and for this reason in the decay constant appears NE) [12]. The WF of real mesons (3) are

sums of WFs each term of which will contribute fqi (qc_l = ua,da) to the decay constant which can be

written using the contribution f,- . In this case, the expressions for the isotopic structures of p° and ®

mesons that determine the charges of quarks are as follows: ( folfg= t)

po:%[t(l—g)‘ua>—(l+s)‘da>} w:%[r(l+s)‘ua>+(l—8)‘da>}.

For charges of quarks we get:

o :%{t(l—s)é—(us)(—%ﬂ, o :%{t(1+8)§+(1—8)(—%ﬂ. 19)

- 1 - 1
If the isotopic symmetry is maintained (& = 0), we get a known result ep°, =—= and ey, = —F—.
( ) g P \/E ®; 3 \/5
By breaking the symmetry, the charges change and they already depend on the mixing parameter € .

For the decay constants we obtain:

fp\w = Mpoz €p° \/gfda’ fw :M_wzem\/gfda. (20)

According to formula (18a), for the decay widths we obtain:

o o\ _ 4no? — P 4no’ - Pa| Jad
(p° —>e'e)=T, = T M| 7| = M, ep‘ 3 il (21a)

p

o) 4no® -2 4nd® -2, S ’
F(m—)e e )=Tw= M[7, :TMw‘em‘ 3 ik (21b)

As in the case of the meson masses, only the real part of the mixing parameter € appears in the

expressions of the quark charges, and hence in the decay widths.
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Calculations and Results

For potentials ti—qi (f), 17) in SE we used the operator

v, (ki) = (Ky;’ ®y5 +(1-K)1, ®12)VC (v) (22a)
with oscillatory confinement potential V, (r)
Hpp©F m;m
Vo (r)=| Vo +—=2=2r? |, pyy =——2-,V,<0 (22b)
2 m,; +m,

in mometum space. The operator (1{“{? ® y‘; + (1 —K )11 ® 12) defines the spin structure of the potential in

the Dirac space. The i parameter determines the contribution of the fourth component of the vector and
the (1-x) contribution of the scalar; V, and ©, denote parameters of the potential. In order to solve the

system of equations (11) rewritten for the "frequency components" (pgiai) (f)) , we used the partial expansion

of the equation and the expansion of the corresponding radial WFs R(i:io)n(p) in a series in the basis of the
qa.

oscillatory WFs [2,6,13].
For selection of potential parameters we use some consequences of early works, both ours and other

authors. In particular, we use for the parameter # value from an interval 0.3 - 0.6 [13]. The parameters of
the potential V, and o we determined from the condition (14a). In particular, we chose the values of the

point “r = z», at which the potential is zero, from the interval 0.8fm < z <1.0fm [3-5], and then determined

0y =42V, / u,,z> . By solving equations (11), we obtained the masses M -, M5, which satisfy
condition (14a), and radial WF R(iil)] ), Rffoil)l (p) - The fulfillment of conditions (14) gives the values of

u,

the masses: Mpo =775.26 MeV and M, =782.65 MeV [PDG2020].
Calculations have shown that there are stable solutions of the SE for the certain quark masses with
potential parameters x > 0.4 and 0.9 < z <1.0 fm, as well as for k=0.3 and z=1.0 fm. The small

. s} . . .
difference between masses of K* and K° (K ) mesons suggests a limited difference in the masses of

constituent quarks Am=my —m,. We performed calculations in search of sets of quark masses and

potential parameters that would give reasonable leptonic decay widths. The best calculation results are

shown in the tables.
For all the calculations carried out, the ratio of contributions f,,, / f,;; is close to unity. The widths of

lepton decays of p° and ® mesons [PDG2020] are equal to Fpo =7.04+0.06KeV, I', =0.6+£0.02 KeV

and their ratio is determined in the interval

11.26<T, /T, <12.24. (23)
For lepton decays p°, and ®, mesons (&=0, M, = Mpo ), the mass of which are equal, this ratio is
1

-2 -2
equal to 9, as well as the ratio of squares of these quark charges ey, and ey, . For real p° and ® mesons,
according to formulas (23), this ratio depends on the masses of mesons, which are no longer equal, and the
-2
ep°

- 2
quantities and ‘em‘ . As a result, from the tables we see that the ratio of decay widths depends on
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the value Am and varies from about 10 at Am=5MeV to about 12 at Am=11MeV. In the case of z=0.9
fm, this ratio reaches 12 already under Am=10MeV.

Table 1. Mixing Parameters of Masses and States

my m, Am V| O, —& £, € Kz
297 287 10 575.95 555.19 0.1651 0.0167 0.1582 0.3;1
297 286 11 572.69 554.10 0.1500 0.0184 0.1741 0.3;1
271 261 10 539.70 563.10 0.1678 0.0165 0.1557 0.4;1
272 261 11 543.76 564.70 0.1526 0.0181 0.1712 0.4;1
243 233 10 512.84 580.32 0.1685 0.0164 0.1550 0.5;1
244 233 11 517.94 582.62 0.1533 0.0180 0.1705 0.5;1
222 213 9 565.20 708.10 0.1655 0.0167 0.1579 0.4;0.9
222 212 10 557.96 704.40 0.1489 0.0185 0.1755 0.4;0.9

Table 2. Meson Leptonic Decay Widths

my m, | am | el ‘;m ‘2 r, r, | I,/T, Koz
297 287 10 0.4795 0.0423 7.019 0.60 11.67 0.3;1
297 286 11 0.4774 0.0410 6.976 0.58 11.97 0.3;1
271 261 10 0.4793 0.0423 6.983 0.60 11.65 0.4;1
272 261 11 0.4774 0.0411 7.035 0.59 11.94 0.4;1
243 233 10 0.4789 0.0422 7.017 0.60 11.67 0.5;1
244 233 11 0.4768 0.0410 7.085 0.59 11.96 0.5;1
222 213 9 0.4772 0.0416 7.107 0.60 11.80 0.4;0.9
222 212 10 0.4746 0.0402 7.016 0.58 12.153 0.4;0.9

EXPERIMENT 7.04 0.6
Conclusions

The description of p° and ® mesons states and p—® mixing in the relativistic quark model is considered

taking into account the violation of SU (2) symmetry.
Expressions have been defined and calculated: a) parameters of masses mixing €, and states mixing €

of mesons; b) charge values Epo and e, corresponding to the changed isotopic states of mesons; ¢) lepton

decay widths of vector mesons in the case of SU (2) symmetry breaking.

Several sets of values of constituent quark masses and the corresponding potential parameters are
determined, which describe well the states of p° and ® mesons, p—® mixing and give the values of the
leptonic decay widths of mesons which are in good agreement with experiment.

The obtained sets of quark masses and potential parameters can be used in considering the states of

other mesons.

The author is grateful to Dr. Alexander Machavariani for his support, useful comments and discussions.
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(Ho63my9bowos 5350093000 §ggMol o. byarsdzoeol dog®)

2956bommos p° s @ AgHBmbgdol BEyMIsMmgmdIdO S P—m JJMHYZS HIWSGHOZOLEHTIO 33503 M
9cmgedo SU(2) LodgE®mool sm®mzg30m. I9Bmbgdo, Bmam®a 335M30Ls s 96¢ 0335030l ddwwo
90pMAsMxMdId0, 50Mg ogm dgLFsgeromo HEs@EHo30LEMMO 3350 3w dmEgEol BsMymgddo
SU(2) bodg®@oob 8gbsbgom, sbvy, m, = m . sbgod 3sbboegsdo p° s @ dgBmbBgdOL Islgdo Emeos.
053M53 ImbEm@o, SU(2) LodgEH™mos w s do Egbol 33363900l Tsbgdols Iz0cg gsblbgsz9d0L gs9m
©OM3IME0s. §J©JAW, P° ©s ® 33Bmbgdo 3G FoMmdmswabgb obBmEHM3m@mo b3obol Lszmmsm
0009350 9MdIOL s 89035396 9BLb3Zs39dMmo 0BmEGHM3IMMo 130bol dJmby damdsmgmdgdols
930Mg 90b5693g0L. gl Bgbmdgbo 3bmdOE0s MmameE p—w 8gMggzs. sbg3g, P° s @ dgbmbgdols
Is1gd0 2oblb3s39dME0s. MYRH ©Ibol 335M39d0L Tsbgdo gsblibgszgdME0s, BgodErgds goyvy-
@olbdmom, HmI sblbgsggdmemos slggg Tgusdsdolo 3mbLEHOGHMIBGHMGO 33563900l Asligdog
m, #my. gobozmmo 9gBmbgdol ddwmo IEamdsmymdgdo Fsmdmmgbomos Gmameg gsblbgs-
390vmo dsLgdol uu Q5 dd 390 3aMmIstmymdgdol iHg030 3mdd0bs30s, MHmIgedos 89639
0m3gdmeos dghggol dzoMg & 3sMs0gBMmom. Jomgdwymos dsbgdol ghggol em, MFEMGHO
ooy ©s Bymdsmgmdgdols 9gmgaol &, 3md3egdrmo LoEoY. MMHO3] 35M337GHMO Fsdmbs-
bryewos 39bmbgdol s uu Q5 dd 390 yMmdsdgmdgdol Aslgdoom. domgdwymos sggg dgbm-
6900L 0BMEHM3MG IMIsMIMdJEIBY TIMI0EIDIMO 335M39d0L FMbBHIOOL e)° S en FITM-
Lsbwyangdgdo. 9gBmbol sdgol 3mblEsBEs 356BMysgdrEos 0BmEHM3MMOo LodgBMool M-
3930l 993mbgg30L5m30l. ©mMZegdo BoGsMgdEos Lmm3odgMol asbEmegdols 3sdmygbgdoo
3635063963 0L MmbgowsGmGOHrymo 3m@gbEoswom. asblisbmgmmmos 3mblGo@mabdm@o 3356-
3900l 3sligdol s 3m@gbgoseoll GgLsdsdolo 356sdgEMgdol 6s3Mgdgdo, HMIWIOE J9MPS®
5@f969b p° s ® 99BMbBIdOL IaMIsMgMIZOL, p—w dgMg39L s 0dErg3056 FgBMBIIOL g3EHm-
BHo ©s8egdolismzol 8ggagdL, HmImgdos oMy 0sbbAmMdsdos gdudg®odgbdwae dmbsgy-
0900056. domgdvero 8909900, 335M3900L Jolgdol s 3m@EgbzosEol Ggbsdsdobo 356od9EMYdOL
653690900, 990degds §59mygbgdme 0dbgl Lbgs I9Bmbgdols damdsmgmdgdol gsbboagolsst.
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