5333@M3IKML 39G60IMIBSMS IG)36IR0O 535RIFNOTL 35380, &. 14, Ne2, 2020
BULLETIN OF THE GEORGIAN NATIONAL ACADEMY OF SCIENCES, vol. 14, no. 2, 2020

Mathematics

On the Chi-Square Test of Homogeneity in Case of
a Simultaneous Increase of the Number of
Observations and the Number of Interval Partitions

Petre Babilua®, Elizbar Nadaraya' ", Mzevinar Patsatsia’

* Department of Mathematics, Faculty of Exact and Natural Sciences, Ivane Javakhishvili Thilisi State University,
Thilisi, Georgia

** Academy Member, Department of Mathematics, Faculty of Exact and Natural Sciences, Ivane Javakhishvili Thilisi
State University, Thilisi, Georgia

¥ Department of Mathematics, Faculty of Mathematics and Computer Sciences, Sokhumi State University, Thilisi,
Georgia

The limiting distribution of the statistic of the homogeneity test of chi-square is established in case of
a simultaneous increase of the number of observations and the number of interval partitions in case
of “close” alternatives of Pitman type. Also, it is compared with another test based on the integral
square deviation of a nonparametric kernel estimate of density. It is shown that the limiting power
of the above-mentioned test is greater than the limiting power of Pearson's Chi-square test. © 2020
Bull. Georg. Natl. Acad. Sci.
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Let us consider two independent samples

X(‘) :(X(‘) X(l) X(l)) and X(2) — ()q(z)’ng)’_“’X(z)) ,

XWX, s
of independent and equally distributed random variables, with distribution densities f (x) and f, (x),
respectively, concentrated on the interval [O, 1] . It is required, using the samples X O and x® , to test the
hypothesis H,,: f, (x): fz(x) = £ (x) (homogeneity hypothesis of two samples). The homogeneity
hypothesis only states that the distribution densities f, (x) and f, (x) coincide and does not fix the form
of the general distribution density f; (x).

Let n,, i=1,2, increase without bound so that n, =nk,, where n —>co, and k, are constants.

Let, further, the interval [O, 1] be partitioned into §, equal intervals A;,A,,...,A; of length 4, = sty

sﬂ
s, >, sothat - —>0asn—>o0.
n

To test the hypothesis H,, against the sequence of “close” Pitman type alternatives H,
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fi(x)=fy(x)+a,0 (x)+0(a,), a, >0, j(p Jdx=0, i=12

we use the statistic

TVt n,

2
s,
- 1 v, U
2 _ § i i
Zn,,n2 _nlnz n - H
1

where v, and p, are the numbers of observations from the first X" and the second X samples,

respectively, belonging to the intervals A, , |Al.| = i=12,...,s,.

n?

Theorem 1. Let f,(x), ¢,(x), i=1,2 satisfy the Lipschitz condition of order 1 and inf f, (x)>0.If

11 9
a,=n*s* and n"'s> -0 as n—> oo, then for the alternative H,

l: n; _sn d A(gD)
22 N ’1 b
2s, [ \/5

Ap)= k+k2-:[¢‘ 0, (%)) 17" (x) d,

—< » denotes convergence in distribution, N (a, b) is a random variable that has normal distribution with

mean value and variance b”.

Corollary 1. For n - o

1
2
PH] (;(”]’”2 25, +4, 2sn)—>1—d)(la—k s \/_.([ x},
where ¢ (x) =0, (x) -, (x) .
Before proving the theorem we make

Remark 1. As is known, the limit distribution of the statistic y, , for n,,n, >0 and the fixed number

of partitioned intervals does not depend on the general unknown f0 (x) . If, however, with the growth of
the numbers of observations », and n, the number of partitioned intervals grows with the same rate, then

the limit distribution of the statistic will essentially depend on f; (x) [1].

Remark 2. In the option of the authors, the result has most likely been known for A(go) =0.

Let us give an example of comparison of the power of the test y_  with test 7:, o 2]

ny,n,

ﬁ,,,,,z __mm, J‘(J}( ) j}z(x))z r: dx

m, +m, 0

F= LSk fs-30)) et

z/l
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Theorem 2 ([2]).
(i) Let f, (x) and ¢, (x), i =1,2 satisfy the conditions of Theorem 1.

(i) vanishes outside the finite interval [—A; A] and, together with its derivatives, is continuous on this
1 1 9
interval. If @, =n 2s* and n”'s> Inn — 0, then for the alternative H,

1
52 (7,0~ 1) =N (4(9).07),

kk, |

A(0) === [(g1(x) = (x)) 1" (x) v,

X

Uy :sz (u)du, o, :2JK§ (u)du, K,=K=*K.

Corollary 2. Let the conditions (i) and (ii) be fulfilled for fo(x) and K (x), respectively. If
9
n"'s? Inn — 0, then for the hypothesis H,

1
snz (T:r, R - II'IO)L)N(O’ Gé ) N
Using this corollary we may construct the test for the hypothesis H,: f| (x) =1 (x) The critical

domain for testing this hypothesis is defined by the inequality
1

T, 2d (a)=pu+s,22,0,,

ny

where 7, is the quantile of the level 1-a , 0 <a <1 of the standard normal distribution ®(x).

Corollary 3. The local behavior of the power

R A
&(QMZdAa»——ﬂ—mpu— wq. @)
o-0
1,8
Let o, =n?*,0<8<=,and
L o<t
K(x = 2
1
0, |x|>—.
2
Then

From (2), we have

P, (2, 24, (a))—)l—d{la B b f o () de,
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2

ny,n,

Comparing (1) and (3) we conclude that the asymptotic test 7. is more powerful than the test y

ny,ny

with respect to a relatively alternative hypothesis H, .

0509059035

96035036900 bo-3350M5¢) 3OOGHIMoMAol 99lobgd,
OM3S 9HOEOMMES® 0DBMPIOS ©S3IZ0M3905mMS S
063 gM35¢0l oymEBOmS MoEbzo

3. d5d0vYs”, 9. 65@sMs05™, 3. Bo3930s*

* 03967 x0935b0F30¢70lb 0Boroliols babyerdfogm «bog96Lodgd0, BB s bsdrbgdolidydy39e e
0966096985005 B35379eBIA0, 050985¢9030b ©I356H3096(H0, 0B0oerobo, bodstoggcmm

* 83009800b 9360, 03569 x53560830¢0lb 0dorobol bsbyemdfonm «bogg®lodgdo, DlG s
bs8w96960L099439¢72 9913609698508 B39 A0, F3039059030L ©0Y350H5896(h0, 80Ol bsgstrorzgerm
§ beabdob bsbgemdfogem #9bo396L0GIA0, 050090590300 @5 300307939602 8936096985008 39379¢7AIA0;
0509859030b ©9356H3096H0, 0B0oerobo, bogstoggemm

658Gm0dd0 sy boos 3oMbembol gMHmyzsGHMzbgdol 3MHoGIMmomdol BmzsGomo Loddwsgy
3030560L G030l EIBEMYBSO SENEIMHBsE03gd0L Godstm, Mrmgbsg TgMBggol dmEmemmds s
0b@gMH35emols YMBIm MHOEb30 JHMEMMEsE d0oLfMIR30L MisliBEMdOLZYL. gotms sdobs,
ol 8gsmgdmmos bgs 3Mo@ M0k, MHmigerog sgwmdbgdmemos LodzgMmoz30l sMe3sMmagE e
3em3sb TgBsligdams 0b@GgaMorm® 335MsGME 3sobMmsby. 65B3gbgd0s, MM smbodbwmo
360G 6030 B356H0m0 LoddeNsgMy MBGM 3gE0s 30EMY 30MLIMBOL bo-3350M¢ 3MoGghomadols
Dm356000 LOAdENSZMY.
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