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The Dirac equation in an external field with infinitely rising central potential, which is a fourth
component of the Lorentz-vector, has only continuous spectrum owing to a leakage into infinite
barrier (the Klein paradox). The same situation happens in the Breit equation. It is known that the
inclusion of the Lorentz-scalar potential changes this undesirable property. From theoretical point
of view vector interaction is preferable, because the color gluons, by exchange of which the strong
force between quarks is generated, are vector particles. On the other hand, all relativistic equations
for both potentials are reduced to the same Schrodinger equation, in the framework of which
quarkonium (bound states of quark and antiquark) spectrum is described theoretically rather well.
For a long time it was unclear which relativistic equation will be more suitable for quarkonium
problems. Below we consider the most general quasipotential equation for spin-1/2 quarks, which
was derived by one of the authors (A.K.). This equation involves full information of the quantum
field theory and is 3-dimensional. In particular cases it follows all the known three dimensional
equations. The quasipotential contains projective operators in case of instantaneous kernels and
reduces to the Salpeter equation. These projective operators in a reasonable approximation induce
scalar potential from the vector one. Therefore, the Klein paradox is avoided. As a result, bound state
solutions appear. At last, the obtained earlier radial equation is exhibited and the confinement
phenomenon is demonstrated. © 2020 Bull. Georg. Natl. Acad. Sci.
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It is well known that the Dirac equation in central symmetric field, which is a zero component of the Lorentz
four-vector and is infinitely increasing, has a pathological property — the leakage through the infinite wall
occurs or equivalently, the wave function has an oscillating (i.e. non-normalizable) asymptotic behavior.
This unusual property is known as the Klein Paradox [1]. In case of quarks and antiquarks this problem is
usually avoided by introducing additional Lorentz-scalar interaction [2,3]. Particular importance is given
to the equal mixture of scalar and vector potentials, which excludes the spin-orbital coupling in Dirac
equation [2-4].

It seems quite natural to ask for relativistic covariant QFT equations for bound states such as the Bethe-
Salpeter (BS) equation. There is an opinion that only vector exchange interaction is not desirable here due

to the Klein paradox. At the same time, it is clear that if the Klein paradox exists here, the situation would
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be rather vague because the fundamental particles that transfer interaction between quarks are vector gluons
and they must provide confinement of quarks into hadrons. Otherwise all the attempts to obtain singular
(i.e. 1/4") behavior of gluon propagator [5] in the infrared area would be useless.

Last years a lot of articles have been dedicated to 3-dimensional relativistic equations which follow
from BS equation by using various reduction methods. These equations are interesting because they give
the possibility to study quarkonium spectra for different potentials.

Despite the fact that 3-dimensional relativistic equations have a long history of study, in recent years
much attention has been paid to the formulations in which by infinite overweighting of one of constituent
particles the problem is reduced to the Dirac equation for light particle in an external field.

This paradigm is not clear for us, because, in our opinion, the information on second quantization could
not be lost completely whereas one of the particles becomes infinitely heavier. Really when we use 3-
dimensional (for example, instantaneous) kernel in BS equation the latter is reduced to Salpeter equation
which differs from two-particle Dirac (Breit) equation by projection operators in interaction term both only
on positive and negative frequencies, separately, but not contain their interference. These operators are the
only remnants of secondary quantization and they cannot be neglected.

It was supposed [4,6] that QFT equations would be free from the Klein paradox. There are remarkable
works [7,8] dedicated to the study of Salpeter equation from this point of view. However final conclusions
are made basing on some approximations. Below we consider the problem on theoretical grounds of the
most general quasipotential approach [9] for spin-1/2 particles [10], which is closer to the BS equation.

For completeness we include here a short derivation of quasipotential equation in the instant form. The
critical quantity is the two-time Green function which in momentum space is defined as an integral over
relative energy (in CM frame, P =0)

G(E;p.9) = | dpydasG(E; p. po:0:4, ) - (D

-0

The equation for one time BS amplitude (wave function) follows [9] from the obvious relation

G'G=1 ()

near the poles of bound state.
Here G~ may be constructed by inverting the integrated BS equation:

G=G,+G,KG. 3)
Considering (2) near the bound state poles one can derive the three-dimensional equation:
G'¥(p)=0, E=E,, 4)

where ¥ ( p) is the instantaneous BS amplitude

¥(p)= poox(p,po)~ (5)

Hence, the construction of three-dimensional equations is related to the inversion of G, which,

according to (2) and (3), requires to invert the two-time free Green function GO . In the spin less case it can

be obtained easily [9]. But for fermions GO is a singular matrix, since [10]

G, =278 (p—q) E~H,(p)-H,(-p)] BAII(-p). ©

Here IT is the Salpeter projective operator
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H(p) = A(+)1 (p)/\(+)2 (_p) _A(_)l (p)A(_)z (—P) . (7)

People avoided this trouble mainly by projecting the original equation (3) onto the subspace of positive
frequencies [11]. It is clear that the full function G does not possess projective properties. Therefore, there
arises a natural question: How to obtain an equation for the full three-dimensional wave function? In the
past broad use was made of the Breit equation [12] — an analogous of the Dirac equation in the hydrogen
problem. This equation was written for the full three-dimensional wave function. Can one find any ground
for this equation in the quantum field theory?

One of the possible solutions was suggested in [10]. It consists in the consideration of auxiliary function:
G'=F(p)+G,-K-G=G+F(p)(1-T1(-p)), (8)

where
F(p)=-2ri[ E-H,(p)-H,(-p)] BS.- ©)

Near the bound state poles G’ coincides with G . Therefore, one can postulate the following equation

for the bound states
G 'Y, =0. (10)
Since G''G'=1, ,E~ E, . Atthe same time

-1

G :[1—F*'-E;§<T;J F (11)
Therefore, we obtain the desired equation
[E~H,(p)~H,(-p)|¥: (p)=[dqV (E:p.q)¥(4). (12)
in which the quasipotential is defined formally as follows:
V=BBF'GKGG". (13)
In the instantaneous approximation (K = Kst) the Eq. (12) is reduced to the Salpeter equation. In fact,

I}\IJE = ﬁlﬁzF_l a;KstG'G'_lqu = ﬁlﬁZF_lFHKstG.G'_I\PE = ﬁlﬁZHKst\IjE > (14)
because in the bound state poles G'=G .
Using (14) we can rewrite our quasipotential equation (12) in the form of the Salpeter one

[E-H,(p)-H,(-p)]®(p)=T1(p)[daV (P-4)®(q). (15)

In general, the construction of a quasipotential is a very tedious problem, especially in QCD at large
distances, where the perturbative expansions lose any sense. Therefore, we are forced to consider
phenomenological quasipotentials, that are permitted by general logic of this method [9]. The remined part

will be devoted to the phenomenological equation:

[E-H,(=iV)-H,(iV)]¥(r)=V (r)¥(r). (16)
to which our equation (12) is reduced in coordinate space for local quasipotentials. At the first stage I}(r)
can be taken independent of the derivatives. The simplest choice ¥ ()= (r) corresponds to the exchange
of the 4" component of the Lorentz-vector. Passing to the radial equations and considering the limit 7 — oo,

one can find that the radial functions do not decrease but oscillate (Klein paradox), i.e. there are no bound

states. The Klein paradox can be avoided if we use relevant matrix structures, following from projective
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operators above. In the large distance limit or small linear momentum extensively used projective operators
behave as

AP (P)AY (=p) = AT (p)AY (-p) - %(ﬁﬁﬂz)' (a”

In the more general case of non-static kernels, it is possible to have a formulation with projection

operator
AP (P)AY (=p)+ AL (P)AY) (=p) > 5(1+ A,) (18)

In the first (17) formulation it is inconvenient to replace this operator by unity, since the Klein paradox
occurs. Either one must make a non-relativistic reduction in powers of v° /c”in the complete equation or
use part of this operator, for example, make a restriction to terms of order 0(1) after expansion in v /¢*.

It is readily to be seen that there remain from the above projection operators pure matrix structures (last

forms in (17) and (18), which in Kummer’s notation means [13]
{V‘P}:%V(ﬁ‘{’#{’ﬂ), {I}‘P}:%V(‘P+ﬂ‘{’ﬁ). (19)

Unifying these structures, we derive the equation:

(—iaV +m )Y (r)+ ¥ (r)(—iaV +m,B) = E¥Y (r)-

LB e ()8) L () e 8). =

In such a formulation, it is found that the scalar potential here does not have an independent nature (i.e.,
does not necessarily admit the existence of scalar gluons) — it can be induced by the vector gluon on the
transition from the covariant Bethe-Salpeter equation to the one-time equation of quasipotential type [10].

The angular decomposition can be performed, for example, by the method of [12]. Omitting details, we

exhibit below the radial equations for the states with parity ¢, = (—I)J+I , so-called p—y trajectory):

7

2_ 42 VY | J(J+1
. M_x[M_VZ_(w ) ]_ CAD s o
4M M-V,

Here pu=m +m,, xk =m,—m, and M = E (CM system). It is easy to see that in separate cases ¥, =0

or V, =0 the then obtained equations are free of the Klein paradox as » — oo. The same situations take

place for other trajectories [14].

This consideration tells us that the correct relativistic equations contain true information about the
variant structure of quasipotential in contrast to pure Dirac equation in an external field. Therefore, when
one considers the analogous problems, one must make use of two particle relativistic equations and reduce
them by infinite overweighting of one of particles. After all we become to the modified Dirac equation,

[ap+pm+ A (p)V (r)|¥(r)= E¥(r). (22)

It was shown in [14,15], that if this equation is free from the Klein paradox, the same will be true for
Salpeter equation and if for the rising potentials the Schrodinger equation has only discrete spectrum, the
same conclusion remains for the modified equation (22), (see [16]). Therefore, potential confinement of
quarks must be investigated in the frame of true relativistic equations in the framework of quantum field

theory.
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5. bgsdzoo” s m. bssMgodzomo™

93509800 9360, 03569 x¢535b0F30e0lb 0B0olOL bsbyerdfonem #1bo39GLoAIH0, Fsmsero 9bgHaogdol
20b0z0b 0bbHOBXIGHO0, 030erobo, bodstogzgcmm

03569 x335b0830¢m0L MBoerobob Lsbgerdfogem wb039MboGIG0, Fswsero 969630980l 30Do0L
0bbHod2IH0, BbB s bsdrbg80bd9BY39¢m 893609698505 B399 BIA0, 080colOo, bsgstrorg9erem

©0M530L 39bGHMEgdNL g5ty 3gawdo, MLLGMMmME BOEIEO (3gbGHMMO dmEGgbgoserom,
HmIgEog 5ol wmMgbs-30ddmmol dgmmby 3md3mbgbdo, 9Jgl dbmemmo MfiyzgBo Lagddeo,
MLslEEne dMOYMA0 gogmbzom gsdmizgmmo (3ergobol 3sGsmdlio). 03037 LoGmsEos 33baEgds
309030 9bEHMErgds8oa. (36MdOEr0s, MM EmMB-1ZswsMol Bs®mZs 33Ol 53 sMLLMMmZgED
30905, 139MHOMEo MZselsHHOLOm, 39dEHMOMEo MOMOINMJIGEIds SOl Mgmm dobsmgdo,
6530 BgMso aermmbgdo, GMIgmms LsBweegdoo 33903l BmGol derogho  dsewgdo

30b9M0M©gds, Mol  ggddmemeo  bsfoamsggdo. dgméyg dbGog, ygzgms  MgErs@ozobGMo
350GMEgdoEsb MHymsoom doomgds ghmo ©s 003g dMYEobagMOl gbBEMEYds, GMIol
BMRgddo 335M3MboMAgdo (339M30L s 96GH0333M3I0L BIMro FEyMIsMYMdIBO) MgMmMHomm©
15305mE 350 s@ofiggds. oo bbols gsbdsgmmdsdo 6 ogm bsomgero, oxy GMIgEo
95G030LGHMM0 bEHMEDs ogm MBGm dmbsbgmbgdgeo 339M3mbomdols 3Ghmdengdsdo. Bzgb
3obgobommsgm  g3gemsHy  bmpds 330 Bod3mBGgbaoserm®  gsbdmegdsl ¥%-b3obosbo
Bsfiogrszgdolsmgols, Mmigmog sy domgdmmo ogm ghm-ghomo Bggbgsbol (s.b.) dog. gus
350Gmegds  8gogsgl  3gerol  33bGHMGmo  mgmGool  Lemew  0bgm®mAsgod ©s  sGol  3-
356%mBoergdosbo. 35em3gme 3gMdm 890800b39300380, 5Jgsb 90mBEobatgmdl ygzgurs 3bmdogmo 3-
356%m30¢rgd0s60 ZbEMeEgds. 335B03m@EgbE0swo 89033l 3Mhmgdsome m3gmsGm®gdls dgologmo
30900l 8g8mbggz98o s 300y35690s brmen3o@gMol gsbEmeEgdsHy. gmbog@mem dosbanmgdsdo gls
36mgd0memo m39Madm®gd0 0bmEoMmgdl Lsesmmen 3m@gbaosergdl 39J@mMyeosb. sdo@md
3g0obol 3sMsmglso 05306 s030EYds s FoMmdmogddbgds ddwmmo dymdsmgmdgdol s3mblbgdo.
B, MY F0MYdMEO MHHEOSCMAO J3bEMEdS $9mfjgMommo s 3MbEs0bdgbEol (335M3gdol
BoZg®ols) Bmgemghs s6ols gdmbl@homgdmemo.
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