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The statistical structure of Charlier is determined, and necessary and sufficient conditions for
existence of consistent estimators of parameters in a Banach space of measures are given. A Banach
space is constructed whose elements are measures, but this space is not a Banach space of measures.
Charles's countable, strongly separable statistical structure is constructed, for which there is a
consistent estimation of the parameter. In addition, Charlier continuum, strongly separable
statistical structure is constructed, for which there is no consistent estimation of the parameter. A
new definition of strong separability has been introduced and for the Charlier continuum structure
of this type it has been shown that there is a consistent estimation of the parameter. © 202/ Bull.
Georg. Natl. Acad. Sci.
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1. Introduction
In the general theory of the existence of statistical structures, the problem of determining strongly separable
statistical structures and the problem of transition from weakly separable statistical structures to the
corresponding strongly separable statistical structure often arises. Z. Zerakidze (see [1-4]) in terms of
Zermelo-Frankel set theory and Martin's axiom proved that the existence of a continuous Borel weakly
statistical structure implies the existence of a strongly statistical structure.

Let (E,S) be a measurable space and there be given the family of probability measures {u,,i e/}
defined on S . We recall the following definitions from [1-13].

Definition 1.1. The set of objects {E,S, i, i € I} is called a statistical structure.

Definition 1.2. A statistical structure {E,S,u,,iel} is called orthogonal (singular) if x, and u, are

orthogonal for each i# j, iel, jel.
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The Consistent Estimators of Charlier Statistical Structures in Banach Space of Measures 15

Definition 1.3. A statistical structure {E,S, 1, i € I} is called weakly separable if there exists a family of
S -measurable sets {X,,i €/} such that the relations are fulfilled:

1, if i=j
:ui(X_j)z e
0, if i#].

Definition 1.4. A statistical structure {E,S,u,,i€ I} is called separable if there exists a family of S -

measurable sets {X,,i e[} such that the relations are fulfilled:

1, if i=j .
w(X)= T 2) card(X;,nX,)<ec, if i#],
/ 0, if i#]. :

where ¢ denotes the continuum power.

Definition 1.5. A statistical structure {£,S, u;,i € I} is called strongly separable if there exists a disjoint
family of S -measurable sets {X,,i e/} such that the relations are fulfilled: u,(X,)=1, Viel.

Remark 1.1. It should be noted that strong separability implies weak separability, and weak separability

implies orthogonality, but not vice versa.

Example 1.1. Let £ =[0,1]x[0,1] and S be the Borel o -algebra of subsets of E . Consider the S -

0<x<L1l,yei if ie(0,1]; L
£ Y J{ é ] and assume that /; is a linear Lebesgue measure on X,
, ifi=

ie(0,1], and [, is a plane Lebesgue measure on [0,1]x[0,1]. Then the statistical structure

measurable sets X, = {

{E,S, u.,i<[0,1]} is orthogonal statistical structure, but not weakly separable statistical structure.

Let I be a set of parameters and let B(/) be a o -algebra of subsets of / which contains all its finite

subsets.

Definition 1.6. We will say that the statistical structure {£,S, 1., i€ I} admits a consistent estimator of
parameters e/, if there exists at least one measurable mapping o :(E,S)— (/,B(I)), such that
u({x:6(x)=i})=1, Viel.

Remark 1.2. If a statistical structure {£,S, 1., i € I} admits a consistent estimator of parameters i € [ then

this statistical structure is strongly separable but not vice versa (see [12]).
Let M° be areal linear space of all alternating finite measures on S .

Definition 1.7. A linear subset M, — M° is called a Banach space of measures if:

1) the norm on M, can be defined so that M, is a Banach space with respect to this norm, and the
inequality || 4+ Av |[2]| || holds for any orthogonal measures u,v € M, and a real number A =0 ;

2)if peM, and | ()|, then v, (4)= [ f(0)u(dx)e M, and ||v, [i<]

J)ifv,eM

lim/*(v,) =0, where M conjugate to linear space M.

n—>0

v, >0, v (E)<w, n=1,2,.. and v, {0, then for any linear functional /" € M}:

B>
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16 Zurab Zerakidze and Mzevinar Patsatsia

The definition and construction of a Banach space of measures and a Hilbert space of measures were
given by Z. Zerakidze (see [11]).

Definition 1.8. Let / be a set of indexes and M, be a Banach space for all i e /. The Banach space
My ={{X}, X, €My, Viel, 3| X, ||, <o} with thenorm [{x,}
il '

sum of Banach space M, and is denoted by

iel

=y ||Xi ||M is called the direct
iel B

M,=®&M

el B

Remark 1.3. Obviously, any Banach space of measures is a Banach space, the elements of which are

alternating measures, but not vice versa.

Example 1.2. Let £=[0,1] and S be the Borel o -algebra of subsets of E. Let / be the Lebesgue
measure on [0,1]. Consider a set of alternating measures with bounded densities. More precisely, we define
()= [ gidx), AdeS, gel,([0,1]);
My ={n, gL, (0,1D};

| &, |I= esssup | g(x)[= vraisup| g(x) [=inf sup |g(x)[, VN, [(N)=0.
x€[0,1] x€[0,1] x€e[0,I\N

The space M, with thenorm |-|| is a Banach space.
Let us define the continuous functions
) n
l-nx, if x e[0,——1;
n

2,(x) = max(1—nx,5) = +l
n

n .
s if xe[—,1].
i [n2 +1 ]
and the measures v, assuming v, (4) = L g,(x)(dx), AeS.

It is not difficult to see that v, >v, >--->v >---; v ([0,1])<o0,VneN; v,10; v, e M, and
lv,lI=1, Vne N .

Now we construct the linear functional [ € M. For a continuous function f:[0,1] > R we define
O(f)= f(0). @ is a linear functional on C([0,1]) and ||d>|| =1. By the Hann-Banach theorem @ can be

extended to L ([0,1]), that is, there exists a functional de (L, ([0,1]))", such that ||®|=1 and for all
feC(0,1]): (f)= f(0).Now let's define the functional /* as follows: I"(u,) = D(g), gel, ([0,1]).
Then we have I e M}, ||I" ||=1 and lim/"(v,)=1.

It is evident that M , is not Banach space of measures.

2. The Charlier Statistical Structures

The normal distribution is symmetrical, i. e. normal distribution density function

1 . _(x—m)2
f(x)_mo_ep{ 20_2 }
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symmetrical about the line x =m . But in practice, asymmetric distributions are often encountered. In the
case when the asymmetry in absolute value is not very large, the density can be expressed with the help of
the so-called Charlier law.

The density of Charlier law is determined by equality (see [13])

E
Ja(x)= f()c)+l M-zu -’ —3u)+Lx)-zu St —6u’ +3) |,
ol 6 2
where f(x) is a density of normal distribution, S, (x) = % is asymmetry, E, (x) = %— 3 is kurtosis,

Thus, the second term in the right-hand side of f,(x) is a correction to the normal distribution law.
Obviously, if S,(x)=0 and E,(x)=0 then the Charlier distribution coincides with the normal
distribution.

Let pu(A)= L Sa(x)dx, A€ L(R), is the probability of Charlier given on (R, L(R)), where f,(x) is
the spectral density of Charlier and L(R) is a Lebesgue o -algebrain R .

Let {u,,i € I} be the corresponding probability measures of Charlier.

Definition 2.1. The statistical structure {E, S, i,,i € I}, in which {y,,i € I} is the probability measures of

Charlier, will be called the statistical structure of Charlier.

Example 2.1. Let £=RxR and B(RxR) be a Borel o -algebra of subsets of RxR. As a set of
parameters consider the set /=0, where Q' is the set of positive rational numbers. Let
X, ={-o<x<+40,y=i,ieQ"} and let u,(4)= L fo,(x)dx be the Charlier linear measures on X,
ieQ".

The Charlier statistical structure {Rx R, B(RxR), 1,,i € O} is countable, strongly separable statistical
structure (see definition 1.5).

If we now define the mapping & : (Rx R,B(RxR)) = (0", B(Q")) by the formula 5(X,) =i, Vie 0",
we obtain u,({x:5(x)=i})=1, VieQ".

Thus, this Charlier strongly statistical structure admits a consistent estimator for parameters.

Let {E,S, u,,i €I} be a Charlier orthogonal statistical structure and consider .S -measurable functions
g.(x), Viel, such that ZL' g ()| p;(dx) < +o0.

iel
Let M, be the set of measures defined by formula v(B) =ZIB g, (x)u,(dx), where [, [ is a
iel|
countable subset in /, and define a norm on M, by formula ||v |= ZL' g, (x)| y;(dx), then M, is a
iel|

Banach space of measures and M, = @/M » » where M, is a Banach space of elements of the form

V(B) = J.Bgi(x)yi(dx), BeS, with the norm: ||v ||= jB| g, (%) | 1. (dx) .

Bull. Georg. Natl. Acad. Sci., vol. 15, no. 2, 2021



18 Zurab Zerakidze and Mzevinar Patsatsia

3. The Consistent Estimators of Charlier Statistical Structures in Banach Space of
Measures

Let {u,,i eI} be a Charlier probability measures defined on the measurable space (£,S) . For each i e/
denote by ;[ the completion of the measure y,, and denote by dom(;[) the o -algebra of all ;[ -
measurable subsets of £ . Let S, = dom(;l.) .

iel

Definition 3.1. The Charlier statistical structure {E,.S, ,;[ ,i €} is called strongly separable if there exists
the family of S, -measurable sets {Z,,i € I} such that the relations are fulfilled:

) u,(Z)=1, Viel;

2)Z.NZ =D, Vi #i,, i,i,el;

3 UZ =E.

iel

Definition 3.2. We will say that the orthogonal charlier statistical structure {E,Sl,;[, iel} admits a
consistent estimator of parameters if there exists at least one measurable mapping o : (£, S,) = (I, B(1)),

such that p,({x:8(x)=i})=1, Viel.

Let M, = @/M » be a Banach space of measures, cardl <c. Let E be a complete metric space, whose

topological weights are not measurable in a wider sense, S, = dom(;l.) is a Borel o -algebraon E .
iel

Theorem 3.1. In order the Borel Charlier orthogonal statistical structure {£,S, ,;[ ,i €I} tobe admitted as

a consistent estimator of parameters in the theory of (ZFC)§(MA) it is necessary and sufficient that the
correspondence f — [, defined by the equality IE S u(dx)=1,(u;), p; €M, was one-to-one (here

Iy

functions f for which IE f (x);l. (dx) is defined for all ;[ eM,).

is a linear continuous functional on M ,, f € F(M}), where we define F' = F(M,) as a set of real

We now recall the following lemmas.

Lemma 3.1 (see [10]). Let (£, p) be a complete separable metric space and let ¢ be a Borel probability

measure defined on (E,B(E)). Let {X,},,,

w(X,)=0, Viel.Then x4 (UX,)=0 in the theory (ZFC)§(MA).
iel

cardl <c, be a family of B(F) -measurable sets and

Lemma 3.2 (see [4]). Let (E, p) be a complete metric space, whose topological weights are not measurable
in a wider sense than in the theory (ZFC)§(MA) and let 1 be an arbitrary Borel probability measure defined
on (E,B(E)). Then there exists a closed separable subspace E(u)< E such that u(E(u))=1 and

H(ENE(u)=0.

Lemma 3.3 (see [7]). Let (E,p) be a complete metric space, the topological weight of which is not
measurable in the wider sense, then in the theory (ZFC)§(MA) satisfies the relation

(VIXVAX e N(card] <) & Vili € 1= p(X,)=0) = ' (U X)) =0.

Using Lemmas 3.1-3.3, we can prove Theorem 3.1 in the case of a complete separable metric space E.
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Proof. Necessity. The existence of consistent estimators for parameters o : (£, S,) = (I, B()) implies that
;[({x:c?(x):i}) =1, Viel.Putting X, ={x:5(x)=i} for iel, we get: 1) ;[(X[)=1, Viel; 2)
X, NX, =@ for all different parameters i and i, from 7;3) UX, =E.

iel
Therefore, the Charlier statistical structure {E,Sl,;[, i e} is strongly separable (see definition 3.1),
hence, there exists S, -measurable sets X, , Vie I, such that

L oif i=i;

(X.)=
H(X;) {0, if i#i.

Let [, be a linear continuous functional that corresponds to the function 71 (x) = fi(x)I (x) . Then

for any ;i‘ eM, (;l_) we have

[ f i@, @)= [ @S Dpdx) =1 ) =l -
Let ) be the set of extensions of functionals satisfying the condition /, < p(x) on the subspaces in

which they are defined.
Let us introduce a partial ordering into )., assuming /, </, if /, is defined on a largest than /, and

/ be a linearity ordered subset in ), M, (;[) is the

=1, , where both of them are defined. Let {0}

iel

subspace, on which /, is defined. We define /, e UM, (;l.) putting 7, (u) =1, (u) if peM, (;[). Itis
o o iel : ot

obvious that lf;_ <l ;- Since any linearly ordered subset in Y has an upper bound, due to the Chorn lemma,

Y contains the maximal element 1 defined on some set X satisfying the condition A < p(x) for xe X .
But X' must coincide with the entire space M, because otherwise we could extend A to a wider space
by adding as above one more dimension. This contradicts the maximality of A4 , and, hence, X =M.

Therefore, the extension of the functional is defined everywhere.
Let /, be alinear functional that corresponds to the function f(x) = Z g (0] X, (x) e F(M ). Then we

iel

i, -where u(B)=3 [ & (u(dx), BeS.

iel

have, [ f (x)u(dx)=[u] = %

Sufficiency. If for each f e F(M,) the integral J.E f (x);l.(dx), V;[ eM,, is defined, then there

exists a countable subset 7/, in [ for which IE f (x);l.(dx) =0,if igl,; ZL| f (x)|;i (dx) <+

iel,

and for any countable subset /<7 and for the measure v(C)=ZL gi(x);i(dx) we have

iel

[ fewn =3 [ f(x)g () d) .

iel Nl

Let the correspondence f —/, be defined by the equality IE f (x);l. (dx)=1, (;i), then for
1y 1, € My () wehave [ f (n)p, () =1, (1) = [ [0 Lw, (@) =[S, () f(0)m, (d) .

Therefore, f, (x)= f,(x) almost everywhere with respect to the measure ;” . Let f;’_ (x)>0 almost
everywhere with respect to ;[ and IE f;’_ (x);l. (dx) < +o0 . If we denote now ;l (C)= jc fﬁ,» (x);l. (dx) , then
we obtain jE £ (), (dx) = A (u)=0, Vi #i, Yu, eM,(u,).
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Denote by C, = {x : f,—* (x) > 0} . Then ;[‘ (C,)=0, Vi #i. Therefore, there exist S,-measurable sets

L
Loif i=i;

X, (iel)such that ;i (X,)= {0 " . and hence the Charlier statistical structure {£,S, ,;[, iel}
, If i#i

is weakly separable. We represent as an inductive sequence {;[ <@,} , where o, denotes the first ordinal

number of the power of the set 7 .

We define o, sequence Z; of parts of the £ such that the following relations hold: 1) Z, is a Borel
subset of £, Vi<w;2) Z, c X,, Vi<a;3) ZNZ =QDforall i<o, i <o, i#i;4) u(Z)=1,
i<aw.

Suppose that Z, = X, . Suppose that the partial sequence {Z,} . is already defined for i <w,. It is
clear that u"(U Z,)=0 (see [12]). Thus, there exists a Borel subset Y, of the space £ such that the

i<i

following relations are valid: UZ, < ¥, and 4" (¥,)=0.

i<i

Assuming that Z, = X, \Y,, we construct the @, sequence {Z,},., of disjunctive measurable subsets of

the space E . Therefore, 1, (Z)=1, Vi<w, and the Charlier statistical structure {E,Sl,;[,iel},
cardl =c,is strongly separable because there exists a family of elements of the o -algebra
s, :_Eﬂldom(;l.) such that: 1) 1,(Z) =1, Viel;2) Z,NZ, =D, Vi=i, i,i €1;3) Uz=E.

For xe E, we put 6(x)=1i, where i is the unique parameter from the set / for wlllich xeZ . The
existence of such a unique parameter from / can be proved using conditions 2), 3).

Let now YeB(l). Then {x:56(x)eY} =,-LEJYZ"' We must show that for all iel:

{x:6(x)eY} edom(;[) f iy el , then {x:6(x)eY}=UZ =Z, U( U Z,)). On the other hand, from
ieY

ie¥\{iy}
the validity of the condition 1)-3) it follows that Z, €S, =) dom(;l_) c dom(;i ). On the other hand the
0 iel 0
validity of the condition U Z, c (E \Z, ) implies that ;i ( U Z’) =0. The last equality yields that
ier\{i,} ! 0 ier\ip}

U Ze dom(;l.o) . Since dom(;in) isa o -algebra, we deduce that {x:5(x)e Y} e dom(;io ).

ie¥\{ip}
If iy Y, then {x:5(x)eY}=UZ c (E\Z, ) and we conclude that ;i ({x:6(x)eY})=0. The last
ieY 0
relation implies that {x:5(x)e Y} e dom(;io ).
We have shown that the map 6 :(E,S,) = ({,B(/)) is a measurable map. Since B(/) contains all
singletons of / we ascertain that ;[({x 0(x)=i}) = ;[ (Z)=1, Viel.

Remark 3.1. It follows from Theorem 3.1 that, in accordance with the above correspondence, a certain
function f € F(M,) corresponds to each linear continuous functional /,. If in F(M,) we identify

functions that coincide in measures {;[,i e I}, the correspondence will be bijective.
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