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ABSTRACT: On the probabilistic space ( Ω ,F , P), a two-component stationary (in the narrow sense) 
sequence  1i i i

X
 is given, where  1i i


 ( :i  ) is a controlling sequence, and the members of 

the sequence  1i iX


:iX R are observations on some random variable .X The cases of 
conditional independence and chainwise dependence of these observations are considered. Using 
observations  1i iX


, kernel observations of Rosenblatt-Parzen type of an unknown density of the 

variable X are constructed. The upper bounds of the mathematical expectations are established for 
the integral of the standard deviation of the obtained estimates from ( )f x . © 2018 Bull. Georg. Natl. 
Acad. Sci. 
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In the previous works, nonparametric estimates were constructed by means of independent samples. In 
the present paper, we consider the estimates constructed by dependent observations. 

On the probabilistic space (Ω,F,P) we consider a two-component stationary (in the narrow sense) 
sequence of random variables 

 

1{ , }i i iX  ,     (1) 

 
where :i  , and : mRXi   is some space. 

Definition 1. The sequence   1i iX


 from (1) is called a conditionally independent sequence (see 

[1]) controlled by the sequence   1i i


, if, when fixing the trajectory  1 1 2, ,..,n n    , the variables 



18  Zurab Kvatadze and Beqnu Pharjiani 

Bull. Georg. Natl. Acad. Sci., vol. 12, no. 3, 2018 

1 2, , , nX X X  become independent for any n  and for natural numbers i  , k , n , 1 2, , , kj j j , 2 ;k n 

i n  ; 1 21 kj j j n      the equalities 

  1 1 1 2 21 2

1

, , ,
,

,
j j j j j jj j j n k kk

i n i i

X X XX X X

X X

  

 

   




   

 
 

are fulfilled, where X Y  denotes the conditional distribution of the variable X  for the condition Y . 
Definition 2. The conditionally independent sequence   1i iX


 from (1) is called a sequence with a 

chainwise dependence if   1i i


 is a finite Markov chain with a discrete time. 
Some facts about the density nonparametric estimates constructed by independent observations. 
Let the values ,iX  , ix R  , i = 1,2…, be independent observations on some random variable X  

with an unknown density  g x . Different methods are available for obtaining estimates of  g x . In the 

works of M. Rosenblatt and E. Parzen [2, 3], the density  g x  is estimated by the class of estimates defined 

by the kernel  k x  

    
1

ˆ ,
n

n
n n n i

i

ag x a k a x X
n 

  , 

where        
 

1

ˆ , , 1, 2
n

j

i
n

in n n i
jn

a
f x a k a x X i

i



 

    is a sequence of positive numbers such that  

 lim ,n nn
a a o n


           (2) 

and the kernel  k x  is some Lebesgue-integrable Borel function. The results of [2] are generalized in the 

works [4-6]. Along with estimates of Rosenblatt-Parzen type, estimates of projection type were also 
considered (see [6-8]). Deviations of estimates from  g x  were studied using various characteristics  

[2-6, 8, 9]. 
In [6], E. Nadaraya obtained the sufficient conditions for the uniform convergence of  ˆ ,n ng x a  to 
 g x  with probability 1. 

Let us introduce the notation. We will call a function  k x  a function of the class sH  ( 2s  ,  s  is 

an even number) if it satisfies the following conditions 

       

     

, 1, sup ,

0, 1, 2, , 1; 0, .i s s

k x k x k x dx k x A

x k x dx i s x k x dx x k x dx





  

  

     

     



  
 

Denote by sW  the set of functions  x  that have derivatives up to order s ( 2s  ) inclusive and note 

that    s x  is a continuous bounded function belonging to the class  2 ,L   . 
Lemma (see [6]). If   sg x W and    2 ,sk x H L    , then the equalities  

   2ˆ , ,n n
n n

a aDg x a dx k x dx O
n n

 

 

    
    

   
 
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2
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!
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n n n nEg x a g x dx a g x dx O a
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

 
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hold as n   and  

  .sx k x dx




   
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Main Results. 
Let us consider the sequence (1) where i , 1, 2,.i  .., are independent, equally distributed random 

variables. Let  
 1 2,b b   ;  1 i iP b p    , 1, 2i   , 1 2 1.p p   

Let   1i iX


 be a conditionally independent sequence whose elements are observations on the value .X  

For the fixed trajectory 1n  the conditional distributions 
1 1 iX b  , 1, 2i  , have the unknown densities 

( )if x , 1, 2i  respectively. 

For the fixed trajectory  1 1 2, ,..,n n     of the sequence   1i i


 we denote by  1n  and  2n  the 

time moment frequencies at which the first n member of this sequence takes the values 1b  and 2b , 

respectively. 
Theorem 1. Let us consider the sequence (1). The elements of the controlling sequence   1i i



  1 2: ,i b b   are independent, equally distributed random variables 
1 1 1 21 ( ) 2 ( )i b bb I b I     . It is 

assumed that for each function 1: R  , for which  1E     as n   , there holds the 

convergence  

 1( )
1

1 n
Ei

jn
    


  a.p.        (3) 

The elements of the conditionally independent sequence   1i iX


 are observations on the value .X  The 

conditional distributions 
1 1 iX b  , 1, 2i  , have the unknown densities ( ),if x  1, 2,i   respectively from 

the class  i sf x W ,    2 ,sk x H L     . If the inequalities  

 
,n ii c

D
n n

 
  

 
 1, 2,i           (4) 

are fulfilled for the frequencies  n i , 1, 2i  , then for any n  the density      1 1 2 2f x p f x p f x   is 

estimated by  
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and the following equality 
 

   2 2 1/2 2 2
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is valid, where 

 
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and 

 sx k x dx




  . 

Proof. First we prove the finiteness of  ˆ ,n nEf x a and  ˆ , .n nDf x a The proof of the theorem is based on 

the decomposition of  ˆ ,n nf x a  (for the fixed trajectory 1n ) into two uncorrelated sums of independent 

summands. For the fixed trajectory 1n , we enumerate time moments, each separately, at which the 
members of the sequence   1i i


 take the value ib , 1, 2i  , 

0 ( ) 0,i    1( ) min{ | ; };m m i ii j j n b         1, ,nm i   1, 2.i   
For the fixed trajectory 1 ,n  the sum  ˆ ,n nf x a  can be decomposed as follows 

 ˆ ,n nf x a =        1 2

1 2ˆ ˆ, ,n n
n n n nf x a f x a

n n
 

 , 

where 

 ˆ ,in nf x a =      
 
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 1, 2.i   

Naturally, if   0,n i   where 1, 2,i   then the summand  ˆ ,in nf x a  does not exist. 
Further we apply the lemma and the fact that the functions  1n  and  2n  are measurable with respect 

to the -algebra generated by the partitioning of  because of fixing of 1n . 
Let us now consider the case when the controlling sequence   1i i


 is a finite regular stationary Markov 

chain. 
Theorem 2. Let in the sequence (1) the controlling sequence   1i i


 be a finite homogeneous regular 

Markov chain, where  1 2, ,b b    1 2,    is the initial distribution of the chain,  1i iP b   , 

1, 2i   and   1,2ij ij
P p


  is the matrix of transient probabilities,   1i iX


is the sequence with a chainwise 

dependence whose elements are observations on the random value X . Assume that the conditional 

distributions ,
i i iX b   1, 2,i   have the unknown densities  if x , 1, 2i  , respectively,  i sf x W  

and    2 ,sk x H L    . Then for any n the estimate of the density      1 1 2 2f x f x f x    is 

 ˆ ,n nf x a  and the estimate 
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is valid, where 
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Proof. The proof is carried out in a manner analogous to that of Theorem 1 but without the ergodicity 
condition by virtue of which the convergence (3) is fulfilled for any function of the chain and the relations 
conditions (3) and (4). As is known (see [10]), for regular Markov chains we need to use the so-called 

     ,
,n n i

i

i i c p
E D

n n n
  


 

   
 

 

are fulfilled, where  ,ic p  are the constants depending on the chain parameters. 

It should be noted that the obtained upper bound of estimate approximation is much more accurate for 
observations with chainwise dependence than for conditionally independent observations. 

The paper is dedicated to the blessed memory of our scientific leader Professor Tengiz Shervashidze. 

მათემატიკა 

დამოკიდებული დაკვირვებებით აგებული განაწილების 
სიმკვრივის არაპარამეტრული შეფასებები და მათი 
მიახლოების სიზუსტე 

ზ. ქვათაძე* და ბ. ფარჯიანი* 

*საქართველოს ტექნიკური უნივერსიტეტი, ინფორმატიკისა და მართვის სისტემების ფაკულტეტი, 
თბილისი, საქართველო 

(წარმოდგენილია აკადემიის წევრის ე. ნადარაიას მიერ) 

(Ω,F,P) ალბათურ სივრცეზე მოცემულია ორკომპონენტიანი ვიწრო აზრით სტაციონარული 
მიმდევრობა  1

,i i i
X


სადაც   1

,i i



( : )i Ω მმართველი მიმდევრობაა, ხოლო  1

,i i
X



( : R)iX Ω მიმდევრობის წევრები წარმოადგენენ რაიმე X შემთხვევით სიდიდეზე 
დაკვირვებებს. განხილულია პირობითად დამოუკიდებელი და ჯაჭვურად დამოკიდებული 
დაკვირვებების შემთხვევები.  1

,i i
X


დაკვირვებების საშუალებით აგებულია X სიდიდის 

უცნობი ( )f x  სიმკვრივის როზენბლატ-პარზენის ტიპის გულოვანი შეფასებები. დადგენილია 
ამ შეფასებათა ( )f x სიმკვრივიდან გადახრის კვადრატის ინტეგრალის მათემატიკური 
ლოდინის ზედა საზღვრები. 
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