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The proposed multi-attribute decision making methodology applies the TOPSIS (Technique for 
Order Performance by Similarity to Ideal Solution) approach under hesitant fuzzy environment. The 
case when the information on the attributes weights is completely unknown is considered. The 
identification of the weights of attributes which is based on De Luca-Termini information entropy is 
presented in the context of hesitant fuzzy sets. The ranking of alternatives is performed in accordance 
with the proximity of their distances to the both fuzzy positive ideal solution (FPIS) and fuzzy 
negative ideal solution  (FNIS). © 2020 Bull. Georg. Natl. Acad. Sci. 

Multiple attribute group decision making,  hesitant fuzzy sets, TOPSIS approach 

In the proposed methodology the values of the attributes initially are given by all decision makers in the 
form of lingual expressions. Then, these lingual expressions are converted into the trapezoidal fuzzy 
numbers [1]. Decisions are made using TOPSIS method [2] constructed for the  hesitant trapezoidal fuzzy 
environment [3]. 

The case when the information on the attributes weights is completely unknown is considered. The 
attributes weights are obtained by applying De Luca-Termini non-probabilistic entropy concept [4], which 
is considered in the context of hesitant fuzzy sets.  

A hesitant fuzzy TOPSIS method is employed for ranking the alternatives. In the TOPSIS method the 
alternative with the nearest distance from the so-called fuzzy positive ideal solution (FPIS) and the farthest 
distance from the fuzzy negative ideal solution (FNIS) [2] is identified as optimal with respect to all 
attributes. Following the TOPSIS method’s algorithm, a relative closeness coefficient is defined to 
determine the ranking order of all alternatives by calculating the distances to the both FPIS and FNIS. The 
developed approach was applied to evaluation of possible alternatives with the aim of their ranking in 
different decision making problems. 
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Preliminary concepts 

A trapezoidal fuzzy number [1] A  can be determined by a quadruple ( , , , )A a b c d= . Its membership 

function is defined as 
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where a b c d≤ ≤ ≤ .  
Let's ( , , , )A a b c d=  be the trapezoidal fuzzy number. Using Graded Mean Integration Representation 

Method we can get following representation of  A  by formula 

( ) ( 2 2 ) / 6p A a b c d= + + + .                                           (1) 

In HFS the degree of membership of an element to a reference set is presented by several possible fuzzy 
values. This allows to describe such situations when decision makers (DMs) have hesitancy in providing 
their preferences over alternatives. The HFS is defined as follows: 
 
Definition 1 [3]: Let { }1 2, ,..., nX x x x=  be a reference set. A hesitant fuzzy set H  on X  is defined in 
terms of a function ( )Hh x , which, when applied to X , returns a subset of [0,1]:  

{ }, ( ) |HH x h x x X= < > ∈ , 

where ( )Hh x  is a set of some different values in [0,1], representing the possible membership degrees of the 
element x X∈  to H ; ( )Hh x  is called a hesitant fuzzy element (HFE). 

 
Definition 2 [5]: Let M  and N  be two HFSs on { }1 2, ,..., nX x x x= , then the distance measure between 
M  and N  is defined as ( , )d M N , which satisfies the following properties: 

1) 0 ( , ) 1d M N≤ ≤ ;    2) ( , ) 0d M N =  iff M N= ;     3) ( , ) ( , )d M N d N M= . 
It is clear that the number of values (length) for different HFEs may be different. Let  ( ( ))Hl h x   be the 

length of  ( )Hh x . After arranging the elements of ( )Hh x  in a decreasing order, let ( ) ( )j
Hh xσ  be the  jth  

largest value in ( )Hh x . To calculate the distance between M  and N  when  ( ( )) ( ( ))M i N il h x l h x≠ ,  it is 

necessary to extend the shorter one by adding any value in it, until both have the same length. The choice 
of this value depends on the expert’s risk preferences. Optimist experts may add the maximum value from 
HFE, while pessimists may add the minimal value. 

In this work the hesitant weighted Hamming distance is used that is defined by following formula 
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where ( ) ( )j
M ih xσ  and ( ) ( )j

N ih xσ  are the jth largest values in ( )M ih x  and ( )N ih x respectively; 

{ }max ( ( )), ( ( ))
ix M i N il l h x l h x=  for each ix X∈ ; iw ( 1, 2,..., )i n=  is the weight of the element ix X∈

such that [0,1]iw ∈  and 
1

1n
ii

w
=

=∑ . 

 
Definition 3 [3]: For a HFE ( )Hh x , the score function ( ( ))Hs h x  is defined as follows: 

( ) ( ( )) ( )
1

( ) ( ) ( ( ))Hl h x j
H H Hj

s h x h x l h xσ
=

= ∑ ,                               (3) 

where ( )( ) [0,1]Hs h x ∈ .  
Let 1h  and 2h  are two HFEs. Based on score function it is possible to make ranking of HFEs according 

to the following rules: 1 2h h> , if ( ) ( )1 2s h s h> ; 1 2h h< , if ( ) ( )1 2s h s h<  and 1 2h h= , if ( ) ( )1 2s h s h= . 

Formulation of multi-attribute group decision making (MAGDM) problem in 
Hesitant Fuzzy Environment 

Consider a general structure of MAGDM problem. Assume that there are m  decision making alternatives 
{ }1 2, , , mA A A A=  , and the group { }1 2, , , kE e e e=   of k  experts or decision makers (DM) evaluate them 

with respect to an n  attributes { }1 2, , , nX x x x=  .  

DMs provide evaluations over attributes in form of verbal assessments – linguistic terms. Then, these 
assessments are expressed in trapezoidal fuzzy numbers (TrFNs) using 5-point linguistic scale (Table 1):   

 
Table 1. Linguistic scale for rating of alternatives 

Linguistic term Corresponding  TrFNs 
Very low (VL) (0, 0.1, 0.2, 0.3) 
Low (L) (0.1, 0.2, 0.3, 0.4) 
Medium (M) (0.3, 0.4, 0.5, 0.6) 
High (H) (0.5, 0.6, 0.7, 0.8) 
Very high (VH) (0.7, 0.8, 0.9, 1.0) 

 

After those transformations of lingual expressions, experts' joint assessments concerning each 
alternative represent HTrFS:   

A HTrFS iA of the ith alternative on X is given by 

{ }, ( ) |
ii j A j jA x f x x X= < > ∈ , 

where ( )
iA jf x , 1, 2, , ;i m=  1, 2, ,j n=   indicates the possible membership degrees of the ith  

alternative iA  under the  jth  attribute jx , and it can be expressed as a HTrFE ijt . All HTrFEs create the 

aggregate fuzzy hesitant trapezoidal decision matrix ( )ij m nT t ×=  .  

Considering that the attributes have different importance degrees, we denote the vector of attributes 
weights by ( )1 2, , , nw w w w=  , where 0 1jw≤ ≤ , 

1
1n

jj
w

=
=∑ , and jw  is the importance degree of  jth 

attribute.  
Then a hesitant MAGDM problem can be expressed in matrix format as follows                                
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( )1 2, , , nw w w w=  ,  { }1 2, , , kE e e e=  , 

where T  is the hesitant trapezoidal fuzzy decision matrix, each element of which represents an HTrFE .ijt  

Determination of the attributes weights  using De Luca-Termini entropy 

The complexity and uncertainty of the investment decision problems leads to the information on attributes 
weights usually being incomplete or completely unknown. Here we consider a case when the attributes 
weights are unknown. 

Suppose we have hesitant decision matrix ( )ij m nH h ×= , each element of which represents a HFE. 

De Luca and Termini [4] defined a non-probabilistic entropy formula of a fuzzy set based on Shannon’s 
function on a finite universal set X as:  

( ) ( )
1

( ) ln ( ) 1 ( ) ln 1 ( ) ,
n

LT A i A i A i A i
i

E k x x x xµ µ µ µ
=

= − + − −  ∑   0k > , 

where : [0,1]A Xµ → ; k  is a positive constant. 

The attributes weights definition method based on the De Luca-Termini entropy can be described as 
follows: 

Step1: Calculate the score matrix ( )ij m n
S s

×
=  of hesitant decision matrix H , where ( )ij ijs s h=  is the 

score value of ijh (see formula (3)). 

Step2: Calculate the normalized score matrix ( )ij m n
S s

×
′ ′= , where 

1

m
ij ij iji

s s s
=

′ = ∑ .                                                  (4) 

Step3:  Determine the attributes weights.  
By using De Luca-Termini normalized entropy in context of hesitant fuzzy sets 
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1
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′ ′ ′ ′= − + − −∑ , 1, 2, ,j n=  ,                (5) 

the definition of the attributes weights is expressed by the formula 

1
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, 1, 2, ,j n=  ,                                            (6) 

where the value of jw  represents the relative intensity of jx  attribute importance. 

Evaluation of the alternatives using TOPSIS approach 

The idea of the TOPSIS method [2] as applied to the MAGDM problem consists in the choice of the best 
alternative in accordance with distances from both FPIS and FNIS, namely with the nearest distance from 
FPIS and the farthest from FNIS. Practical aspects of Fuzzy TOPSIS has been considered to decision 
making problems by authors of this paper in [6].  
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The algorithm of solving the constructed Fuzzy TOPSIS in MAGDM problem can be formulated as 
follows: 
Step 1: Convert the experts verbal assessments into the assessments in a form of trapezoidal fuzzy numbers. 
Step 2: Construct the aggregate hesitant trapezoidal decision matrix ( )ij m nT t ×=   based on the experts' 

hesitant trapezoidal evaluations. 
Step 3: Transform aggregate hesitant trapezoidal decision matrix ( )ij m nT t ×=   into aggregate hesitant 
decision matrix ( )ij m nH h ×=  by using Graded Mean Integration Representation Method.  

Step 4:  Determine the criteria weights ( )1 2, , , nw w w w=   based on the method given in Section 2. 

Step 5:  Determine corresponding hesitant FPIS A+ and hesitant FNIS A− .  
FPIS is composed of the best performance values for each attribute whereas FNIS consists of the worst 

performance values.  
There are attributes of two types: 

a)  the benefit type attribute - this means that the bigger attribute's value the better;  
b)  the cost type attribute - that is, the smaller the attribute's value the better. 

Calculate  A+  and A−  by formulas: 

{ }( ) ( )max | ; min |ij ijii
A h j J h j Jσ λ σ λ+ ′ ′′= ∈ ∈ ,                              (7) 

{ }( ) ( )min | ; max |ij iji i
A h j J h j Jσ λ σ λ− ′ ′′= ∈ ∈ , 1, 2, , nλ =  ,              (8) 

where J ′  is associated with a benefit attribute, and J ′′ - with a cost attribute.  
Step 6: Using (2) calculate the separation measures id +  and id −  of each alternative iA   from the hesitant 

FPIS A+  and the hesitant FNIS A− , respectively: 
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Step 7: Calculate the relative closeness coefficient iRC  of each alternative iA  to the hesitant FPIS A+ : 

( )i i i iRC d d d− + −= + ,  1, 2,..,i m= .                                              (11) 

Step 8: Perform the ranking of the alternatives iA , 1, 2, ,i m=   according to the relative closeness 
coefficients iRC , 1, 2, ,i m=   by the rule: for two alternatives Aα  and Aβ  we say that Aα  is more 
preferred than Aβ , i.e. Aα ≽ Aβ , if  RC RCα β≥ , where ≽ is a preference relation on A .   

Conclusions 
The new aspects in the TOPSIS approach have been used. We proposed a new attributes weighting method 
based on De Luca-Termini information entropy to express the relative intensities of attribute importance 
and determine the attributes weights.  

Based on proposed methodology we have developed software package and used it to rank decision 
alternatives in the real decision making problems.  
 
The work was supported by Shota Rustaveli National Science Foundation of Georgia (SRNSFG)  
[FR-18-466].  
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ინფორმატიკა 

ახალი ჰესიტანტური ფაზი-TOPSIS მიდგომა 
მრავალატრიბუტული ჯგუფური გადაწყვეტილების 
მიღებაში 

გ. სირბილაძე*, ი.ხუციშვილი*, ა. სიხარულიძე*, თ. მანჯაფარაშვილი*, 
რ. სანტანა** 

* ივანე ჯავახიშვილის სახ. თბილისის სახელმწიფო უნივერსიტეტი, კომპიუტერულ მეცნიერებათა 
ფაკულტეტი, თბილისი, საქართველო 
** კომპიუტერული მეცნიერების დეპარტამენტი და ბასკეთის ქვეყნის უნივერსიტეტის ხელოვნური 
ინტელექტი, ესპანეთი 

(წარმოდგენილია აკადემიის წევრის ე. ნადარაიას მიერ) 

წარმოდგენილი მრავალ-ატრიბუტული გადაწყვეტილების მიღების მეთოდოლოგია იყენებს 
TOPSIS მიდგომას ჰესიტანტურ ფაზი-გარემოში. განიხილება შემთხვევა, როდესაც ინფორმაცია  
ატრიბუტების წონებზე სრულიად არ არსებობს.  ატრიბუტების წონების იდენტიფიკაცია, და- 
ფუძნებული დე ლუკა-ტერმინის ინფორმაციულ ენტროპიაზე, წარმოდგენილია ჰესიტანტური  
ფაზი-სიმრავლეების კონტექსტში. ალტერნატივების რანჟირება სრულდება ორივე – ფაზი და- 
დებით იდეალურ გადაწყვეტილებასა (FPIS) და ფაზი უარყოფით იდეალურ გადაწყვეტილე- 
ბასთან (FNIS) სიახლოვის შესაბამისად. 
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