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ABSTRACT. In the present paper initial-boundary value problem corresponding to three-
dimensional model of thermoelastic piezoelectric solid consisting of anisotropic inhomogeneous
material with regard to magnetic field is considered. An algorithm of approximation of the three-
dimensional dynamical model by two-dimensional problems for plate with variable thickness is
constructed, when density of surface force, and components of electric displacement and magnetic
induction along the outward normal vector of the boundary are given on the upper and the lower
face surfaces of the plate. The obtained two-dimensional initial-boundary value problems are
investigated in suitable function spaces. Moreover, convergence of the sequence of vector-functions
of three space variables restored from the solutions of the constructed two-dimensional problems to
the solution of the original three-dimensional initial-boundary value problem is proved and under
additional conditions the rate of convergence is estimated. © 2018 Bull. Georg. Natl. Acad. Sci.
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Piezoelectric plates are widely used in various engineering constructions and hence it is important to
construct and investigate algorithms of approximation of three-dimensional models of plates by two-
dimensional problems. Mathematical models of interaction between elastic, electric and thermal fields in
piezoelectric body were developed by W. Voigt [1] and further various models of piezoelectric solids were
constructed and investigated by various authors (see [2] and the references given therein). One of the
methods of constructing two-dimensional models for plates with variable thickness in the classical theory
of elasticity was suggested by I. Vekua in [3]. Various two-dimensional models constructed by Vekua were
collected in his monograph [4]. The estimates of the order of approximation of static three-dimensional
problem by two-dimensional ones constructed in [3] first were obtained in the spaces of classical regular

functions in the paper [5], and the reduced two-dimensional models for thin shallow shells constructed in
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[4] were investigated in Sobolev spaces in [6]. Later on, dimensional reduction methods suggested by 1.
Vekua in [3, 4] and there generalizations were studied in the papers [7-11].

In this paper we construct and investigate an algorithm of approximation of three-dimensional
dynamical model for thermoelastic piezoelectric plate with variable thickness, which may vanish on a part
of the lateral boundary, by two-dimensional problems. We consider piezoelectric plate consisting of
inhomogeneous anisotropic material, when temperature vanishes on the entire boundary, and applying
variational approach we obtain the existence and uniqueness result for three-dimensional initial-boundary
problem in suitable spaces of vector-valued distributions with values in Sobolev spaces. We construct a
hierarchy of two-dimensional problems approximating the three-dimensional one, when densities of surface
force and normal components of electric displacement and magnetic induction are given on the upper and
the lower face surfaces of the plate. We investigate the constructed two-dimensional initial-boundary value
problems in suitable function spaces. Moreover, we prove that the sequence of vector-functions of three
space variables restored from the solutions of the constructed two-dimensional problems converges to the
solution of the original three-dimensional problem and under additional regularity conditions we estimate
the rate of convergence.

We denote by W"*(D)=H"(D) and H'(I'), r<R, the Sobolev spaces of order r based on the
spaces H 0 (D)= I (D) and H 0 (D)= I (D) of square-integrable functions, respectively, where
DcR”, peN, isabounded Lipschitz domain [12] and I" < @D is a Lipschitz surface. We denote by
H (D) =[H (D))’, W) =[H D), L®O=[LD7,LO)=[LO7T, s=1, rseR, the
corresponding spaces of vector-valued functions. The trace operators we denote by tr. : H "(D)—> H"* ()
and tr; : H'(D) — H"*(I") . For Banach space X, C([0,77];X) denotes the space of continuous functions
on [0,7] with values in X, L7(0,7;X), 1<q <o, is the space of such functions g:(0,7) > X that
|| g(t)"X € ['(0,T) . We denote by g'=dg/dt the generalized derivative of function g L(0,7; X) [13].

Let us consider thermoelastic piezoelectric plate Q with thickness vanishing on a part of its boundary,

i.e. initial configuration of plate is a Lipschitz domain of the following form
Q= {(xl,xz,xz) eR h (x,x,)<x, <h'(x,x), (x,x,)e a)},

where @ — R’ is a two-dimensional bounded Lipschitz domain with boundary dw , #* € C’(@) N C} (»)
are continuous on @ and Lipschitz continuousin @, 4" (x,,x,) > h (x,,x,), for (x,,x,)ew Uy, 7 c 0w
is a Lipschitz curve, h"(x,x,) =h (x,,x,), for (x,,x,) € dw\7 . The upper and the lower faces surfaces of
Q defined by the equations x, =h"(x,,x,) and x, =h (x,,x,), (x,,X,) €@, we denote by T'* and I'",
respectively, and the lateral surface, where the thickness of € is positive, we denote by
[F=0Q\(T"Ul) = {(x,x,,%) e R A (x,x)<x, <h'(x,x,), (x,x,)€7}.

We assume that thermoelastic piezoelectric plate consists of general inhomogeneous anisotropic

material with the mass density p in the initial configuration, the elasticity tensor (c,, )?,j,p,q:l’ the

3
i,j,p=1

3

piezoelectric (¢,;) i.j.p=1

and piezomagnetic (b, ) coefficients, the stress-temperature tensor (iﬁ)3

i i j=12

3
i,j=l1

3

the permittivity (d,) and permeability (£,); ., tensors, the coupling coefficients connecting electric

3
i,j=1?

3
ij=1

and magnetic fields (a,) the thermal conductivity tensor (1,) and the thermal capacity y . We

neglect the influence of thermal field on electric and magnetic fields and assume the coefficients

characterizing the relation between thermal, and electric and magnetic fields vanish. The applied body force
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density we denote by f=(f),:Qx(0,7)—>R’, the density of electric charges we denote by
f°:Qx(0,T)— R, and the density of heat sources we denote by [’ :Qx(0,7) = R . The temperature
6 vanishes along the boundary I'=0Q of the domain Q. The plate is clamped along a part
T, ={(x,x,,x)el; (x,x,)€7,}, 7, =7 ,of the lateral surface ' and on the remaining part ', = T \f“_O
of the boundary surface force with density g=(g,):T',x(0,7) — R’ is given. The electric potential ¢
vanishes along I'Y = {(x,,x,,x,) €[; (x,,x,) €70}, 70 7, of the lateral surface I' and on the remaining
part TV =1"\1"_f)’ of the boundary the normal component of the electric displacement with density
g’ :T?x(0,T)—>R is given. The magnetic potential y vanishes along TY ={(x,,x,,x;)el;
(x,x,) ey}, 77 <y, of the lateral surface I and on the remaining part 'V =T \ﬁ of the boundary
the normal component of the magnetic induction with density g" :T'¥ x(0,7) —> R is given. The linear

dynamical three-dimensional model of the thermoelastic piezoelectric body Q in differential form with
quasi-static equations for electro-magnetic fields, where the rate of change of magnetic field is small, i.e.
electric field is curl free, and there is no electric current, i.e. magnetic field is curl free, is given by the
following initial-boundary value problem [2]:

3 a 3 3 .
Z@x [Zc’”’q P‘?(u)+zgpl/ z pl/a__ QJ:fz IHQX(O’T)’ i:172737 (1)

P.q=I p

Zax[Zew €, (W)~ Zd,,a -2 J: £7 in Qx(0,7), ¥

i=1 p,q=1 i=1 Jj=1

Z%[Z bzpq pq(u) Zal/__Zg” ox J: in QX(O’T)’ (3)

i=1 p.q=1 Jj=1

00 &0 00 .
—| n. A.e.(u in Qx(0,7), 4
1o ;axi[n;,axJ Z e W= " (0.7) )

J
u=0 on [;x(0,7), =0 on f‘gx(o,T),y/=0 on I x(0,7), =0 on I'x(0,T), (5)

i[Z]qW W(u)+i‘,gwa s A@Jn =g on [x(0,7), =123, ©6)

pij
J=1\_pr.q p=1 6

Z[Z Eipg pq(u) Zdl/ 6 z a ZWJ =g’ on l—‘l(p X(O7T)’ (7

i=1 \ p,g=1 i=1 j=1

Z[ Z blpqepq(u) Z"u 6 zgl/ Ox J g’ on l—‘IW x (O’T) > ®)

i=1 \ p,g=1 J=1
Ou, .
,(x,0) = 1,,(x) , %(x,m =u,(x), 0(x0=0,(x) inQ, i=123, ©)
where n = (n,);, is the unit outward normal vector to I', u=(,): 2x(0,7) — R’ is the displacement

vector-function, ¢ :Qx(0,7) > R and v :Qx(0,7) — R stand for the electric and magnetic potentials
such that the electric and magnetic fields are E =—-gradep and H=-grady , 6 :Qx(0,T) > R is the

temperature distribution, e, (v) =1/ 2(8\/1. / 8xj +6vj / 6xl.) , ,j=1,2,3, v= (vl.)le, is the strain tensor,
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®, > 0 is the temperature of thermoelastic piezoelectric body in natural state in the absence of deformation
and electromagnetic fields, which is considered as a reference temperature, u, = (u,,);, and u, = (,);,
are the initial displacement and velocity vector-functions, 6, is the initial distribution of temperature. We
assume that the coefficients characterizing elastic, thermal, electric and magnetic properties satisfy the
following symmetry conditions

Cipg (¥) = €y, (¥) = €53, (X), £, (X) = £,,(x), b (%) =D (),

dy(0)=d, (0, a,()=a,(x), &)=, ZE)=2,(), xeQ ijp.q=123.

To investigate the existence and uniqueness of solution of the three-dimensional initial-boundary value

(10)

problem (1)-(9) we consider the following variational formulation, which is equivalent to the differential
formulation in spaces of smooth enough functions: Find the unknown vector-function u € C([0,7]; V(QQ)),

u' e C([0,T;L7 (), and functions ¢ € C([0,T];V*(Q), w € C([0,T];V"(Q)), 6eL’(0,T;H,(Q)),
0’ e LI’(0,T; H'(Q)) , which satisfy the following equations in the sense of distributions on (0,7),

%(pu', V)LE(Q) +c(u,v)+e(@,v)+by,v)—A(0,v)=L"(v), VveV(Q), (11)
—&(@,w)+d(@,9)+aly,p) = L"(9), Vo eV (), (12)
—b(y,w)+a(p,y)+C(yv.y)=L" (), vy el (Q), (13)

%(;(9,9_)L2(Q)+n(9,6_?)+®0/1(6_?,u')=L9(67), VO € Hy(Q), (14)

together with the initial conditions
u0)=u,, u'(0)=u, 6(0)=6,, (15)

where V(Q)={veH'(Q); tr.(v)=0 on T,}, V°(Q) ={pecH (Q); tr(@)=0 on I},
VY (Q) = {7 e H' (Q);tr-(7) =0 on T}, H\(Q)=1{0 e H'(Q);1.(§)=0 on I},

c(u,v)=£i’j§ lqwepq(u)e (V)dx, £(p,v) = ilg‘lg””a ¢, (V)dx,

b(y,v) = Lg&b‘”’a e, (V)dx, A(0,v) = LZ‘IV 2 (4,0)dx, d(p,p)= (j;ld” SQD ZQD
aty. )= jZ o a P ax, ¢ = jZ: a"”a"”d 1(0.0)= jzn 29 jgdx,
I'(v)= E[;fvdx+ rj;gtr (,)dT, I[°(p) = jf pdx — j g‘”tr (@)dr,

L@ ==[gn, @ar, £0)=[r'0d,

y
0

... and (.,.),  arethe scalar products in the spaces L*(Q) and L*(QQ), respectively.
12 (Q) 2(Q)

For the initial-boundary value problem (11)-(15) corresponding to the dynamical three-dimensional

model for thermoelastic piezoelectric plate with regard to magnetic field the following theorem is valid.
Theorem 1. Suppose that Q < R® is a bounded domain with Lipschitz boundary, ff)’ +J, l:g =D,

and the parameters characterizing thermo-elastic and electro-magnetic properties of the body Q are such
that p,x € L"(Q), p(x)>a, =const>0, x(x)>a,=const>0, for almostall xeQ, c;,,, €,,, b,;,

d;, &y, az, ny, A € L°(Q), 04,/ 0x, el (Q), i,j,p,q=1,2,3, and satisfy symmetry conditions (10)

and the following positive definiteness conditions
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2 Copibpy 20 D6 VE ERE =8 D6 e, D () VE ER,

i,j,pq=1 ij=1 i,j=1 i=1
3 3 _ 3 o 3 _ _

Z dl_’jgjéi + 22 aljél’éi + Z é‘l"/é/é‘ 2 aZ((éi)z + (éi)z )s v":iséi € R,

ij=1 i,j=1 i,j=1 i=1
for almost all xeQ, where a,, a,, a are positive constants. If u, e V(Q), u, elX(QY), 6,eL'(Q),
fe’(0,T;17(Q),8,8 e L(O,T;L7 (), f,(f)elOTLQ),  g.(&") el (OT;
L@, g¥.(g") e (0, T; L' (TV)), f°el’(0,T;L"°(Q)), then the initial-boundary value problem
(11)-(15) possesses a unique solution.

In order to construct the hierarchy of two-dimensional models let us consider the subspaces V(€2) and

H (Q) of V(Q) and L’(Q), respectively, N=(N,,N,,N,), consisting of vector-functions whose
components are polynomials with respect to the variable x;,

(16)

N1 1) 7
VN = (vNi) > VN T ZZ(’: +5iji Pr;(Z)s VNi € Lz(a))s 0< F = Nis i=123,
r=0
N S
where z =2 , h= h 5 h , h = h erh . We also consider the subspaces V}\(Z, (Q) and VA‘{W (Q) of
V?(Q) and V" (Q), respectively, which consist of the following functions
N,
_ 2 1 )% G
@Nw = ZOZ(}"(/) +E)¢NW P’b (Z) , gDN(/’ € Lz(a)) s I, = O,...,N(p,
Ny 1) % iy
!’FNW = ZOZ(}"W +E)"7Nw P"w (Z) , IFNW € Lz(CO) > h, = O""’Nl// ,
and subspaces ¥y (Q) and Hy, (Q) of Hy(Q) and I’(Q), consisting of the functions
— ¥ 12 131 s 12
Oy, = Z; 43 |00 B, (=3 2 A=) 1y 5 Bya(2)

1 &1 . 1)z 5
=3 (-1 Nﬂ)[r9+5J9Ng P,..(2), 0, €}(®), 1,=0,..,N,.

75 =0
Since the functions 4" and A~ are Lipschitz continuous in @ from Rademacher’s theorem [14], we

have that 2" and &~ are differentiable almost everywhere in @ and 6,4* € L” (") for all subdomains

®, o cw, a=12. Therefore, the positiveness of # in @ implies that for any vector-function

vy =), € Vy(Q) the corresponding functions \;NieH'(a)*), for all a)*, o co, ie

Vi € H, (0), 0<r <N,, i=12,3. Similarly, for all functions Py, € V}\(Z, Q). wy, € VA“,’W (Q),

Ty

B_NH € VAZ (©) , the functions ¢, , ¥ . H_Ng of two space variables in the expressions of @, ¥y , B_NH

"o "y o

belong to H'(0'), @' c @, ie. Oy, » W, » Oy, eH,(®),71,=0,.,N,,n=0.,N,75=0.,N,
Moreover, the norms ||. ||H,(Q) and ||.||H,(Q) in the spaces H'(Q) and H'(Q) define weighted norms ||. ||,

and [.[le, [I-ll«, Il-llp of vector-functions vx = (vn) e[H. (@), N,,; =N,+N,+N,+3, and
= _’:? + = —rw N, +1 = = +] -
Py, :(<PN¢)€[H;IM(60)]N”' ! Wy, =, ) el (@)]"",0, =0, e[H, (@], such that |[vx |.=[| vy ||

H'(Q)

and (|G o= 118y, Iy~ 17, o=, iy 195, loe= 1185, I, - Using the properties of the
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Legendre polynomials [15], we can obtain explicit expressions of the norms ||. |l and ||.{| .- [l Il ll- -

In particular, ||.]. is given by the following expression:

TN ||f=i§:[n+%){

i=1 =0

N, 2

Z[sl. +%j A= (=1 )2 vy

Si =

N, 1
Si;i'H (Si " EJ

Lz((u)

@, 1" —(=1Y" 0 I Y vai— ™20, v +(r, + A0, hvs,

Ti
-1/2
A" v s 20
a
i v -

2
=1
2
L%w)}

For components vxi and Py, » '/7Nw , 0y, of v and (;qu’ I;NW , 9,\,9, which possess the properties

7, 7 Ty =

||;N | <o and ”‘?N«: [lpe< 0, HI;NW ll, <o, ||6_’N9 |l+<0 we can define the traces on y. Indeed, the
corresponding vector-function of three space variables v = (vy,)., and functions @, ,¥, , B_NH belong
® v

to the space V. (Q) < H'(Q) and V}\(Z, (Q), VAU/L (Q), V/\Z (Q) c H'(Q) , respectively. Consequently, we can

7, 7 Ty

4 i v
define the traces of vy, , @, , ¥, , 0, on 7,

li

h* T h*
tr, () = [ 1. 0B, (), 7 =0,.,N,,i =1,2.3, 1r,(§, ) = [ tr.(§, )P, (2)dx,, 7, =0,..,N,,

i 4 4
177 177
Ty h* 7 h* _
tr,(7y, )= j tr(7y, )P, (2)dx,, 7, =0,..,N, , (B, ) = j tr.(8,,)P, (2)dx,, 1, =0,...N, .
177 177
Since the vector-functions v, from the subspaces V () and H(QQ), and the functions
Py, €V (Q), ¥, €V (Q),and 0,, from 1y (Q) and Hy, (Q) are uniquely defined by the functions

o "y
Vni s Py, > '/7Nw , 0y, of two space variables, hence considering the original three-dimensional problem

(11)-(15) on these subspaces, we obtain the following hierarchy of two-dimensional initial-boundary value
problems: Find uy € C([O,T];I7N (@), iy e C([O,T];IZIN(a))), {ﬁer € C([O,T];V,{fw (w)) ,t/?NW e C([0,T7;

VY (), 8, € IX(0,T;V! (w)), 0, e I*(0,T;:(VS (w)))), which satisfy the following equations in the
NW Ng Ny Ng Ng

sense of distributions on (0,7,

%RN (i, V) + Cx (i, v3) + 8y x By s VN) +Dy (T 58 ) = Ay x By vn) = Ly (W), (17)
—£yn @y, i) +dy (By Py ) Fayy, Wy 0y )= L3 (@) (18)
by W st ) F g By W )T Wy Wy ) = Ly, W) (19)
LR .0, 1y, 0.0, + 0,0\ By, i) = 1, B, ). (20)

for all v €V (), Oy, €VI(Q), ¥, € VA“,’V (), 5,\,9 € 17,39 (), and the initial conditions

IZN (O) = ﬁNoa IZ]'\I (O) = ﬁNl P éNH (O) = éNH(p (21)

<00, 1r,(vai) =0 on 71 =0, N,yi =1,2,3}, Hy(@)=

i

where VN () =1{ig = (‘[’Nf )elH, lloc (@)]"* ;||‘7N

2

7 3 N r Ty
- ! 2. = 12 12l = = — N+,
y=s)e L@ il o, =22 P vn| <0}, PP (@) =10y, =@,,) elH, (@]
i=l 1,=0 I* (@)
B |, <2 @ )=0 o7 20N T @=1, =@ ) el @0 7 | <o
tr; 7y, ) =0 on 7,1, =0,.. N, }, Vy (@) =16y, =(0y,) €[H,, ()]"";]0,, <
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o - = 2
tr.(By,) =0 on 7, 5, =0,...N,}, Y, ()= {0y, - @, el @) o, T
No T
>, <o}, the bilinear forms Ry, ¢y, &yn» Dyns Ayns dy, Gy, Gy, s Ry, Ty, are
75=0 Lz((u)

defined as follows RN(5N,§N):(pVN,VN)L2(Q), ey Wy, V) =c(Vy, Vy) 5 gNwN@Nw,ﬁN): E(gBNw,VN),

@y 0= bWy V). @y )=V, dy (.5 )= (B B,
o, B T )= 0@ 7)) G Gy T ) =CW ) ROy .0,)=(200,.0,) g -
My, (0:,\,9,5,\,9):77(5,\, ,6_’,\,9) for all vector-functions \:/N,T/N € 17 (o), (EN ,(?N € 17"’ (w), l;Nw,
1//N € V“’ (0), 0 eV (), corresponding to ¥y, vy € Vy(©), ¢N ,¢N VL), Wy Wy, VY (),

BNH,BNH € VNH (Q), respectlvely. The linear forms L‘]{I,L";,w ,L“}’VW and L‘)NH are given by the following

expressions:

Ly ()= ii(r += ){j—m(

i=1 =0

/1 +g| A (=1)" Jda)+j—tr (VNI g d)q],
- & [ IS B \ | NG
L, @)= Z[ +5j{ [, [f£+g‘”|r+ Aol AN ot [ @, )g° dyf’],
Tp= o 44

(2]

8,G)=3[n 3 )[;0 ( -3 AT e

N, ’ y Ty
L, @y,)= Z[ j{ [ %!/7 (] & +g"|. A" )do+ j %t Wy, )g" dy! ]

r h+
where 7, =7\7,,77 =V \VS . v/ =7\V v =7\ T s :\/1+(8]hi)2 +(0,h7), v= IVR(Z)d)%,

for all functions v e L’ (Q),r e NU{0} .

For the constructed two-dimensional initial-boundary value problem (17)-(21) for thermoelastic
piezoelectric plates the following existence and uniqueness theorem is proved.

Theorem 2. Suppose that two-dimensional domain @ and functions h*, h™ are such that Q c R’ isa
Lipschitz domain, y§ #QD, y; #D, p,x €L (Q), p(x)>a, =const>0, x(x)>a, = const>0, for

almostall xeQ, c,,,, €,,, b, d;, &, a;, m;, A; € L°(Q), 04;/0x, el(Q), i,j,p.g=1,2,3,and
conditions (10), (16) are fulfilled. If

%

e PO L), 24 g | e O @), 5 ddtg e (0.T:L (7).

dt”

o

h—1/6 ddtf L2 (0 T L6/5( )) /'{'3/4 :; | eLZ(O T L4/3( )) h—1/4 ddtg €L2(0 T L4/3 (}/]{p))

Ty

/ﬁ/4 :;ta g | eL2(0 T L4/3( o)), HV4 ddt eL2(0 T L4/3(}/1 ),

r r+Ny Ng+l r+Ny N9+2
h—1/6 (fU 1- ( 21) f0 1+( 21) f J LZ(O T L6/5 (a)))
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where « =0,1, 7,=0,.,N,, i=1,2,3, r,=0,..,N,, r,=0,.,N,, 7,=0,.N,, and wy, € VN(a)),
Wy, € IZIN (w), & N0 € H f,ﬁ (w) , then the problem (17)-(21) possesses a unique solution.

In the following theorem we present the results on the relationship between the obtained two-
dimensional and the three-dimensional initial-boundary value problems, where we use the following spaces
H:"(Q)={v;0y've H'(Q),0,h"0v e (Q),a=12r=1,.s}, seN.

Theorem 3. If QO c R® is a bounded domain with Lipschitz boundary, I =@, T # @, u, e V(Q),
u el’(Q), 6,el’(Q), fel’(0,T;L7(Q), gg Ll (0.T;L”T), f°.(f%) e L}0,T;L°(Q)),
g, (g") e L(0.T; L' (), g‘” (g") e L(OT:LA(TY)), f*elOT; L), p,xel (),

p(x)>a, =const >0, y(x)>a, = const>0,foralmostall xeQ, c,, ., €,,0b,,

e L (Q), 04;/0x,; el’(Q), i,j,p,q=1,2,3, conditions (10), (16) are fulfilled, and the functions

€ dy> Gys s Mys Ay
U, € Vy(Q), uy, €eH(Q), Oy,0 € Hf,ﬁ (Q), corresponding to the initial conditions iy, € I7N (w),
iy, € Hy(0), éNHO cH f,ﬁ (w) of the two-dimensional problems, tend to u,, u, and 6, in the spaces
H'(Q), I'(Q) and I’(Q), respectively, as N, —rI£1ll<n{Nl,N ,N,,N,} =0, then uy(?), Px, ®,

Yy, 0, 9,\,9 (¢) restored from the solutions iy, (DNW, WNW , ANH of the problem (17)-(21), possess the

following properties
u(t) > u(t in H'(Q), .
N i,y ) o) in B ),
u () —u'(t) in L(Q), ’ forall ¢€[0,7], as N, — .

6, ()—>6() in F(Q), "™ Oy in H(Q),

In addition, if d'u/di" e ’(0,T; (H,! (Q))'), s, €N, r=012, 5252521, 522,
@' e L’(0,T; HI'I;"S‘V' Q), w'el’0,T; HI'I;"S‘W Q)), s’V eN,sP>2,s'>2, d'0/d el’(0,T;
0 —
T(Q), s?eN, F=0,1, s 25! 21, s0 22, then for suitable initial data #y,, #, and 6y, the
following estimate is valid

"u uN"C( 0,7],H' (Q)) +||u uN"C( 0,711 (Q)) “go gDN

“V/ ¥,

CO,TLH' (@) C(0.T1;H' ()

+||9 -0 + ||9 -0
No lleo,ri? () No

LZ(O,T;H'(Q)) (N ) O(Th N W’NG)’

where s =min{s,,s, —1,s7 —Ls!" —1,s/,s;, =1}, o(T,h*,N,N,,N,,N,) =0, as N, —>o0.
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