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ABSTRACT. The consistent criteria for testing hypothesis are defined. It is shown that the
probability of any kind of errors is zero for the specified criteria. The necessary and sufficient
conditions for the existence of these criteria are considered. Also, the conditions for the existence of
extreme points are proved. © 2018 Bull. Georg. Natl. Acad. Sci.
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In a general theory of hypothesis testing there often arises a problem of passing from a weakly separable
family of probability measures to the corresponding strongly separable family. Z. Zerakidze (see [1-4])
proved in terms of Zermelo-Fraenkel set theory that for a countable family of probability measures the
notions of weak separability, separability, orthogonality and strong separability are equivalent.
Consistent Criteria for Hypothesis Testing
Let (E,S ) be a measurable space with some given family of probability measures { y,iel } We recall
the following definitions from [5-9] which we need for our discussion.

Definition 2.1. An object {E S, 1€l } is called a statistical structure.

Definition 2.2. A statistical structure {E S, u,1el } is called orthogonal, if the probability measures
{ uiel } contained in it are pairwise singular measures.

Definition 2.3. A statistical structure {E S, u,iel } is called weakly separable, if there exists a family
of § -measurable sets {X niel } such that the following relations are fulfilled:

A

Definition 2.4. A statistical structure {E, S, p;,iel } is called strongly separable, if there exists a

family of S -measurable sets {X niel } such that the following relations are fulfilled:
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34 Zurab Zerakidze and Mzevinar Patsatsia

,ui(Xi)=1, Viel,
XinX,; =0, Vi,j, i#j,i,jel;
Ux. =£.
iel
Remark 2.1. Strong separability implies weak separability, and weak separability implies

orthogonality, but not vice versa.
Example 2.1. Let £ =[0,1]x[0,1], S be the Borel o -algebra of subsets of £ . Take the S -measu-

rable sets X, = {x| 0<x<l1, y=i, i€ [0,1]} , and assume that 7, are linear Lebesgue measures on X .
Then the statistical structure { E,S,(;, i€ [0,1]} is strongly separable.

Example 2.2. Let E=[0,1]x[0,1], S be the Borel o -algebra of subsets of E . Take the S -
measurable sets X; ={(x,y)| 0<x<l1, y=i, ifie [0,1]; x=i-2,0<y<], if ye [2,3]} .

Let 7, be linear Lebesgue measures on X, . Then the statistical structure { E,S,(;,ie[0,1]u [2,3]} is

weakly separable, but not strongly separable.
Example 2.3. Let £ =[0,1]x[0,1], S be the Borel o -algebra of subsets of £ . Take the S -measu-

rable sets X; ={(x,y)| 0<x<l1, y=i, if ie(O,l]} and X;=FE if i=0 and /, are linear Lebesgue

probability measures on [0,1]x[0,1]. Then the statistical structure {E,S,Zl-, i€ [0,1]} is orthogonal, but
not weakly separable.

Let A be the set of hypothesis and { w,heH } be the probability measures defined on the measurable
space (E, S ) .Foreach he H denote by 1, the complement of the measure 1, , and by dom( ﬁh) the o
-algebra of all measurable subsets 1, of E . Let

S = n dom(ﬁh).
heH
Let H be the set of hypothesis and B(H ) be a o -algebra of subsets of A which contains all finite

subsets of H .
Definition 2.5. We say that the singular statistical structure {E,Sl,ﬁh, heH } admits a consistent

criterion for hypothesis testing, if there exists at least one measurable mapping
8:(E.S))—>(H.B(H)),
such that
i ({x: 0(x)=h})=1 VheH.
Remark 2.2. The notion of a consistent criterion was introduced and studied by Z. Zerakidze (see [2]).
Definition 2.6. The probability

@, (8)=F ({x: 8(x) = h})

is called the probability of error of % -th kind for the given criterion & .
Theorem 2.1. The statistical structure {E Sy, he H } admits a consistent criterion § for hypothesis

testing, if and only if the probability of error of any kind is equal to zero for the criterion 6 .
Proof. Necessity. Since the statistical structure {E, S, heH } admits a consistent criterion for

hypothesis testing, there exists a measurable mapping
8:(E.S))—>(H.B(H)),

such that
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i ({x: 0 (x)=h})=1 VheH.
Therefore

a, (8)=F, ({x: 8 (x)=h})=0.
Sufficiency. Since the probability of error of any kind is equal to zero, we have

@, (8)=F ({x: 6(x)=h})=0 VheH.
On the other hand, {x| (5(x)=h)Us(x) # h} - E and

i ({x: 8(x)=hf)=1 VheH.
Therefore & is a consistent criterion for testing hypothesis. Theorem 2.1 is proved.

Consistent Criteria in Banach spaces
Definition 3.1. Let G be a o -subalgebra of the o -algebra S, .

The algebra G is called free (with respect to a hypothesis # € H ), if all restrictions of the probability
measures {ﬁh, heH } to the algebra G coincide.

Definition 3.2. A statistical structure {E, S, heH } is called separable, if the minimal o -algebra

D with respect to which all measurable functions of the form
h—m,(4), Aes,

are measurable, separates the points on H .
Definition 3.3. A statistical structure {E, S, heH } is called strongly separable, if the o -algebra

D contains all finite subsets of H .
Definition 3.4. A statistical structure {E,Sl,ﬁh, heH } is called decomposable if there exist two

subalgebras S,,S; < S;, the union of which generates a o -algebra S, . S, is sufficient and S; is free. The
pair (S,,S;3) is called the decomposition of a statistical structure {E Sy, he H } .
For any set G 211 we denote by the symbol <G> the algebra generated by the set G, and by 0'<G>

the o -algebra generated by the set G .
Let

r={4es: w(4)=0}
heH
Definition 3.5. An algebra B, — S, is called minimal sufficient, if B, is sufficient, and for any sufficient

algebra B/ the condition B, 6<B{ Uz *> is fulfilled.

Let 3 bea o -subalgebra of the algebra S; and u be a probability measure defined on 3. We denote
by S, (S1 ,S) the set of all finite and finitely additive extensions of the measure u to the o -algebra S, .
Let ex S p (Sl ,3) be the set of its extreme points, SZ (S] , 3) be the set of all countably additive extensions
of the measure u tothe o -algebra S, and ex Sf (51 ,S) be the set of its extreme points.

As is known, ex S, (SI,S) #J, but the set ex SZ (S] , 3) may be empty ([7]).

Example 3.1. In the terminology of [8], let ba(Z,v,%") denote the set of all u € ba(S,E) with >0
and u (S ) =1, such that % =v, where T’ is an algebra of subsets of the set S, X is a subalgebra of the

algebra 2" and v e ba(S,Z) with v >0 and v (S)=1. Denote by ca(Z,v,%’) the o -sets, where v is an

arbitrarily defined probability measure on X, while X', ¥ < X' |, are o -algebras. The set of all extreme
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points in ca (2,\/,2’) is assumed to be empty. As an example, let us assume that S is the set of real
numbers, X = {B| Bc S} (if B is countable), X' is the set of all Borel subsets of S , and v is defined by

v(B)=0 and v(B) =0 for countable B and B°, respectively.

Let M° be a real linear space of all alternating finite measures on S .
Definition 3.6. A linear subset M, — M? is called a Banach space of measures, if:

The norm is defined on M, sothat M, is a Banach space with respect to this norm, and the inequality

e+ 2v ]2 ]
is fulfilled for any orthogonal measures u,v € M, and real number A #0;
If peM, and |f(x)|£l,then

v (A)=[ £ (x)v(dx) e My,
Y
and “v g “ < ||v||, where f(x) is a measurable real function, 4 €S ;
Ifv,eMy,v,>0,v, (E) <40, n=1,2,...,and v, 10 , then for any linear functional (e M;
lim ¢*(v,)=0.

n—>x0

Remark 3.1. The definition and construction of the Banach space of measures are given by Z. Zerakidze

(see [4]). The proof of the next statement can also be found in [4].
Theorem 3.1. Let M, be a Banach space of measures, then in M, there exists a family of pairwise

orthogonal probability measures { w,,he H } such that
My=& My(l,),
" heH H (luh )
where My ( ﬁh) is the Banach space of elements v of the form

v(B)=[f(x) @ (ax) vBeS,

such that
[1 (0|7 () < =
E

with the norm
M, ) = 17 (<) B ()
E
Theorem 3.2. Let M, = h(—BH My ( ﬁh) be the Banach space of measures, £ be a completely separable

metric space, S; be a Borel o -algebra from E and card H < 2% . Then, if the correspondence
Sl
given by the equality

[rem, (@) =e, () VA<M,

is one-to-one, where > is a linear continuous functional on M, (Z reM ,:), feF (M H), where

F(My) is the set of all real functions f for which jf(x) H, (dx) is defined Vi, € My, , Then the
E
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statistical structure {E,Sl,ﬁh, heH } admits a consistent criterion for hypothesis testing, and if the
statistical structure {E,Sl,ﬁh, he H} is decomposable, then L, €ex Sgh (SI,S3) VYheH .

Proof. For feF (M H) we define the linear continuous functional 7, by the equality
jf(x)ﬁh(dx)sz (&) . Denote by I, a countable subset of N, for which jf(x)ﬁh (dx)=0 for

E E
hel,. Let to the functional ; on My ( ,L_th) there correspond the functional / , (ﬁh) on M ( ﬁh).

Then for w1, , 1, € My (@, ) we have
[ V(@)= ()= [ £1(0) o (0) B () = [ A () 7 ()
E E E
Therefore f), (x) = f, a.e. with respect to the measure ﬁh . Let fj, (x) >0 a.e. with respect to the

measure L, and
[ 53, () B, (@) <o @ (€)= [, () B, (d).
E C

then
[ 13 () B, (dx)=0 wheH .
E

Hence it follows that 11, (Chj)=0 Vj#i. On the other hand, 1, (E —Chj)=0. Therefore the

statistical structure {E Sy, he H } is weakly separable and
1if A'=h",
= () =
A (Cir) {0 ey
Let us write {Ey heH}, card H <2% | as an inductive sequence 1, < @, , where @, denotes the first
uncountable number of the power of the set H . Since the statistical structure {E, S, heH } is weakly
separable, there exists a family of S, -measurable sets {X pheH } such that the following relations are

fulfilled:
g,,(x,,,)%;’ T i efo.m).
The sequence @, of parts Z, of the space E is defined so that the following conditions are fulfilled:
Z, is a Borel subset in £ for all 7 < o, ;
Z ,cX, forall h<a;
ZyNXy =0 forall ' <oy, W<, W'#h";

Let Zh0 =X i, » AAssume that the particular sequence {Zh_ } ~ has already been defined for i < j. Asis
j<i

J

known (see [3], u” Uzh/ =0. Therefore there exists a Borel subset ¥, of the space £ such that the
Jj<i
following relations are valid: UZ 5, <Y, and m (th ) =0. Assume that Z, =X, —Y, , then we construct
J<i

the sequence {Zh,.} which is a disjunctive measurable subset of the space E . Therefore (X h) =1

i<y

Bull. Georg. Natl. Acad. Sci., vol. 12, no. 4,2018



38 Zurab Zerakidze and Mzevinar Patsatsia

Vh < @, . Since the statistical structure {E, S, heH } , card H <2% _is strongly separable, there exists

afamily {Z,}, . of elements of the o -algebra S, = ﬂ dom (i, ) such that:
heH

I, (X,)=1 VheH,
ZyNZy=D Yh,h"eH, W #h",;

Ux.=E.

heH
For xe E, weput 5(x)=h, where & is a unique hypothesis from the set H for which x € Z;, . The

existence of such a unique hypothesis A is proved by using the conditions 2), 3). Now let Y e B(H ) .
Then {x: 5(x)eY} :UZh .
heY

We have to show that {x: 5(x) € Y} € dom(ﬁho) for each hy e H . If hy €Y , then

{x: 5(x)eY}=UZh=Zh0u U zZ,

heH hey\{hy}
On the one hand, from the conditions 1), 2), 3) it follows that
Z, €8 = n dom(z,) < dom(ﬁho )

heH
On the other hand, the condition U Z,c (E = ) implies that
hEY\{hO}
gl U 2 |=0.
heY\{hy}

The last equality implies that U Z, € dom(ﬁho ) . Since dom(ﬁho ) isa o -algebra, we deduce that
hEY\{hO}

{x:5(x)eY}=Zhou U zZ, edom(ﬁho).
heY\{hy}

If hy ¢ Y, then

{x: 8(x)er}= Uzh g(E—ZhO)

heH
and we conclude that {x 10 (x) € Y} = 0. The last equality implies that {x : 5(x) € Y} € dom(,c_zhU ) for
any hy, € H . Hence

{x: 5(x)eY}e ndom(ﬁho):Sl.

heH
We have shown that the mapé:(E,S,)— (H,B(H)) is measurable and 1, {x: 5(x)= h} =1
Vhe H.. Thus the statistical structure {E Sy, he H } admits a consistent criterion for testing
hypothesis & :(E,S,;)— (H,B(H)) )
Let u be the linear operator defined by the formula

u(£)= [ (x) 7 (). /e B(ES,).
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The operator u is a positive isometric operator with norm |u|=1 and u:B(E,,S,)—> (H,B(H))
(B(E],S] )= (H,B(H))). The o -algebra 6'(H) is a minimal sufficient o -algebra. In the sequel
B(E ,Sl) always denotes the vector space formed by all bounded real measurable functions on (E, Sl)

having the natural order and norm

|.f]|=sup]f]-
xek
Since
S, = (") dom(z,),
heH
we have
S =o (67! (B(H))UT).
where

3 =({4e5: w(4)=0}.

heH
If the statistical structure {E,Sl,ﬁh, he H} is decomposable (5713(H),G2) , where 5_]B(H) isa
sufficient algebra and G, is a free algebra, then the algebras S, and G, are also decomposable and
VAeS,, A=CAI, Ces”’ (B(H)), Ie3 and (AAC) =0. This means that

Ly € expS;j (S,,é_' (B(H))) Vhe H (see[7, Theorem 1]).
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