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ABSTRACT. The consistent criteria for testing hypothesis are defined. It is shown that the 
probability of any kind of errors is zero for the specified criteria. The necessary and sufficient 
conditions for the existence of these criteria are considered. Also, the conditions for the existence of 
extreme points are proved. © 2018 Bull. Georg. Natl. Acad. Sci.  
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In a general theory of hypothesis testing there often arises a problem of passing from a weakly separable 
family of probability measures to the corresponding strongly separable family. Z. Zerakidze (see [1-4]) 
proved in terms of Zermelo-Fraenkel set theory that for a countable family of probability measures the 
notions of weak separability, separability, orthogonality and strong separability are equivalent.  

Consistent Criteria for Hypothesis Testing 

Let  ,E S  be a measurable space with some given family of probability measures  ,i i I  . We recall 

the following definitions from [5-9] which we need for our discussion. 

Definition 2.1. An object  , , ,iE S i I   is called a statistical structure. 

Definition 2.2. A statistical structure  , , ,iE S i I   is called orthogonal, if the probability measures 

 ,i i I   contained in it are pairwise singular measures. 

Definition 2.3. A statistical structure  , , ,iE S i I   is called weakly separable, if there exists a family 

of S -measurable sets  ,iX i I  such that the following relations are fulfilled:  

  1 if ,
0 if .i j

i j
X

i j



  

 

Definition 2.4. A statistical structure  , , ,iE S i I   is called strongly separable, if there exists a 

family of S -measurable sets  ,iX i I  such that the following relations are fulfilled:  
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  1i iX  , i I  ; 

i jX X  , ,i j , i j , ,i j I ; 

i
i I

X E


 . 

Remark 2.1. Strong separability implies weak separability, and weak separability implies 
orthogonality, but not vice versa. 

Example 2.1. Let    0,1 0,1E   , S  be the Borel  -algebra of subsets of E . Take the S -measu-

rable sets   0 1, , 0,1iX x x y i i     , and assume that i are linear Lebesgue measures on iX . 

Then the statistical structure   , , , 0,1iE S i  is strongly separable. 

Example 2.2. Let    0,1 0,1E   , S  be the Borel  -algebra of subsets of E . Take the S -

measurable sets       , 0 1, , if 0,1 ; 2, 0 1, if 2,3iX x y x y i i x i y y          . 

Let i be linear Lebesgue measures on iX . Then the statistical structure     , , , 0,1 2,3iE S i   is 

weakly separable, but not strongly separable. 
Example 2.3. Let    0,1 0,1E   , S  be the Borel  -algebra of subsets of E . Take the S -measu-

rable sets     , 0 1, , if 0,1iX x y x y i i     and iX E  if 0i   and 0  are linear Lebesgue 

probability measures on    0,1 0,1 . Then the statistical structure   , , , 0,1iE S i  is orthogonal, but 

not weakly separable. 
Let H  be the set of hypothesis and  ,h h H   be the probability measures defined on the measurable 

space  ,E S . For each h H  denote by h  the complement of the measure h , and by  dom h  the 
-algebra of all measurable subsets h  of E . Let  

 1 dom h
h H

S 


 . 

Let H  be the set of hypothesis and  B H  be a  -algebra of subsets of H which contains all finite 

subsets of H . 
Definition 2.5. We say that the singular statistical structure  1, , ,hE S h H   admits a consistent 

criterion for hypothesis testing, if there exists at least one measurable mapping 
    1: , ,E S H B H  , 

such that 
   : 1h x x h h H      . 

Remark 2.2. The notion of a consistent criterion was introduced and studied by Z. Zerakidze (see [2]). 
Definition 2.6. The probability 

     :h h x x h      

is called the probability of error of h -th kind for the given criterion  . 
Theorem 2.1. The statistical structure  1, , ,hE S h H   admits a consistent criterion   for hypothesis 

testing, if and only if the probability of error of any kind is equal to zero for the criterion  . 
Proof. Necessity. Since the statistical structure  1, , ,hE S h H   admits a consistent criterion for 

hypothesis testing, there exists a measurable mapping  
    1: , ,E S H B H  , 

such that 
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   : 1h x x h h H      . 

Therefore 
     : 0h h x x h      . 

Sufficiency. Since the probability of error of any kind is equal to zero, we have  
     : 0h h x x h h H        .  

On the other hand,    ( )x x h x h E     and  

   : 1h x x h h H      . 

Therefore   is a consistent criterion for testing hypothesis. Theorem 2.1 is proved. 
Consistent Criteria in Banach spaces 
Definition 3.1. Let G  be a  -subalgebra of the  -algebra 1S . 

The algebra G  is called free (with respect to a hypothesis h H ), if all restrictions of the probability 
measures  ,h h H   to the algebra G  coincide.  

Definition 3.2. A statistical structure  1, , ,hE S h H   is called separable, if the minimal  -algebra 

D  with respect to which all measurable functions of the form  
  1,hh A A S  , 

are measurable, separates the points on H . 
Definition 3.3. A statistical structure  1, , ,hE S h H   is called strongly separable, if the  -algebra 

D  contains all finite subsets of H . 
Definition 3.4. A statistical structure  1, , ,hE S h H   is called decomposable if there exist two 

subalgebras 2 3 1,S S S , the union of which generates a  -algebra 1S . 2S  is sufficient and 3S  is free. The 
pair 2 3( , )S S  is called the decomposition of a statistical structure  1, , ,hE S h H  . 

For any set 2HG   we denote by the symbol G  the algebra generated by the set G , and by G  

the  -algebra generated by the set G . 
Let  

  1 : 0h
h H

I A S A



    

Definition 3.5. An algebra 1 1B S  is called minimal sufficient, if 1B  is sufficient, and for any sufficient 

algebra 1B  the condition *
1 1B B I    is fulfilled. 

Let   be a  -subalgebra of the algebra 1S  and   be a probability measure defined on  . We denote 
by  1,S S   the set of all finite and finitely additive extensions of the measure   to the  -algebra 1S . 

Let  1,ex S S   be the set of its extreme points,  1,S S
   be the set of all countably additive extensions 

of the measure   to the  -algebra 1S  and  1,ex S S


   be the set of its extreme points. 

As is known,  1,ex S S    , but the set  1,ex S S
   may be empty ([7]).  

Example 3.1. In the terminology of [8], let  , ,ba     denote the set of all  ,ba S    with 0   

and   1S  , such that  


, where   is an algebra of subsets of the set S ,   is a subalgebra of the 

algebra   and  ,ba S    with 0   and   1S  . Denote by  , ,ca     the  -sets, where  is an 

arbitrarily defined probability measure on  , while  ,     , are  -algebras. The set of all extreme 
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points in  , ,ca    is assumed to be empty. As an example, let us assume that S  is the set of real 

numbers,  B B S   (if cB  is countable),   is the set of all Borel subsets of S , and  is defined by 

  0B   and   0B   for countable B and ,cB  respectively.  

Let M  be a real linear space of all alternating finite measures on S . 
Definition 3.6. A linear subset HM M is called a Banach space of measures, if: 
The norm is defined on HM  so that HM  is a Banach space with respect to this norm, and the inequality 

     
is fulfilled for any orthogonal measures , HM    and real number 0  ; 

If HM  and ( ) 1f x  , then  

     f B
A

A f x dx M   , 

and f  , where  f x  is a measurable real function, A S ; 

If n HM  , 0n  ,  n E   , 1, 2,n   , and 0n  , then for any linear functional * *
BM   

 lim 0nn



 .  

Remark 3.1. The definition and construction of the Banach space of measures are given by Z. Zerakidze 
(see [4]). The proof of the next statement can also be found in [4].  

Theorem 3.1. Let HM  be a Banach space of measures, then in HM there exists a family of pairwise 
orthogonal probability measures  ,h h H   such that 

  ,H H hh H
M M 


   

where  H hM   is the Banach space of elements   of the form 

     h
B

B f x dx B S    ,  

such that 

   h
E

f x dx    

with the norm 

     
H h

hM
E

f x dx


   . 

Theorem 3.2. Let  H H hh H
M M 


   be the Banach space of measures, E  be a completely separable 

metric space, 1S  be a Borel  -algebra from E  and 0card 2H  . Then, if the correspondence 

ff   , 

given by the equality 

     h f h h H
E

f x dx M       

is one-to-one, where f  is a linear continuous functional on HM   *
f HM ,  Hf F M , where 

 HF M  is the set of all real functions f  for which    h
E

f x dx  is defined h HM  , Then the 
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statistical structure  1, , ,hE S h H   admits a consistent criterion for hypothesis testing, and if the 

statistical structure  1, , ,hE S h H  is decomposable, then  1 3,
hh ex S S S

   h H  . 

Proof. For  Hf F M  we define the linear continuous functional f  by the equality 

     h f h
E

f x dx   . Denote by fI  a countable subset of N , for which     0h
E

f x dx   for 

.fh I  Let to the functional 
hf  on  H hM   there correspond the functional  f h   on  B hM  . 

Then for  
1 2
,h h B hM    we have 

               
1 21 1 2 1hh h f h h h

E E E

f x dx f x f x dx f x dx        . 

Therefore  
1 1hf x f  a.e. with respect to the measure h . Let  

1
0hf x  a.e. with respect to the 

measure h  and 

   
1 1h h

E

f x dx   ,       
1 1 1h h h

C

C f x dx   , 

then 

   
1 2

0h h
E

f x dx h H    . 

Hence it follows that   0
i jh hC   j i  . On the other hand,   0

i jh hE C   . Therefore the 

statistical structure  1, , ,hE S h H   is weakly separable and  

  1 if ,
0 if .h h

h h
C

h h
  

 
   

 

Let us write  ,h h H  , 0card 2H  , as an inductive sequence 1h  , where 1  denotes the first 

uncountable number of the power of the set H . Since the statistical structure  1, , ,hE S h H   is weakly 

separable, there exists a family of 1S -measurable sets  ,hX h H  such that the following relations are 

fulfilled: 

   1
1, if ,

, 0,
0, ifh h

h h
X h h

h h
  

       
. 

The sequence 1  of parts hZ  of the space E  is defined so that the following conditions are fulfilled: 

hZ  is a Borel subset in E  for all 1h  ; 

h hZ X  for all 1h  ; 

h hZ X    for all 1h   , 1h   , h h  ; 

Let 
0 0h hZ X , Assume that the particular sequence  jh

j i
Z


has already been defined for i j . As is 

known (see [3], 0
jh

j i

Z



 
  
 
 
 . Therefore there exists a Borel subset 

ihY  of the space E  such that the 

following relations are valid: 
j ih h

j i

Z Y


  and   0
ihY  . Assume that 

i i ih h hZ X Y  , then we construct 

the sequence  
1

ih i
Z


which is a disjunctive measurable subset of the space E . Therefore   1h hX   
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1h   . Since the statistical structure  1, , ,hE S h H  , 0card 2H  , is strongly separable, there exists 

a family  h h HZ


of elements of the  -algebra  1 dom h
h H

S 


  such that:  

  1h hX   ;h H   

h hZ Z    ,h h H   , h h  ; 

h
h H

X E


 . 

For x E , we put  x h  , where h  is a unique hypothesis from the set H  for which hx Z  . The 
existence of such a unique hypothesis H  is proved by using the conditions 2), 3). Now let  Y B H . 

Then   : h
h Y

x x Y Z


  .  

We have to show that     0
: dom hx x Y    for each 0h H . If 0h Y , then 

  
 

0

0\

: h h h
h H h Y h

x x Y Z Z Z
 

 
    
 
 

  . 

On the one hand, from the conditions 1), 2), 3) it follows that  
   0 01 dom domh h h

h H

Z S  


    

On the other hand, the condition 
 

 0

0\
h h

h Y h

Z E Z


   implies that  

 
0

0\

0h h
h Y h

Z


 
  
 
 
 . 

The last equality implies that 
 

 0

0\

domh h
h Y h

Z 


 . Since  0
dom h  is a  -algebra, we deduce that  

  
 

 0 0

0\

: domh h h
h Y h

x x Y Z Z 


 
    
 
 
 . 

If 0h Y , then  

    0
: h h

h H

x x Y Z E Z


     

and we conclude that   0
: 0h x x Y    . The last equality implies that     0

: dom hx x Y    for 

any 0h H . Hence 

    0 1: dom h
h H

x x Y S 


   . 

We have shown that the     1map : , ,E S H B H   is measurable and   : 1h x x h     

.h H  . Thus the statistical structure  1, , ,hE S h H   admits a consistent criterion for testing 

hypothesis     1: , ,E S H B H  . 

Let u  be the linear operator defined by the formula  

       1, ,h
E

u f f x dx f B E S  . 
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The operator u  is a positive isometric operator with norm 1u   and     1 1: , ,u B E S H B H  

     1 1, ,B E S H B H . The  -algebra  1 H   is a minimal sufficient  -algebra. In the sequel 

 1,B E S  always denotes the vector space formed by all bounded real measurable functions on  1,E S  

having the natural order and norm 
sup
x E

f f


 . 

Since 
 1 dom h

h H

S 


  , 

we have  

  1
1S B H     , 

where  
  : 0h

h H

A S A



    . 

If the statistical structure  1, , ,hE S h H   is decomposable   1
2,B H G  , where  1B H   is a 

sufficient algebra and 2G  is a free algebra, then the algebras 1S  and 2G  are also decomposable and 

1,A S  A C I  ,   1C B H  , I   and   0h A C   . This means that 

   1
1exp ,h S S B H



    h H   (see [7, Theorem 1]). 

მათემატიკა 

ექსტრემალური წერტილები და ჰიპოთეზათა შემოწმების 
ძალდებული კრიტერიუმები ბანახის ზომათა სივრცეში 

ზ. ზერაკიძე* და მ. ფაცაცია**  

*გორის უნივერსიტეტი, მათემატიკის ფაკულტეტი, გორი, საქართველო 
**სოხუმის სახელმწიფო უნივერსიტეტი, მათემატიკის და კომპიუტერულ მეცნიერებათა ფაკულტეტი, 
მათემატიკის დეპარტამენტი, თბილისი, საქართველო    

(წარმოდგენილია აკადემიის წევრის ე. ნადარაიას მიერ ) 

ნაშრომში აგებულია ისეთი ძლიერად განცალებადი სტატისტიკური სტრუქტურა, 
რომლისთვისაც არსებობს ჰიპოთეზათა შემოწმების ძალდებული კრიტერიუმი. ამ 
კრიტერიუმის საშუალებით ყველა რიგის შეცდომის ალბათობა ნულის ტოლია. 
დამტკიცებულია აუცილებელი და საკმარისი პირობები ჰიპოთეზათა შემოწმების 
ძალდებული კრიტერიუმის არსებობის შესახებ. 
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