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This paper provides necessary and sufficient conditions for the existence of consistent estimators of
the parameters of Gaussian statistical structures. For this purpose two definitions of strongly
separable structure are introduced. It is proven that necessary and sufficient condition for the
existence of consistent estimators of the parameters of countable Gaussian statistical structures is
their strong separation by the first definition. Besides, Borel orthogonal statistical structures are
investigated and it is shown that in this case, necessary and sufficient condition for the existence of
consistent estimators of the parameters is a strong separation of some statistical structure by the
second definition. © 2020 Bull. Georg. Natl. Acad. Sci.
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Let (E,S) be a measurable space and there is given the family of probability measures {u;,,i € I} defined
on S (I is the set of parameters).

Let us bring some definition (see [1] —[3]).

Definition 1. The set of objects {E,S, 1, i€ I} (where (E,S) is a measurable space) is called a statistical

structure.

Definition 2. A statistical structure {£,S,u;,iel} is called orthogonal (singular) if g, and u; are

orthogonal for each i# j, iel, jel.

Definition 3. A statistical structure {E, S, i € I} is called weakly separable if there exists a family of .S
-measurable sets {X,,i e[} such that the relations are fulfilled:

L if i=j;
:ui(Xj): . ..
0, if i#].
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Definition 4. A statistical structure {£,S,u,,iel} is called separable if there exists a family of § -

measurable sets {X,,i e[} such that the relations are fulfilled:
Loif i=;
Hi (X,) = . ..
0, if i#].
card(X,nX;)<c, if i=#j,

where ¢ denotes the continuum power.

Definition 5. A statistical structure {£,S,u,,i<cl} is called strongly separable if there exists a disjoint
family of S -measurable sets {X,, i €/} such that the relations are fulfilled:
w(X,)=1, Vviel.

Remark 1. It is known that strong separability implies weak separability, and weak separability implies

orthogonality, but not vice versa.
Let I be a set of parameters and let B(/) be a o -algebra of subsets of which contains all its finite

subsets.

Definition 6. We say that the statistical structure {£,S, 11;, i € [} admits a consistent estimator of parameters

i e I, if there exists at least one measurable mapping
6 :(E,S)—>(,B()),
such that

w({x:6(x)=i})=1, Viel.

Let (E£,S) be a measurable space, S, is increasing sequence of O -algebras such that US, =§. Let

n=l1

I be a matric space with metric p .

Definition 7. We say that the statistical structure {E,S, 1, i< I} admits a weakly consistent estimator of

parameters i € [, if there exists sequence of S, -measurable functions g, (x):S, =/ such that

lim p, {x: p(g,(x),)) =&} =0, Viel.

Definition 8. We say that the statistical structure {£,S, 11;, i € I} admits a strongly consistent estimator of

parameters i € [, if there exists sequence of S, -measurable functions g, (x):S, =/ such that

u{x:limp(g, (x),))=0} =1, Viel.

Remark 2. It is known that (see [1]): 1) if the statistical structure {E, S, 1., i € [} admits a weakly consistent

estimator of parameters i e 1, then this statistical structure is weakly separable; 2) if the statistical structure
{E,S, ., iel}admits a strongly consistent estimator of parameters i € I, then this statistical structure

admits a consistent estimator of parameters i € /; 3) if the statistical structure {E,S,y,,i e I} admits a
consistent estimator of parameters i e /, then this statistical structure is strongly separable, but not vice

versa.
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Example 1. As a set of parameters consider the set / = (—0,+%) and let B(H)= L(R) be Lebesgue o -

algebra on R . Let §:R — R denote some bijective mapping at the axis R which is Lebesgue non-
1 1], . . .
measurable. We divide the segment [—E,E} into classes as follows: points x and y are included in a

certain class if and only if the difference x— y is a rational number. It is evident that the different classes

are disjoint. Let us take one point from each class and mark the set of these points with A4 . It is obvious
that the set 4 isnot L(R) -measurable and its cardinality is continuum cardA4 = c . Hence, there exists one

11
to one mapping f,:4—[0,1]such that f(4)=[0,1]. ASAC|:—E,E:|C[—1,1], it is obvious that
card{[-1,1]\ 4} =c and there exists the bijective reflection f,:[-1,1]\4—[-1,0]such that
L ([L1]\A) =[-1,0]. Let

x, if xeR\[-L1];
S(x)=1f, if xed
S i xe[-1L1\ A4
5(x) is Lebesgue non-measurable because §7'[0,1]= f,'[0,1]= 4 . Hence, the inverse mapping &~ will

also be Lebesgue non-measurable. Let

0, if 8@()eX,
for ieR and X € L(R). It is easy to see that the statistical {R,L(R),u,,i € R}is strongly separable

()= {1, if S@)eX;

statistical structure that does not admit a consistent estimator of parameters.

The Consistent Estimators for Gaussian Statistical Structure

Let & (t,m), t =(t,t,,....t,) €T, where T is a closed bounded subset of R", i e/ be a real Gaussian
homogeneous field on 7' with zero mean E[&,(¢)]=0 (¢teT, iel) and correlation functions of a
difference of arguments E[& (t)E,(s)]=R (t—s) (t,seT, iel). Let {u,icl} be the corresponding
probability measures given on (E,S) and let f;(1), 4 € R" be bounded densities for all i e /. Let

by (2o )
jjf( A1 (1)

where 13;,-(1,;4) (A,ueR", Vi#j, i,jel) is the Fourier transformation of the following functions
b;(t,s) =R, (t,s)=R,(t,s) (Vi#j,i,jel).

Then the corresponding probability measures p;, and u; are pairwise orthogonal measures (see [2])

didu=0o, ¥i#j,i,jel,

and {E,S,u,,i eI} isa Gaussian orthogonal statistical structure.

Theorem 1. The Gaussian statistical structure {E,S, 1, i € N} (N = {1,2,...} ) admits a consistent estimator

of parameters if and only if

1By (i)
did oo, Vi I.
Hf()f(u) AR Vi e
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Proof. Necessity. Since the Gaussian statistical structure {E, S, 1, i € I} (cardl =¥, ) admits a consistent
estimator of parameters, there exists a measurable mapping o : (E,S) — (I, B(1)) , such that
w({x:0(x)=i})=1, Viel (cardl =N,).
Let X, ={x:6(x) =i}, VieI. Therefore, the statistical structure {£,S, 1, i € I} is strongly separable.

From strong separability follows orthogonality and

|b,,(/l W L.
dAdyp=+0, VY ,i,jel.
L 7 s, Vi e
Sufficiency. Let
|b,,(/l W/ L.
dAdp=+0, VY ,i,jel.
[ 7 s, Vi e

The singularity of probability measures implies the existence of a family of S -measurable sets X, such
that for any i# j we have u,(X,)=0and u,(E\X,)=0.If we now consider the sets X, = U(E\ X))

i#j

we will see that y,(X,)=0 and u,(E\X,)=0, Vj#i.It means that the S -measurable sets {@;—,i el}
such that
L if i=j;
p =10 "
0, if i#].
Let us consider the sets X =@i\(@iﬂ(U(X,~)), iel. It is clear that X;NX,;, Vi#, and
e
u(X)=1, Viel.
Define the mapping 6 :(E,S)— ([,B(I)) as follows: 5(},-) =1, iel. Then we have
w({x:8(x)=i}) =1, Viel,i.e. the statistical structure {E,S, 1., i € I} (cardl =X,) admits a consistent

estimator of parameters.

Remark 3. From Theorem 1 it follows that for countable statistical structures {E,S,u,,i<c N}
(N = {1,2,...}) the concepts of strong separability, separability, weak separability, orthogonality and the

existence of a consistent estimator of parameters are equivalent.

The Consistent Estimators of Parameters
Let {u,, i<} be probability measures defined on the measurable space (£,S). For each i € I denote by
;l. the completion of the measure 4, , and denote by dom(;l.) the o -algebra of all ;l. -measurable subsets

of E. Let

S, = Ndom(u,) .

Definition 9. A statistical structure {E, Sl,;l., iel} is called strongly separable if there exists the family
of S, -measurable sets {Z,,i € I} such that the relations are fulfilled:
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) w(Z)=1, Viel
2)ZNZ,=D,Vi#j,i,jel;
3) UZ =E.

iel
Definition 10. We will say that the orthogonal statistical structure {E, Sl,;l., i eI} admits a consistent
estimator of parameters if there exists at least one measurable mapping 0 : (E,S,) — (£, B(/)) , such that

w,(fx:6(x)=i)=1, Viel.

Let £ be a complete separable metric space, S, = dom(;i) a Borel o -algebraof E, cardl =c.
iel

Theorem 2. In order that the Borel orthogonal statistical structure {E,S, ,;l_, iel} (cardl = ¢) admitted a

consistent estimator of parameters it is necessary and sufficient that this statistical structure was strongly

separable.

Proof. Necessity. Since the Gaussian statistical structure {£, S, ,;l_, iel} (cardl = c) admits a consistent

estimator of parameters, there exists a measurable mapping 6 : (£, S,) = (I, B({)), such that
w((x:6(x) =i =1, Viel.

Let X, ={x:0(x)=1i}, Viel. Because ;l. (X,))=1 and U X, = E, therefore, the statistical structure

iel

is strongly separable.

Sufficiency. Since the statistical structure {£,S, ,;l_, iel}, cardl = c, is strongly separable, there exists a
family {Z,,i € I} of elements of the ¢ -algebra S, such that:

1) /,tl.(Zl):l,, Viel,;
2)ZNZ,=D,Vi#j,i,jel;

3)UZ =E.

iel
For x e E weputd(x)=1i, where i is from theset / for ie Z, .
Letnow Y € B(I). Then {x:56(x)eY}=UZ, . We must show that {x:5(x)eY}e dom(;l_) for each
iel
iel.

If iy €Y, then

{x:6(x)eY}= ‘LEJyZi =z, UCU Z).

ie¥\{ig}

On the other hand, the validity of the condition

U zc(E\Z,)

ieY\{iy}

implies that
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;i( U Zl.):().
0 \ien\{iy}

The last equality yields that U Z, € alom(;l.0 ).

ie¥\{iy}

Since dom(;l.ﬂ) is a o -algebra, we deduce that

{x:6(ne¥y=2 UC U Zl.)edom(;in).
ie¥\{iy}
If iy ¢Y, then
{x:o(x)e¥}=UZ c(E\Z,)
iey 0

and we conclude that ;iﬂ ({x:5(x) e Y}) =0 . The last relation implies that
{x:8(x) e Y} edom(y,).

Thus, we have shown the validity of the relation

{x:8(x) e Y} e dom(y,)

for arbitrary i, € / . Hence,
(x:5(x)eY}=Ndom(u,)=S,.
iel

All this means that the map 6 :(E,S,) > ({,B(/)) is measurable map. Since B(/) contains all

singletons of / we ascertain that

w,({x:8(x) =) = pu,(Z)=1, Viel.
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bGoGosdo Bgbfsgeromos gsmbol LEs@oLbG03MGmo LEMWIGMOIOoLmZOL 3sMsdgBHMIOOL dsen-
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